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IIpeducnosue

[lepen BaMH BTOpasi KHHra CEpUH M3 YeTblpeX YacTeil, U34aHHas HA OCHOBE Mpo-
BOAMMbIX MHOIO € 2012 roaa oHJlaliH-KypCOB 10 alrOpUTMaM. ITH KypcCbl, B CBOIO
oyepeib, NOSBHINCH 611aroaps NeKUMSIM Al CTYIEHTOB, KOTOpble s YhTan B CTIH-
topackoM yHUBepcHTETE B TeueHHe Jorux net. [lepsas kHura— «CoBeplueHHBIH
anropuT™. OCHOBbI» — He ABNSETCS 0043aTeNbHbIM YCIOBHEM [ BTOPOi 4acTH,
OHa caMOCTOfATENIbHA U Oy 1eT A0CTYNHA IIOOOMY YHTaTEMO, KTO MMEET MOATOTOBKY,
OMHMCaHHYIO B MPUBEAEHHOM HUXeE paszene «J1ns koro 3ta KHMra?», U Ko 3HakoM
C aCUMNTOTHYECKUMH 0003HaYEeHUSMHU (paccMaTpHBaeMbIMH B NPUJI0XKEHHH B).



O uem sma KHUz2a

Bmopas yvacme knueu « Coeeputertbiii aneopumm » — 310 BBOAHbIH KypPC B OCHOBbI
rPaMOTHOCTH MO CJIEAYIOLLMM TPEM TEMaM.

I'padoBrlii nonck n npniaoxenns. I'padbl MOAENUPYIOT psAa pasHbIX TUMOB
ceTel, BKJI04as J10pPOXHbIE, KOMMYHHKALHOHHbIE, COLHANbHbIE CETH M CETH 3aBH-
cumocTeit Mexay 3aaadaMu. ['padbl MOryT ObITb CJI0XHBIMHU, OIHAKO CYLECTBYET
HECKOJIbKO HEBEPOSATHO OBICTPbIX MPUMHMTHBOB 1 PACCYKAEHHS O CTPYKType
rpaga. Mbl Ha4HEM C JIMHEHHO-BPEMEHHbIX aJITOPUTMOB rpag0BOro NOKUCKa, C NpH-
JIOXEHHUi B AMana3oHe OT CETEBOro aHal13a A0 MOCTPOEHHs MOCIEA0BATENLHOCTH
BbIMOJHEHUS ONEpaLHii.

Kparuaiimme nytn. B 3anaye o kpatuaiiuem nyTH Ueb COCTOMT B TOM, YTOObI
BbIYMUCJIUTb HAUYYILMA MapLIpyT B CETH U3 TOUKU A B Touky B. JlaHHas 3anaua
MMEET O4YEBUAHBIE MPUMEHEHHS, TAKHUE KAaK BbIYUCJIEHME MApLIPYTOB ABHXKEHHS,
a TatoKe BCTPEYaeTCs B 3aMaCKMPOBaHHOM BM/1€ BO MHOTMX APy MMX YHHMBEPCAIbHbIX
3aaa4ax. Mbl 0600LUMM OAMH M3 HALMX aJrOPUTMOB rpaoBOro NOMCKa 1 NpUaeM
K 3HAMEHUTOMY aIrOPUTMY MOMCKA KpaTtuaiiero nyTu JleAKCTpsl.

CTpyKTypbl JaHHBIX. OTa KHUra C/eJaeT BaC BbICOKOOOPa30BaHHbIM M0/1b30Ba-
TeJIeM HECKOJIbKUX Pa3HbIX CTPYKTYP AaHHbIX, IPEAHA3HAYEHHbIX 115 MOAAEpHa-
HHUS 3BOJIIOLMOHHPYIOLLENO MHOXKECTBA 00bEKTOB C aCCOLLMMPOBAHHBIMH C HUMH
kntouamMu. OCHOBHAs LieJb COCTOUT B Pa3BUTHH MHTYHMLIMH O TOM, Kakas CTpyKTypa
AAHHBIX ABIAETCA NPaBUJIbHOM ANS BALLErO NPHII0OKEHHUS. JlONONHUTENbHBIE pa3-
JeJibl COAEpXKaT PeKOMEHIALMH MO pealu3alndHt 3TUX CTPYKTYP JAHHbIX C HYJ.

CHauana Mbl 00CyaMM Ky4H, KOTOpble MOTYT ObICTPO MAEHTHGHULMPOBATHL Xpa-
HUMbIA OOBEKT C HAWMEHBIUMM KJIIOUYOM, @ TAKKE MOJNE3Hbl AN COPTUPOBKH,
peanu3aluy o4epear C NPUOPHTETOM U Peanu3aLy NOYTH THHEHHO-BPEMEHHOrO
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anroput™a JlefikcTpbl. JlepeBbs NOUCKA COXPAHSIOT MONHYIO YNOPSA0YEHHOCTh
KJoue XpaHUMbIX 0OBEKTOB U NMOAEPXKHUBAIOT ellie Gonee LIMPOKHIi criekTp orne-
pauwuii. Xew-tabnuubl ONTUMHU3UPOBAHbI A CBEPXOBICTPLIX ONepawuii noucka
H LLIUPOKO pacnpoCTpaHeHbl B COBPEMEHHbIX NporpamMMax. Mbl Takke pacCMOTpUM
¢unbTp Bnyma, 61M3Koro poACTBEHHHUKA XelU-TabNuLbl, KOTOPbIA UCMOb3YET
MeHbLUEe MPOCTPAHCTBA 32 CUET ClyYaHHbIX OLIHOOK.

Bonee noxpo6HO 03HAKOMHUTbCS C COEPIKAaHHEM KHUTH MOXKHO B pa3zenax «Bbi-
BOJbI», KOTOpbIE 3aBEpLUAIOT KaXKAYIO IMlaBy M BbIUJIEHAIOT Haubonee BaXKHble
MOMeHTbI. Pa3zienbl KHUTH, TOMeueHHbIe 3BE3/I0YKOI, ABNAIOTCS Haubonee mpo-
JBUHYTBIMHU 110 YPOBHIO H370XKeHHOH HHbopMauun. Eciu kHUra paccuntaHa Ha
MOBEPXHOCTHOE 03HAKOMJIEHHE C TEMO, TO YNTATENb MOXET NPONMYCTHTh UX 6e3
MOTEpHU LIeTOCTHOCTH HAMTUCAHHOTO.

TeMmbl, 3aTPOHYThIE B TPEX APYIHX YacTAX. [lepsas uacmp kHueu « CosepuieHHbIl
aneopumm. OcHoBbLy OXBATHIBAET aCHMIITOTHYECKHE 0003HaueHUs (popMy 3anucu
O-60nb110€ U ee 6IM3KUX POICTBEHHUKOB), AINOPUTMbI «pa3fensii U BIacTBYi»
¥ OCHOBHYIO TEOPEMY O PEKYPPEHTHBIX COOTHOLLEHHSIX — OCHOBHO# MeTO1, paH10-
MH3HPOBAHHYIO OLICTPYIO COPTHPOBKY W €€ aHaIM3, a TaKXke THHEHHO-BpeMEHHbIE
anroputMsl otbopa. B mpemueit yvacmu peub MaeT 0 xaaHbIX aNropuTMaXx (NiaHu-
poBaHHe, MUHMMallbHble OCTOBHbIE epeBbs, kjacTepu3auus, koasl XadppmaHa)
¥ AMHAMHUYECKOM MPOrpaMMHPOBAaHHH (33/1a4a O plok3ake, BbpaBHUBaHKE NocCe-
JIOBaTeNbHOCTH, KpaTyaiillue MyTH, ONTUMalbHbIE AepeBbs No1cka). Yemeepman
yacms nocesuieHa NP-nonHoTe, ToMy, YTO OHa O3Ha4aeT AJS NPOEKTHPOBLUMKA
aNropuTMOB, U CTPAaTErusM pelLleHHs BbIYMCIMTENbHO Hepa3peLMMbIX 3ajay,
BKJIIOYas 3BPUCTUYECKHH aHAJIU3 U JIOKAJIbHBIN MOUCK.



Haeviku, komopuwie
8bl Npuobpememe

OcBoeHKe anropuTMOB TpebyeT BpeMeHHU U ycuiuii. Paau yero Bce 310?

Bo3moxxHocTh cTaTh GoJee 3PpPeKTHBHBIM NPOrpaMMHCTOM. Bbl U3yuuTe
HECKOJIbKO HEBEPOATHO ObICTPLIX MOANPOrpaMM st 0OpabOTKH AAHHBIX U He-
KOTOpblE MOJIE3Hble CTPYKTYPbl AJI1 OpraHu3alMi JaHHbIX, KOTOpblE CMOXETE
HeMmocpeJCTBEHHO MCMOJb30BaTh B BaLIMX COOCTBEHHbIX Nporpammax. Peanu-
3aUus U NPUMEHEHUE 3TUX AITOPUTMOB PacCLUMPUT M YINYYLUMT BalUX HaBbIKH
nporpaMMHpoBaHus. Bbl Takxke y3HaeTe OCHOBHble MpUeMbl pa3paboTku anro-
PHUTMOB, KOTOpbIE aKTyalbHbl 11 peLleHHs pa3HOoOpa3HbIX 3a1ay B LIKPOKHX
001acTAX, NOMy4YUTe HHCTPYMEHTBI A MPOrHO3MPOBAHUS NPOU3BOAUTENbHOCTH
3TUX anropuT™oB. Takue «1wabnoHb» MOTYT NPUTrOUTLCA BaM 11 pa3paboTku
HOBbIX aJIFOPUTMOB peLLIEeHHs 3a]ay, KOTOpble BO3HUKAIOT B BaLlieii COOCTBEHHOI
pabore.

Pa3BuTHE aHAIUTHYECKHX CNIOCOGHOCTEH. AITOPUTMHUYECKHE ONUCAHHS, MbIC-
nuTenbHas paboTa HaJ anropUTMaMu JaloT Gonbluoii onwIT. [TocpeacTsoM Mare-
MaTH4ecKoro aHasu3a Bbl OJIy4uTe yriybieHHoe NOHMMaHHe KOHKPETHBIX ajro-
PHUTMOB M CTPYKTYD JaHHbBIX, ONUCAHHBIX B 3TOH W MOCNEAYIOLUX KHUIaX CEPHH.
Bbl npuobpeteTe HaBbiki paboTbl ¢ HECKOJILKMMU MaTeMaTHY€CKMMH METOAMH,
KOTOpble LUHPOKO NPUMEHSIOTCS 1J1S aHau3a aJirOpUTMOB.

AJII"Opl‘lTMH‘ICCKOC MBIILJICHHE. Haywaumcs pa36upa'rbc91 B aJilrOpUuTMax,
Bbl HAYHETE 3aMe4aTb, YTO OHH OKPY>XXalOT BaC NoBCOAY: €A€TE JIU Bbl B J'll/l(bTC,
Habnogaere M 3a craei NTHU, ynpasias€Te JIH Bbl CBOUM HHBECTHUUOHHBIM
ﬂOqu:)eIleM HJIK JAaXKE€ MPUCMATPUBACTE 3a TEM, KaK YUUTCA pe6eH0|<. AHFOpPlT-
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MHUYECKOE MbILLJIEHHE CTAHOBUTCS Bce Gosiee nosie3HbIM M MpeBaIUupY LM
B JUCUHMIIMHAX, HE CBA3AHHBIX ¢ HHOPMATHKOIA, BKIItOYast GHONIOTHIO, CTaTH-
CTHUKY U 3KOHOMHKY.

3HaKOMCTBO ¢ BeJHYAHIIHMH JOCTHXKEHHSIMH computer science. M3zyyenue
AJINOPUTMOB HANIOMHHAET MPOCMOTP 3PPEKTHONO KIIMNa C CyNnepXHTaMU NOCeNHUX
LIECTHAECATH NET pa3sBUTHA computer science. Ha ¢ypuiere ans cneuvanucTon
B obs1acTv computer science Bbl 6onblie He Oyaere UyBCTBOBaThL cebsl He B CBOEH
Tapenke, €Clii KTO-TO OTNYCTUT LUYTKY Mo noody anroputMa Jeiikcpsl. [po-
YUTaB 3TH KHUTH, Bbl TOYHO CMOXKETE NOAAEPXKATL Pa3roBop.

YcneuwHocTs B cobeceaoBanusix. Ha nporshkeHUM MHOTHX JIET CTy A€HTbI pa3Bie-
KaJIi MEHs paccka3amH O TOM, Kak 3HaHUsl, MOYEPNHY Thl€ U3 3TUX KHUT, MO3BOJISIIH
MM YCNELIHO CNPaBATLCA C JII0ObIM BONPOCOM, Ha KOTOPbIii UM Tpe6oBanoch oT-
BETUTb BO BpeMs cobece0BaHHUS.



B uem ocobennocmo
KHU2 9Mmou cepuu

OHH npecneayloT TOJIbKO OJHY LENb: MAKCUMAQIbHO OOCMYNHLIM Cnocobom Ha-
yuump 6ac ocnosam an2o pummos. OTHOCHTECh K HUM KaK K KOHCTEKTY, KOTOpblii Obl
y Bac Gb111, €cu Gbl Bbl Opaiv HECKOIbKMX HHAMBUAYAbHBIX YPOKOB Y OMbITHOIO
HacTaBHMKA MO anropuTMaM.

CyluecTByeT ps NpeKpacHbIX, ropas3no 60Jee TpaAULUMOHHBIX U SHLUKJIONEANYe-
CKH BbIBEpPeHHbIX yueOHHKOB No anroputMaM. [1pu3biBato Bac pa3y3HaTh noapo6-
Hee W HalTH KHUIH, OTBevalolLKe BalleMy 3anpocy. KpoMe Toro, ecTb HECKOBKO
OTJIMYHBIX OT 3TUX KHHI, KOTOpble OPUEHTUPYIOTCS Ha MPOrPaMMHUCTOB, MLLYLLHX
roToBble peall3alny anropuTMOB Ha KOHKPETHOM si3blk€ NPOrpaMMHpPOBaHHUS.
MHorue Takue peanu3auvy HaXOAATCS B CBOOOJHOM JOCTyIE B HHTEPHETE.



{5 ko2o sma kHuza?

Becb cMbica 3T0i KHUMH, Kak U OHNARH-KYPCOB, HAa KOTOPbIX OHa 6a3upyeTcs, —
ObITb LULUPOKO M JIErKO AOCTYMHOM YNTATENIO HACTOJILKO, HACKOJILKO 3TO BO3MOXHO.
Mow kypchbl BbI3BaIM MHTEpEC Y toAei pa3HbIX BO3pacTOB, OOLLECTBEHHOIO MOJO-
)KEHUs U NpodeCcCHOHANBHOrO OMbITA, CPEAN HUX HEMAJIO YUYaLUMXCS M CTYAEHTOB,
pa3paboTyMKOB MporpaMMHoro obecnedeHus (kak COCTOSBLUMXCS, TaK U HaYMHa-
IOLLMX), YYEHBIX W MEracneL1aIucToB O BCEX YrOJIKOB MUpa.

OTa KHUra — He BBEJEHUE B NPOrpaMMHpPOBaHKE, 6ONbLIMM NOACNOPbeM ObLIO
Obl BnajeHUe BaMH OCHOBHbIMM HaBblkaMH MPOrpaMMHPOBAHUS HA KAKOM-JIMOO
pacnpocTpaHeHHOM f3bike (Hanpumep, Java, Python, C, Scala, Haskell). Uto6bl
NPOHTH «J1aKMYCOBBbIii» TecT, 00paTuTech k paszeiny 8.2 — ecnu TaM BaM Bce Oyner
MOHATHO, 3HAYMT, B OCTAIbHOM YaCTH KHUIH Y Bac He BO3HUKHYT Bonpochl. Eciu
BaM TpeOyeTcs pa3BUTb CBOM HaBbIKH MPOrpaMMMPOBaHHS, TO AN 3THX uenei
€CTb HECKOJIbKO NMPEKpacHbIX 6eCnaTHbIX OHJaliH-KypCcoB, 00yualoLUX OCHOBaM
NpOrpaMMHpOBaHUS.

[To Mepe He06X0AMMOCTH Mbl TaKXXE MCNONb3yEeM MaTeMaTHYeCKUii aHanus,
4TOObI pa306paThCs B TOM, KaK U MOYEMY arOPUTMbl JEHCTBUTENILHO paboTaloT.
Haxoasuecs B cBOOOAHOM N0CTyne KOHCMEKTHI NekUnii «MaTteMaTuka aAns
Computer Science» noa aBTopctBoM Jpuka JlemaHa, Toma JleditoHa u Ansbepra
Meiiepa sBASIOTCA NPEBOCXOAHBIM H 3aHMMATENbHBIM MOBTOPUTENBHBIM KYpPCOM
110 CHCTEME MaTeMaTHYECKUX 0003HaueHHii (HanpuMep, Y. 1 V), 0CHOBaM TeOpHUH
J10Ka3aTeabCTB (METOA MHAYKUMH, 10Ka3aTeIbCTBO OT MPOTHBHOrO MU Ap.), AMC-
KPETHO# BEPOATHOCTH U MHOFOMY JpyroMmy.



JlononnumenvHble pecypcol

OTa KHMra OCHOBaHa Ha OHNaH-Kypcax, KOTOpble B HACTOsALLEE BpeMs 3aMyLUEHbl
B pamkax npoexroB Coursera u Stanford Lagunita. 51 Tarke co3aan HeCKOIbKO
pecypcoB BaM B MOMOLLb 151 TOBTOPEHHUS M 3aKPETUIEHHS ONbITA, KOTOPbIH MOXKHO
M3BJI€Yb U3 OHJIAHH-KYPCOB.

Buneo. Ecnu Bbl 60onblue HACTpOEHbI CMOTPETH M CITYLUATh, HEXKENH YUTaTh, 00pa-
THTECH K Marepuainam Ha YouTube, nocTynHbIM Ha caiite www.algorithmsilluminated.
org. DT BUAEO 3aTPar1 BatOT BCE TEMbl 3TOI CEPUH KHHT, @ TAKXKE JONOJHUTENbHbIE,
6onee cnoxHble. Hapetoch, 4To OHM Jydlle MCTOYAKOT 3apa3HTelbHbII JHTY3Ha3M
K aJIFOPMTMaM, KOTOPbIi, YBbl, HEBO3MOXHO MOJIHOCTbIO NepeaaTh Ha OyMaxHoH
CTpaHHuLeE.

TecToBble 3aganna. Kak npoBepuTb, YTO Bbl JEHCTBUTENILHO YCBaUBAETE MO-
HATHS, NpecTaBIeHHbIE B 3TOH kHUre? TecToBble 3a1aH1S C PELUEHUSAMH U 00b-
ACHEHHSAMH pa30pocaHbl MO BCEMY TEKCTY; KOTAa Bbl CTAJKHBAETECH C OAHHM
M3 HUX, NPU3bIBAI0 BAC OCTAHOBUTBLCA M MOAYMAaTb HajJ OTBETOM, MPEXAE UeM
NpoAoIXKAaTh YTEHHE.

3agaun B KoHUe raaBbl. B koHLUe kaxa0# rnaBbl Bbl HailleTe HECKOJIbKO OTHO-
CHMTEJILHO MPOCTBIX BOMPOCOB HA NPOBEPKY YCBOEHHMs MaTepHala, a 3ateM Oonee
TPYAHbIE U MeHee CJIOXKHbIE 331a4H, HE OrpaHHYEHHbIE MO BPEMEHH BbIMOJHEHHS.
Pelienus 3Tux 3anay B KHUIY He BKJIOYEHbBI, HO UIS 3TOrO YWTATENIM MOTYT 00-
PaTUTLCA KO MHE MJIM B3aUMOAEHCTBOBAaTL MeXAy coboil uepe3 AMCKYCCHOHHBIH
($opyM KHUIM (CM. HHXKeE).

3agauun no nporpaMmMHpoOBaHHIO. B koHLe OonblLIMHCTBA raB npeaharaercsa
peann3oBaTb HpOl"paMMHblﬁ NPOEKT, LUEJIbO KOTOPOro ABJAETCA 3aKPEMJICHHE
ACTATbHOrO MOHUMAHHUA aJirOpuT™Ma NyTeEM CO34aHHUA €ro pa60!1eﬁ peanu3aluH.
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Ha60pbl AaHHbIX, @ TAK)XX€ TECTOBbIC MPUMEPLI U UX PELICHUSA MOXHO HaWTH Ha
caiite www.algorithmsilluminated.org.

JAuckyccHonnbie popymbl. OCHOBHOI NPHUUUHON ycrniexa OHNaiH-KypcoB SBsET-
s BO3MOXKHOCTb OOLLEHHUS 115 Cly Luateneii, peai30oBaHHas Yepe3 AUCKYCCHOHHbIE
¢$opyMbl. ITO NO3BOJISET UM NOMOraTh APYr APYry B j1yylleM NOHUMaHHU MaTepu-
anaKkypca, a TaKxe OTJaXHBaTb CBOU MPOrpamMMbl NOCPEACTBOM B3aUMOJEHCTBUA
1 obcyxxaeHus. Yutarenu 3TUX KHUI UMEIOT Takylo ke BO3MOXHOCTb Gnaroaaps
¢dopyMam, nocTynHbIM Ha caiite www.algorithmsilluminated.org.



brazooaprocmu

3JTa ¥ ocTaNlbHble KHMUTH HE MOSABUANCH Obl Ha CBET 6€3 TOro 3HTY3Ha3Ma U «UHTEN-
JIEKTYaJIbHOIO I0JI0/1a», KOTOpbIE AEMOHCTPHPYIOT COTHH ThICAY ClylUaTeNel MOUX
KYPCOB 10 aJIrOPMTMaM Ha NPOTSHKEHHMH MHOTHX JeT kak Ha kamnyce B CTaHdopae,
Tak U Ha oHnaliH-nnardopmax. 51 ocobeHHO GnarogapeH TeM, KTO OCTaBIIs MO-
ZpoGHbIe OT3bIBbI B OTHOLIEHHH Ooniee paHHero npoekra 3Toi kHuru: Toxne bnacr,
IOaHio Llao, xumy Xblomencaiiny, Bnanumupy KokieHnesy, balipamy Kynuesy,
[Matpuky MoHken63Hy u [I3Hueny 3uHrapo.

51 Bcerna ueHio 006paTHyHo CBs3b OT UMTaTeNeH, KOTOpble BHOCAT CBOM Mpe/1yIoxKe-
Hus. O HUX Nyylle Bcero coobLaTh Ha yNOMsHYTOM Bbilie GpopyMe.

Tum Pagpeapoen
JlonooH, Benuxobpumanus
wonb 2018

OT usparenncrTBa

He ynuBnsiitech, 4To 3Ta KHUra Ha4MHaeTCs ¢ ceaAbMo# rnasbl. C 0AHOI cTOpO-
Hbl, OHa ABNSETCA YacTbio Kypca «CoBeplueHHbIH anroputm» Tuma Padrapaena,
ac Apyroi — caMOCTOSATENbHbIM H3JaHHEM, B KOTOPOM paccMaTpHBalOTCS BOMpO-
cbl rpadoB U CTPYKTYp AaHHbIX. [Ipunoxenns A 1 b Bbl MoxkeTe HaliTH B nepBoi
KHHIe CepHH.

Bauwu 3ameuanus, npeaoxeHus, BONpoCkl OTNpaBgiiTe nNo aapecy comp@piter.
com (u3parenbcTBo «[TUTEP», KOMNBIOTEPHAs peaKLus ).

Mpei1 6yneM paabl y3Hath Balie MHeHHe! Ha Be6-caiiTe M3narenbcTBa www.piter.com
Bbl HaiiaeTe noapo6Hyo HH(OPMaLIMIO O HALIKMX KHUrax.
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Jta HebobLLas rjiaBa OOBACHSET, YTO Takoe rpadbl M B UEM UX MOJIb3a, a TaKXKe
nokasbiBaeT HauboJee pacnpocTpaHEHHbIE COCOObI UX MpeJCTaBAEHUS B KOMIbIO-
TEpHOi nporpamMe. B AByX mocrieayroliux riasax peyb noiaetr o6 W3BeCTHbIX
M MOJIEe3HbIX aAITOPUTMAX AN paccyxaAeHui o rpadax.

7.1. TepMUHbLI

Korna Bbl chbliuTe ci0BO «rpady, nepBoe, 0 YeM Bbl JymaeTe, 3T0 00 ocu X, ocu Y
u Tak aanee (puc. 7.1, a)'. [ins yenoBeka ¢ alfOPUTMAYECKHM MBILIIEHHEM 2pagh Tak-
’Ke MOXKET O3HaYaTh NpeACTaBlIeHUe CBA3eii MeXx Ay NapaMHu 0ObekToB (puc. 7.1, 6).

“« T T — T — T
ul " rrwgn |
30
*r
=
15 [r
s 7 SR
I AN
DD s 10 15 20 25 30 s 40
a) Mpadumk (ans 6onbluMHCTBA Noaen) 6) Npad (B8 anropuTmax)

Puc. 7.1. B anroputmax rpad npeacraenser MHOXeCTBO 06bexToB (Hanpumep,
noaen) u nonapHbie CBA3U Mexay HUMu (Hanpumep, ApyXeckne OTHOLWWEHUR)

B uHdopmauroHHoM nnaHe rpad UMeeT ABe KOMIOHEHTbl — NpEACTaBNseMble
00beKTbl U UX nonapHeie cBA3H. [lepBble Ha3bIBAIOTCS BepuuHamu, Uu yamu
rpada’. [TonapHsbie CBA3M Ha3bIBaOTCA pebpamu rpada. Mbl 00bIUHO 0603HaYaEM
MHOXECTBa BeplUUH U pebep rpada OykBamu V' U E COOTBETCTBEHHO, U B HEKO-

! B aHMHiiCKOM A3bIKE MOHATHA «rpaduk» U «rpad» 0603HaYAIOTCA ONHHM CIIOBOM —
graph. — IIpumevy. nep.

2 Hanuuue ABYX Ha3BaHMii U1 0603HA4€HUs OJHO U TOi XK€ BEIH MOXKET pa3dpaxars,
HO 00a NpUBEIEHHBIX B KHUTE TEPMUHA LIMPOKO HCMONB3YIOTCA, U Halla 3a1a4a — Mo-
3HaKOMHTB BacC ¢ HUMH. Ha npoTsxxeHuH Bcel 3Toi CEpHU KHUT MbI MO 0Bl YacTH
OyZieM npuAEpKMBATLCA TEPMHHA «BEPILMHAY.
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TopbIX cnyvasx nuwem G = (¥, E) nns o6o3Hayenus rpada G ¢ BepuidHamu V'
1 pebpamu E.

CyuuectyeT npa BMJa rpagoB, OpHeHTHPOBAaHHbIE U HEOpHEHTHpOBaHHble. O6a
BaXHbI M MOBCEMECTHO NPUMEHSIOTCS B IPUIIOKEHHUSX, MO3TOMY Bbl JJOKHBI HMETD
npecTaBleHHe 0 Kk oM U3 HUX. B neopuenmuposannom rpade kaxnoe pedpo co-
OTBETCTBYET HEYNOpsJ0YEHHOH Nape {V, w} BepLUHH, KOTOpblE Ha3bIBAIOTCS KOHEYHbI-
Mu mouxamu pedpa (pHc. 7.2, a). B TakoM rpage HeT pa3HHLbI MeX Iy pedpom (v, w)
1 pebpoM (w, v). B opuenmuposannom rpade xaxaoe pedpo (v, w) npeacraBiser
coboii ynopsaoueHHyo napy, npiueM pebpo npoxoauT U3 NepBoi BEPLUHHBI Vv (Ha-
3bIBaEMO# X60CMOM) BO BTOPYIO BEPLUMHY W (20/106)), KaK MOKa3aHo Ha pHc. 7.2, 6'.

a) HeopueHTVpoBaHHbIN rpad 6) OpueHTUpOBaHHbIN rpad

Puc. 7.2. lNpadbl C 4eTbipbMS BEPLWIMHAMK U NaTbIO pebpamu. Pebpa
HEOPUEHTUPOBAHHbLIX U OPUEHTUPOBaHHLIX rpadoB NpeacTaensioT cobomn
HeynopsAo4EHHbIE U YNOPAA0YEHHbIE Napbl BEPLIUH COOTBETCTBEHHO

7.2. HeckonbKO NpUNoOXeHun

I'padbl, OynyuH pyHaaMeHTaNbHBIM NOHATHEM, TO U IEJI0 «BCTIBIBAOT» B HHGOP-
MaTHKe, 6HONOTrHH, COLMOJIOrMH, SKOHOMHMKE M NMPOYMX Hay4HbIX obnacTax. Bor
JMLLB HECKOJILKO MPHMEPOB H3 UX GECUMCIIEHHOrO MHOXECTBA.

HopoxHas cerb. Koraa [10 cMapTdoHa BblUMCISET MapuIpyThbl ABHXEHHUS, OHO
BbIMONHSAET NOUCK B rpade, NpeCTaBNsIOLLEM JOPOXKHYIO CETh, BEPLUMHbI KOTOPOH
COOTBETCTBYIOT NEpeCceUeH!sIM, a pebpa — OTAENbHBIM Y4acTKaM AOPOTH.

! OpueHTHpOBaHHBIE peOpa HHOrAA HAa3bIBAIOT Oy2amu, HO B ITOM CEPUH KHHUI JaHHas
TEPMUHOJIOTUS MPUMEHATHCS He OyzeT.
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BcemupHasi nayTuHa. ViHTepHeT MOXeT ObITb CMOJENHPOBAH Kak OPHEHTHPO-
BaHHbIii rpad; ero BepLUKHBI 6Y1yT COOTBETCTBOBATH OTAE/IbHbIM BEO-CTpaHULIAM,
pebpa — runepccbLikaM, HanpasieHHbIM CO CTPaHHMLIbI, COAEpXKaLLel runepcebi-
Ky, Ha LieNIeBY 10 CTPaHHULLY.

CounaabHble ceTH. COUNANbHYIO CETh MOXHO MpENCTaBUTL B BUAe rpada,
BEpLUHHBI KOTOPOro COOTBETCTBYOT OTAENbHON TMYHOCTH U pebpa KOTOpPOro co-
OTBETCTBYIOT HEKOTOpPOMY THUNY cBs3ell. Hanpumep, pebpo MoxeT yka3biBaTh Ha
Ipyx0y Mex1y KOHEUHbIMH TOYKAMHM MJIM Ha TO, YTO OJHA U3 KOHEYHbIX TOYEK
«untaet» Apyryt. Kakue n3 Haubonee nonynspHbiX HbIHE COLMANbHbIX CETel
CMOJIeIMPOBaHbI KaK HEOPUEHTUPOBaHHbIHA rpad, a kakie — KaKk OPUEHTUPOBAH-
HbI#? (CyLiecTBYOT HHTEpeCHbIE NpUMepPbl 000MX BUIOB CeTei.)

Orpannyenns no npexecTBoBaHHI0. He MeHee nonesHsl rpadbl M npu pe-
LIEHUHM 3a/1a4, HE UMEIOLLIUX OYEBUAHOMN ceTeBo cTpykTypsl. [IpeacraBbTe, 4TO
BaM HY>HO BbINOJIHUTbL Cpa3y HECKOJILKO 33]ay C yY€TOM OrpaHU4YEHH No npen-
L1€CTBOBAHH O — BO3MOXHO, Bbl CTYIEHT N1€PBOIO Kypca YHUBEPCUTETA, KOTOPbIi
OepeT AMCUMIIIMHBI Ha BLIOOP M pa3yMbIBAET HaJl NEPBOOYEPEHOCTbIO KaXIOH.
OaHumM n3 cnocoboB peLleHUs NoA00HOH roJ0BOJIOMKH SBISETCS NPUMEHEHHE
OMUCaHHOIO B paszene 8.5 anropuTMa TOMOJIOrHYECKOH COPTUPOBKHU K Cleayto-
LleMY OpHEHTHPOBaHHOMY rpady: Ans Kaxa0ro TEOpeTHYECKOro npeamMera ecTb
O[lHa BepLUMHA ¢ peOpOM, HanpaBJl€HHbIM U3 JUCRUIUIMHBI A B AUCUMIIKHY b,
Koraa A sBnseTcs HeobXoaUMbIM ycoBueM s b.

7.3. U3amepeHue pa3mepa rpada

B 3T0ii KHHre, KaK W B nepBoii YacTh', Mbl OyieM aHaTM3UPOBATh BpeMs paboThl
pa3HbIX aJITOPUTMOB B 3aBUCHMOCTH OT pa3Mepa BXOAHbIX JaHHbIX. Koraa BxoaHble
JlaHHble NPEACTaBNAIOT CO00H OJMH MACCHB, KaK JJIs alTOPUTMa COPTUPOBKH, CY-
LLECTBYET O4YEBHIHBIH cnocob onpeaeauTh pasMep BXOAHbIX JaHHbIX KaK JJHHY
MaccuBa. Koraa BxoaHble AaHHble BKJIIOYAIOT rpad), Mbl JODKHBI TOYHO yKa3aTh,
KakK OH MpeJCTaBJeH U 4TO Mbl TOAPa3yMEBAEM MO €ro pa3MepPOM.

' Tum Pagreapoen. Cosepiuennslii anroput™. OcHoeel. — CI16.: Tutep, 2019. — 256 ¢.:
wn. — (Cepus «bnbanorexa nporpaMMHcTan).
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7.3.1. Yucno pebep B rpade

Pa3mMep rpada ynparnsieTcs AByMsi mapamMeTpamu: YUCJIOM BEPLLMH U YUCIIOM pebep.
Bot Haubonee pacnpocTpaHeHHble 0603Ha4Y€HUS ITUX BENTHUHH.

OBO3HAYEHMA ANA TPA®OB

Ons rpada G = (V, E) c MHOXeCTBOM BepLunH V n MHOXecTBOoM pebep E:
+ n=|V| o6o3HayaeT 4MCcno BEPLINH;

+ m=|E| o6oaHavaeT uncno pebep'.

[TpuBeeHHOE Aasiee TECTOBOE 3alaHUe NpeylaraeT BaM MoAyMarhb, Kak YUCJIo m pe-
Oep B HEOPHMEHTHPOBAHHOM rpade MOXEeT 3aBMCETb OT YMcia n BepuwuH. s no-
MCKa OTBETa Ha 3TOT BONpoc OyAeM CUMTaTh, YTO MEXAY KaXKa0i napoii BepLIMH
cyllecTByeT He 6osee OHOrO HEOPUEHTUPOBAHHOIO pebpa — napasnnesbHbie
pebpa He ponyckatorcs. [Ipeanonoxum Takoke, UTo rpad ABAsAETCS (CBA3HBIMY.
MbI onpeaenuM 3To noHsTHe GopManbHO B pasaene 8.3; HHTYMTUBHO CBA3HOCTD
03HauaeT, 4To rpad CylIeCTBYET Kak OHO Lesoe 6e3 BO3MOXKHOCTH pa3OUThb ero
Ha JBe 4acTH TakMM 0Opa3oM, 4ToObl pebpa Mex Ay 3THMH YacTAMH He nepece-
kanuchb. ['padbl Ha puc. 7.1, 6 u 7.2, a ABNSIOTCS CBA3HLIMH, B TO BpeMs kak rpad
Ha pHc. 7.3 — HeT.

Puc. 7.3. HeopueHTpoBaHHbIN rpad, KOTOPLIA He ABNSETCA CBA3HLIM

! JINs KOHEYHOro MHOXKECTBA S YUCIIO €ro 37IEMEHTOB 0003HaYaeTcs Kak |S|.
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TECTOBOE 3AJAHME 7.1

PaccMOTpUM HeOpUEHTHPOBaHHbIH rpad ¢ n BepliMHamu U Oe3
napasuienbHbix pebep. Byaem cuurath, uTo rpag sBisercs cBA3-
HbIM, TO €CTb CYLIECTBYET kak OqHO uenoe. Kakoe MUHUManbHOE
M MaKCUMaJIbHOE YHCIIO pedep COOTBETCTBEHHO MOXKET HMETh TaKo#
rpag?

a) n—lunn-1)2

0) n—1lun?

B) nu2"

r) nun"

(PewueHue u noscHeHue cM. B pasgene 7.3.3.)

O Y N N R M A T e S W SR AT S L R e SRR AN T e T

7.3.2. Pa3pexeHHble U NNOoTHbIe rpadbl

Tenepb, koraa TecToBoe 3anaHue 7.1 3acTaBUIIO Bac 3alyMaTbCsl O TOM, Kak 4YUCJIO0
pebep rpada MoxxeT MEHATbCSA B 3aBUCHUMOCTH OT YMCJIa BEpLUMH, MOXXeM 00Cy-
IUTb Pa3sHULY MEXY pas3pedceHHbIMU U naomHbimu rpadaMu. 3HaTh 3TO OTVIMUHE
KpaiiHe BaXHO, MOTOMY YTO HEKOTOPbIE CTPYKTYPbl JAHHbIX U AITOPUTMBI Jlyulle
NOAXOAAT ANs pa3peXKeHHbIX rpagoB, a Ipyrue — AJis MIIOTHbIX.

[NepeBeneM pelLieHKe TECTOBOro 3aaHus 7.1 B aCHMNTOTHYECKYIO POpMY 3amucH’.
Bo-nepBbiX, €C/IH HEOPUEHTUPOBAHHBI rpad ¢# BepLIMHAMHU ABJIAETCS CBA3HbIM,
TO 4MCII0 pebep m no KpaiiHeii Mepe IMHENHHO No 7 (To ecTb m = Q (n))?. Bo-BTOpBIX,
eciu rpad He uMeeT napannenbHbix pebep, To m = O(n?)>. Mbl 3akitouaem, 4To
qyuciao pebep B CBA3HOM HEOPHEHTHPOBAHHOM rpade 6e3 napanieibHbIX pebep
HaXOJMUTCS IIe-TO MeX Y JIMHEHHbIM U KBaJpaTH4HbIM YHCJIOM BEPLLHH.

0O630p ¢opm 3anucu O-6onbuioe, Omera-6onbiuoe U Tera-601b1I0€ NPUBEAEH B MPH-
noxeHuu B.

Ecnu rpad He 00643arenbHO N0omkeH ObITh CBA3HBIM, TO MOXET CyLIECTBOBATb BIJIOTh
110 Hyns pebep.

Ecnu napannensHeie pebpa paspelleHsl, To rpad no kpaiiHeii MEpE C AByMs BEpILLIHHAMH
MOXET UMETb CKOMb YTOAHO 60/bLIOE YKCIIOo pedep.
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HedopMmanbHo rpad sBnseTcs paspedtceHHbiM, €CIN YUCTO peGep OTHOCHTENBHO
6113K0 K IMHEHHOMY 1O YMC/Yy BEPLUHH, U SBISETCS NIOMHbIM, ECIIA 3TO YUCIIO
6yke K KBaApaTUYHOMY MO Yuciy BeplurH. Hanpumep, rpadsl ¢ n BeplinHaMu
1 O(nlogn) pebpaMu 06bIYHO CUMTAIOTCS pa3pexKeHHbIMH, B TO BpeMs Kak rpadbl
¢ Q(n?/ log n) pebpamu — MAOTHLIMH. YacTHYHO MJIOTHBIE rpadbl, Takue Kak
rpadwl ¢ = n*2 pebpaMH, MOTYT CUHTAThCA JIMOO pa3peXkeHHbIMH, JTHOO NJIOTHBI-
MH — B 3aBUCUMOCTH OT KOHKPETHOrO NPUMEHEHHU.

7.3.3. PeweHue TecTtoBoro 3anavuva 7.1

IIpaBuJLHBIH 0TBeT: (2). B CBA3HOM HEOpHEHTHPOBaHHOM rpade ¢ # BepLIHHa-
MU U 6e3 napaJuiesibHbIX pebep 4ucno m pedep paBHO He MeHee n — | U He Gonee
n(n — 1)/2. Ansg Toro 4toObl NOHATb, MOYEMY HUXHSAS rpaHULA SBIAETCA Mpa-
BUJIbHOM, paccMoTpuM rpad G = (V, E). B kauecTBe MbICIEHHOTO 3KCNEPUMEHTA
NpeACTaBbTE, YTO Bbl cTpouTe G N0 ofHOMY pebpy 3a pa3, HauuHas ¢ rpada c Bep-
wrHamu ¥ u 6e3 pebep. [lepBoHayanbLHO, nepen AobarneHneM pebep, kaxkaas u3
n BEPLUKH MOJHOCTHIO H30JMPOBaHa, MO3TOMY rpad TpMBHANLHO UMEET 1 Pa3HbIX
yacreii. [lobaBneHue pebpa (v, w) cozgaet 3¢ ekt CIUAHUA YacTH, coaepxalleii v,
C yacThlo, coaepxauleit w (puc. 7.4). TeM caMbIM kaxaoe nobaBneHue pebpa
yMeHbILIaeT YMcio yacteii He 6onee uem Ha 1'. [Ins Toro utTo6b1 106patThes A0 e AMH-
CTBEHHOM 4acTH, COCTOALLEH U3 n YacTeid, BaM HYXHO 106aBUTb He MeHee n — |
pebep. CyluecTByeT Lenblii paa CBA3HbIX rpad)oB, UMEIOLLMX 1 BEPLUHH U TONLKO
n — 1 pebep. Takue rpadbl Ha3bIBalOTCA Oepesbamu (puc. 7.5).

TONbLKO YTO fobasneHHoe pebpo

Puc. 7.4. No6asneHune HoBoro pebpa o6veamHaeT yacTy,
coaepxauime ero KOHe4YHble TO4KN, B 0AHY 4acTb. B aaHHOM npumepe 4ucno
pa3HbIX YaCTeN yMEeHbLUaeTCca C Tpex Ao AByX
' Ecnu 06e KOHEYHbIE TOYKH pPedpa YK HaXOAATCA B ONHOM M TO# XK€ YaCTH, TO YUCIO
4yacTeil He yMEHbILAeTCH.
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OO k

a) JIMHna u3 yeTbipex BepLInH 6) 3Be3na n3 yeTbipex BepwuH

Puc. 7.5. [1ga cBA3HLIX HEOPUEHTUPOBAHHBIX rpada C YeTblpbMs BEPLUIMHAMMU
n Tpems pebpamu

MakcumanbHoe uyncio peGep B rpade Ge3 napaniesbHbiX pebep A0CTHraeTcs

NOMHBIM 2paghom, B KOTOPOM NPUCYTCTBYIOT BCe BO3MOXKHbIE pebpa.

n(n-1)
2

Taloke ABISETCS MAKCHMabHBIM YMC/IoM pebep. Hanpumep, npu n = 4 MakcHMab-

n
[Tockonbky B n-BepIUIMHHOM rpade CyliecTByeT (2) = nap BepLIHH, 3TO

Hoe uucno peGep paBHO (;j =6 (puc. 7.6)"2,

4
Puc. 7.6. NonHbiit rpad Ha YeTbipex BeplunHax umeeT (2) = 6 pebep

n ~
! [2) NPOU3HOCHUTCA KaK «HU3 n no 2», H TaK)XXE€ HHOraa ynoMHHaeTCs Kak «OMHOMHANBHBIA

k03¢ dHLUHEHT. [ TOro YTOObI MOHATH, MOYEMY YHCIIO CMOCOO0B BHIOPATL HEYMOpA-
JOUYEHHYIO Napy HECOBMAAAIOLHMX OOBEKTOB M3 MHOXECTBA, COCTOSLIErO U3 7 06bEKTOB,
paBHO n(n — 1)/2, nonymaiite o BbiGOpe nepBoro o6bekTa (M3 7 BAPHAHTOB), a 3aTeM
BTOPOro, HECOBMaAaKLero oobekTa (M3 n — 1 oCTaBLIMXCA BapHaHTOB). n(n — 1) pe-
3yNBTHPYIOLLMX HCXOO0B MOPOXAAIOT KXKAYHO Napy (x, y) 06bEKTOB ABaX<bl (OAHH pa3,
KOraa x ABAAETCA NEPBLIM H Y ABMAETCA BTOPbIM, OIMH pa3, KOraa y ABJIAETCA NEPBbIM
H X ABJIAETCA BTOPbIM), TO3TOMY B COBOKYNHOCTH AO/KHO ObITb 1 (n— 1)/2 nap. — [1pu-
Mevy. nep.

n
«H3 1 10 2», NOTOMY YTO CyLUECTBYET [2] CnocoGoB BLIGPATH (HEYMOpPAAOYEHHOE) Noa-
MHOXECTBO M3 2 3JIEMEHTOB U3 PUKCHPOBAHHOrO MHOXECTBA U3 1 3JIEMEHTOB. — [Ipu-

Mey. nep.
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7.4. NpepcrasneHue rpada

CyluecTByeT HECKONIbKO Cnoco00B KOAMPOBaHUS rpada AN UCnoab30BaHUs B an-
roput™e. B 3To0ii KHMXHOW cepun Mbl 6yaeM paboTaTh B OCHOBHOM C MpEACTaB-
JieHHeM rpada B BUJE CMIUCKOB CMEXHOCTH (pa3aen 7.4.1), HO Bbl AOKHBI 3HATh
M 0 NpeCTaBIeHUH B BUJE MATPHULIbI CMEXXHOCTH (pasaen 7.4.2).

7.4.1. CNnuckn CMEexHoCcTH

IIpeocmasnenue zpagos B BUAE CIUCKOB CMEXKHOCTH ABISAETCSH JOMUHUPYIOLUUM,
M B 3TOi KHUXKHO# cepuH Mbl Oy1eM HCNIONIb30BATh €r0.

UHIPEAUEHTDbI ANSA CNMUCKOB CMEXXHOCTHU
1. Maccus, coaepxalunin BepliunHbl rpada.
2. Maccus, coaepxalwmi pebpa rpada.
3. Anskaxaoro pebpa — ykasaTtenb Ha KaxAaylo N3 ABYX €ro KOHEYHbIX TOYEK.

4. [nfa kaxnoin BepliMHbl — yKa3aTenb Ha Kaxaoe uHunaeHTHoe pebpo’.

[peacraeneHue B BUAE CMHUCKOB CMEXHOCTH CBOAUTCS K ABYM MaccuBaMm (MM
e CBA3HbIM CIMCKaM, €CJIM Bbl NPEANOYUTAETe UX): OAUH IS OTCJEXHUBAHUA
BEPLUKH U OMH AN pebep. DTH 1Ba MACCHBA ECTECTBEHHbIM 00pa30M CChLIAIOTCS
JIpyr Ha pyra, npuueM Kaxjoe pedpo CBS3aHO C yKa3aTe/lsMU Ha ero KOHEeUHble
TOYKH, a Kk /J1as BepLIMHa — C YKa3aTesaMH Ha pedpa, 111 KOTOPbIX OHa ABASETCS
KOHEUYHOM TOUKOH.

! O6BbIYHO NOBOPAT O CMEXKHBIX, HJIH COCENHHX, BEPLIMHAX, HO 00 HHUMAEHTHBIX pedpax.
J1Be BeplUHHBI Ha3bIBAOTCA CMEXHBIMH, €CJIH OHU COeIMHEHBbI pe6poM. []Ba pebpa Ha-
3bIBAlOTCA MHUMOEHTHBIMH, €CJIH OHH UMeEIOT 00L1yio BeplurHy. KpomMe Toro, BepluMHa
M peOpo Ha3bIBalOTCA HHUMAECHTHBIMH, €CJIM BEPLLMHA ABJIAETCA OJHOM U3 IBYX BEPLUHH,
KOTOpbl€ IaHHOE peOpO COeaNHAIOT. — [Ipumey. nep.
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B cnyuae opreHTHpOBaHHOrO rpada Kax10e pebpo OTCIIEXKHBAET, KaKas KOHEYHas
TOUKa ABJAETCS XBOCTOBOH M Kakas — rosioBHOH. Kaxkias BepLIMHa v COAEPXKHUT
[IBa MaccHBa ykasartelsieli: OIMH AN UCXOAALLMX pebep (151 KOTOpbIX V ABJISAETCA
XBOCTOM) M OJIMH /ISl BXOAAILMX pe6ep (A5 KOTOPBIX V ABISAETCS NONOBOH).

KaxkoBbl noTpe6HOCTH B aMATH /151 peACTaBIeHus rpada B BUAE CIIUCKOB CMEX-
HOCTH?

TECTOBOE 3AJAHHME 7.2

Ckonbko MecTa TpeGyeTcs 115 npeAcTaB/ieHUs rpada B BUae CIUCKOB
CME@XHOCTH Kak QyHKLHH OT YKC/Ia 1 BEPLUMH U Yucia m pebep?
a) O(n)

6) ©(m)

B) ®(m+n)

r e@)

(PelwueHue U nosicHeHue cM. B pasgene 7.4.4.)

7.4.2. MaTpMua CMEeXHOCTH

Paccmotpum HeopreHTHpoBaHHbIii rpad G = (V, E) ¢ n BeplunHaMu 1 Ge3 napaii-
NenbHbix pedep u 0003Ha4 UM ero BepLuuHbl 1, 2, 3, ..., n. [IpeacraBnenue rpaga G
B BUJIE MATPHLIbI CMEXXHOCTH — 3TO KBaJpaTHas n X n-Marpuua A, paBHbiM 00pa-
30M JIBYMEPHbIi MacCHB C HYJIIMH H €AMHULAMH B KaU€CTBE JJIEMEHTOB JaHHbIX.
Kaxablii anemMeHT 4, onpenensercs kak

_ |1, ecnm pebpo (i, j) npumaznexwr E
V" lo-8 NMPOTHBHOM CJIydae.

Takum 06pa3oM, MaTpHLIa CMEXKHOCTH XPaHUT OAAMH OMT Ans kak0it napbl BEPLUKH,
KOTOpbIH OTCNEXHMBAET, NPUCYTCTBYET 1M pebpo 1M HeT (puc. 7.7).
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a) Mlpad 6) ...n ero MaTpuua CMeXHOCTU

Puc. 7.7. MaTtpuua cMexHOCTH rpada coaepXxuT oauH 6UT ans kaxaon napbl
BEepLUKMH, YKa3biBaIOLWMiA Ha TO, CyuwecTByeT unu HeT pebpo, coeauHsaowee
ABe BeplWnHbI

K npeacraBnenuto rpada B BuJe MaTpULIbl CMEXHOCTH JIerko 100aBUTb «HaBO-
pOTBI».

O Hapannenvhvie pebpa. Ecnu rpad MoxeT HMeTb HECKONbKO pebep ¢ OaHO
U TOV K€ Napoi KOHEUHbIX TOUYEK, TO 4, MOXKET ObITh OMpe/esIeHO KaK YHUCIO
pebep ¢ KOHEYHbIMU TOYKAMU i U J.

O B3gewennvie zpagvi. Cxoxum o0pa3oM, eciii kaxaoe pebpo (i, j) UMeeT
BEC W,; — BO3MOXHO, NPEACTaB/SIOLUNIA CTOUMOCTDb HJIK PACCTOSHKE, — TOT-
Aa KK AbI JNEMEHT A4, XPaHUT W,

O Opuenmuposannvie epagei. B ciyyae opueHTHpOBaHHOTO rpaga G KaXAablii
3JIEMEHT A,; MATPULIbI CMEXXHOCTH OMPEAENSETCs Kak

4= 1, ecmm pebpo (i, j) npunamiexur E
" lo-8 TIPOTHBHOM CIIydae,

rae pebpo (i, j) Tenepb OTHOCHTCS K pedpy, OPUEHTHPOBAHHOMY U3 i B j. Kaxablii
HEOPHEHTUPOBaHHBIH rpad) UMEET CHMMETPHYHYIO MaTPHLLY CMEXHOCTH, B TO BpEMs
KaK OpHEHTHPOBaHHbIH rpad 06bIYHO UMEET ACHMMETPHYHYIO MAaTPHLY CMEXHOCTH.

KakoBbl NOTpeOHOCTH B NaMaTH Ui MpeacTaBieHus rpaga B BUAe MaTpHLbI
CMEXHOCTH?
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TECTOBOE 3AJAHME 7.3
CkoJibko MecTa TpeOyeTcst MaTpuLie CMEXHOCTH rpada kak GpyHKLHH
OT YMCJa n BEPLIMH U Yucna m pebep?

a) O(n)
6) ©(m)
B) O(m+n)
r) O@)

(PewieHue 1 nosicHeHue cM. B paszene 7.4.4.)

7.4.3. CpaBHeHMe npeacTaBneHumn

CTONKHYBLUMCH C JBYyMS pa3HbIMU cnocobaMu npeactaeieHus rpada, Bbl, BEpO-
ATHO, 3aJ]aeTeChb BONMPOCOM: Kakoe U3 HUX Jydiie? OTBeT, kak 3TO YacTo ObiBaeT
¢ Bonmpocamu Noao6GHOro poaa, TakoB: CMOTPS Mo o6cTosTenbcTBaM. Bo-nepBbix,
BCE 3aBMCHUT OT MJIOTHOCTH Ballero rpaga — OT TOro, kKak 4yucjio m pedep coort-
HOCHMTCS C YUCJIOM 1 BepLUMH. Mopallb TeCTOBbIX 3aaHuii 7.2 u 7.3 3ak/oyaercs
B TOM, YTO MaTpHLia CMEXXHOCTH siBNseTcs 3P dekTUBHBIM CMOCO60M KOAUPOBAHUSA
MJIOTHOro rpadpa, HO pacTouMTe/bHa AJ1s pa3pexeHHoro rpaga. Bo-BTopbix, He
NOCNEAHIO POJb UrPaeT TO, KaKKe OnepaLy Bbl XOTUTE NoAAEpkHUBaTh. B 060-
UX ClIy4asX CIIUCKH CMEXHOCTH MMEIOT 6oJibLle CMbIC/A A1 aINTOPUTMOB H NpH-
JIOXKEHUH, OTUCAHHBIX B JaHHON KHHXKHOH CEpHH.

BonbLKMHCTBO HalIKUX l"pa(bOBle aJirOpuTMOB 6yIlCT BKJIIOYaTh B ce0s pa3BeabiBa-
HHE rpaq)a, AJiA 4€ro HacajabHO NOAXOAAT CMMHCKH CMEXXHOCTH — Bbl ﬂpHﬁblBaeTe
B BEPLUHHY, U CITUCOK CMEXXHOCTH Cpa3y XK€ YKa3bIBa€T BalllW BADHAHTHI AJi1A Clie-
aywouero wiara'. ManPlllbl CMEXHOCTH UMEIOT CBOH COOCTBEHHbIE NMPpHUMEHEHHUH,
HO B Haluel KHHXHOM CEpHUH OHH Oﬂyu.leHblz.

Ecnu 661y Bac 6b11 1OCTYN TOJIBKO K MarpHLie CMEXHOCTH rpada, ckosbko Obl BpEMEHH
BaM NOTPeGOBAIOCH, YTOOLI BLIACHHTDb, KakHE pebpa HHLMAEHTHbI aHHOM BeplUHHE?
Hanpumep, MOkHO NOACUNTATL YUCIIO OOLUMX COCeei KaXKa0i Napbl BEPLIMH «CKOMOMY,
B3sB KBaJIpaT MaTpHLIbI CMEXHOCTH rpada.
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Boénbluas yacTh COBpeMEHHOro HHTEpeca k ObICTpbIM rpadoBbIM NPUMHTHBAM
o0ycnoBneHa MacCUBHBIMU pa3pexKeHHbIMU CETAMHU. PaccMOTpuM, k npuMmepy,
BeO-rpad (pasnmen 7.2), BepLIMHBI KOTOPOr0 COOTBETCTBYIOT BeO-CTpaHHLaM,
a pebpa — runepccbuikaM. TpyHO MONy4YUTb €ro TOYHbIN pa3Mep, HO KOH-
cepBaTHBHAas HUXHAS MPaHULA YKCNa BepIUMH paBHa 10 Munnuapaam, Wiau
10'°. XpaHeHue ¥ YTEeHHE MAcCHBa TakoH IUIMHBI yxe TpeOyeT 3HauMTeNbHbIX
BBIYMCIIMTENbHBIX PECYPCOB, HO 3TO BMOJIHE B Mpejenax BO3MOXHOCTENH co-
BpeMeHHbIX KOMNbloTepoB. OIHAKO pa3Mep MaTpHLIbl CMEXHOCTH Takoro rpada
nponopuuoHaned 100 kBuHTUIIMOHaM (10%°). OH civwkoM 60nbLIOH, YTOOBI
XPpaHUTb UM 06pabaThIBaTh €ro ¢ HCNONb30BAaHHEM CETOJHALUHUX TEXHOJIOTHiA.
Ho BeO-rpad sBnseTcs paspeskeHHbIM — CpelHee YHUCIIO UCXOAIUX pedep U3
BEPLUHMHBI 3HauMTENbHO MeHbLue 100. CnenoBaTenbHO, NOTpeOGHOCTL B MAMATH ANls
NpeACTaBNEeHHUs B BHJE CNMCKOB CMEXHOCTH A5 BeO-rpada nponopuroHanbHa
10'2 (TpUNIHOHY). DTO YKCIIO MOXKET OKA3aThCA CMLIKOM GOJIbILMM AJs BaLlero
HoyTOYKa, HO OHO OyJeT B mpeaenax BO3MOXHOCTeH COBpEMEHHbIX CUCTEM 00-
paboTKH AaHHBIX'.

7.4.4. PeweHns TeCcTOBbIX 3afaHuMn 7.2-7.3

PeweHne TecroBoro 3apanma 7.2

IIpaBuabHbIi oTBeT: (B). [IpeacTaBneHue B BUE CIUCKOB CMEXHOCTH TpebyeT
NpOCTPAHCTBA, JIMHEHHOro no pa3Mepy rpada (umMeercst B BULy YHCIIO BEPLUMH
noc 4uciio pebep), KOTOpoe ABJSETCA MAealbHbIM?, YBUAETH 3TO AOBOJLHO
HenpocTo. JlaBaiiTe 0AMH 3a APYrUM NpoiiaeMcs N0 BCEM YETbIPEM HHIPEAHEH-
TaM. BeplunHHbIi 1 peGepHbIii MACCUBbI UMEIOT JJIMHbI 1 U M COOTBETCTBEHHO,
1 no3ToMy TpebytoT npoctpancTsa @ (n) U O (m). TpeTuii KOMIOHEHT CBA3bIBaET
JiBa yKa3aTens ¢ kaxabiM peObpoM (Mo oqHOMY IS Kaxaoi KOHEYHOMN TOYKH).
OTu 2m yka3ateieil BHOCAT JonojiHUTeNbHoe © (m) k noTpe6GHOCTH B mpo-
CTPaHCTBE.

' Hanpumep, cyTb OpMrMHaILHOrO anropuTMa PageRank ot Google, npeaHa3HaY€HHOrO
AJIS U3MEPEHHS BaXKHOCTH BEG-CTPaHHLbI, OCHOBBIBANACH HAa 3G (HEKTHBHOM MOMCKE
B BeO-rpade.

2 TlpenocTepexxeHHe: 30eCh BeayLUHit MOCTOSAHHBIA MHOXHTEb (M $pakTOp) Ha MOPAAOK
Gonblue, YeM 1% MaTPHLIbI CMEXKHOCTH.
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YeTBepTblii MHIPEAUEHT MOXKET 3aCTaBUTh BaC MOBONHOBAThCA. B KOHLIE KOHLIOB,
KaXas M3 n BEPLUNH MOXET y4acTBoBaTh B n — | pebpax — no ofHOMY B pac-
yeTe Ha APYrylo BEpLUHHY, YTO, MO-BUAMMOMY, PHUBOAMT K rpaHuue O (n?). OTa
KBaJpaTH4Has olleHka Obuta Obl TOUHOH B OYeHb MIIOTHOM rpade, Ho B Gonee
pa3pesxeHHbIX rpadax oHa upe3MepHa. KioueBoe NOHUMaHHE COCTOUT B Cliely-
IOLLEM: 0151 KAHCO020 yKA3amens epuUHa — pebpo 8 4emeepmom uncpeouesme
cywecmayem coomeemcmaylowull ykazameio pebpo — 8epuuHa 8 mpemovem
uncpeouenme. Ecnu pebpo e MHUKMAEHTHO BEPLUKHE V, TO € UMEET yKa3aTelb Ha
€10 KOHEYHYIO TOUKY V U, Ha000pOT, v UMeeT yKa3aTellb Ha MHLIMAEHTHOE pebpo e.
MblI 3aK1104a€M, YTO YKa3aTeNH B TPETbEM U UETBEPTOM HHIPEAMEHTAX HAXOAATCS
BO B3aMMHO OJHO3HA4YHOM COOTBETCTBHUHU, U MO3TOMY OHU TPeOYIOT TOYHO TAKOIO
*e o0beMa NpoCTPaHCTBa, a MMEHHO O (m). UToroBblii nepeueHb nokasareneii
NpHBeeH HHXE:

MacCHB BEPLUMH O(n)
MmaccuB pebep O(m)
yKa3aTesnu u3 pebep B KOHeUHbIe TOUKH O(m)

+ yka3aTenu U3 BEpLUMH B pebpa O(m)
BCEro A(m + n)

['paHuua @ (m + n) npUMEeHUMa HE3aBUCUMO OT TOT'0, SIBISETCS Jid rpad CBA3HbIM
MJIM HET U UMeEET JIM OH NnapaJuielibHble pedpa'.

PeweHnue TecroBoro 3apanma 7.3

IIpaBuabHblil oTBeT: (r). [IpocToif cnoco6 XxpaHeHUs MaTPHLbI CMEXHO-
CTH — 3TO ABYMEPHBIii n X n-MaccuB OUT. JlaHHbIi MaccuB ucnonb3yet O (n?)
NpPOCTPAHCTBA, XOTA U C HEOOBLLIOW CKPLITOH KOHCTaHTOW. B cnyvae nnoTHoro
rpaga, B KOTOPOM 4HcJio pedep camo no cebe 6NM3KO k KBaJpaTHYHOMY MO 7,
MaTpHLia CMEXHOCTH TpebyeT NpocTpaHCTBa, ONU3KOro K JIMHEHHOMY no pas-
mepy rpada. OaHako B cliydae pa3pexeHHbIX rpadoB, B KOTOpPbIX ukci0 pedep

' Ecnurpad aBnsercs cBA3HBIM, TO m > n — | (N0 TECTOBOMY 3aaHHIO 7.1), H MbI MOIJTH

6b1 HanMcarb O (m) BMecTo O (m + n).
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Onmxe K nnHei’momy no n, Nnp€ACTaBJICHHUE B BUAE MATPHLIbl CMEXKHOCTH ABIISACTCA
BE€CbMa paCTO‘{HTeHbelMl.

BbIBO/1bl

* [pad sBnsercs npeacTaBneHUeM NapHbIX CBs3eil MeXay 00beKTaMH,
TakuX Kkak apyx6a B coLUMaNbHOI CETH, TMNEPCChUIKN Mexay BeO-
CTPaHULIAMH WJIM 3aBUCUMOCTH MeXay 3afayaMH.

% ['pad cocTouT U3 MHOXECTBA BEPLUMH U MHOXecTBa pebep. Pebpa
ABNSAIOTCS HEYNOPAAOYEHHbIMH B HEOPUEHTHPOBAHHLIX rpadax
1 YNopsiA04E€HHbIMU B OPUEHTHPOBaHHBIX rpadax.

% TI'pad aBasieTcs pa3pexeHHbIM, eCii YUcIio pebep m sBnseTcs 0nu3-
KUM K JITHEHHOMY M0 YMCJTy BEPLUMH 1, U NJIOTHBIM, €CJIH m SIBJIsSeTCs
07M3KHUM K KBaApaTUYHOMY MO A.

X [Ipeacrasnenue rpaga B BUAE CIUCKOB CMEXHOCTH MOMAEPKUBAET
MaccHBbl BEpPLUHH W pebep, MepeKpecTHO cebulalolMecs APYr Ha
Jpyra ecTecTBeHHbIM 06pa3oM, U TpebyeT TMHEeHHOro NpoCTpaHCcTBa
B 00111€M uuciie BepLIUH U pebep.

* [lIpeacrasneHue rpacda B BUie MaTpHLbl CMEXHOCTH NOIEPKUBAET
OMH OMUT Ha napy BepLIMH, Uil TOMO YTOObI OTCJIEXKHMBATh, Kakue
pebpa npucyTCTBYIOT, U TpebyeT kBaApaTUHHONO NPOCTPAHCTBA MO
YHCy BEpLUMH.

* [lpencrasnenue B BUAE CMMCKOB CMEXHOCTH SIBISIETCSA NPEANOYTH-
TeJbHbIM NS pa3pexeHHbIX rpadoB U 475 NpUIOKEHUH, KOTOPbIE
npeay cMaTp1BalOT pa3Be/ibiBaHne rpagos.

! 370 pacTOUHTENBCTBO MOXET OLITh COKPALLEHO 3@ CYET TPIOKOB M0 XPAHEHHIO H MAHHUIY-
JIMPOBAHHUIO Pa3pexkeHHBIMU MaTPHLIAMH, TO €CTb MATPHLAMHU C OONTBILMM YHCIIOM HyJEiH.
Hanpumep, a3bik Matlab 1 naker SciPy s3bika Python nogmepxuBatot paspexeHHbie
MaTpH4HbIE NPEACTaBIEHHA.
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3apaum Ha 3aKpenneHue marepuana

3apaya 7.1. I[1yctb G = (V, E) paBHO HeopHeHTHpOBaHHOMY rpady. [oa creneHbio
BEPIUMHBI v € ¥ Mbl NoApa3yMeBaeM 4uciio pebep B E, KOTOpble HHUMAEHTHbBI BEP-
LUMHE v (TO €CTh KOTOpbIE HMEIOT V B Ka4€CTBE KOHEUHOI ToukH). [ Kaxaoro u3
cnefyrolMX YCnoBuii Ha rpade G BbINOJIHAETCS JIH YCIOBHE TOJbKO MIOTHBIMU
rpagamu, ToNIbKO pa3pexeHHBIMU rpadaMH MK Ke KaKk HEKOTOPbIMHU pa3pexeH-
HbIMH, TaK U HEKOTOPBLIMH MJIOTHBIMU rpadamu ? Kak o6b14HO, n = | V| 0603Ha4YaeT
4KCII0 BepLUUH. JIonyCTHM, UTO 1 aBnseTcs 60nbLunM (ckaxeM, He MeHee 10 000).

a) MUHHUMYM OJHa BepluMHa G uMeeT cteneHb He 6onee 10.
6) kaxnas BepuirHa G UMeeT creneHb He 6onee 10.
B) XOT# Obl 0qHa BeplinHa G UMeeT cTeneHb n — 1.

r) kaxJjas sepuiMHa G umeert cteneHb n — 1.

3agaua 7.2. PaccMOTpUM HeopreHTUpOBaHHbl rpad G = (V, E), npeAcTaBNEHHbIH
B BHJI€ MaTpHLbl CMEXHOCTH. C y4eTOM BepLUKHBI v € V CKOJbKO onepauuii Tpe-
6yercs ans uaeHTHdukauum pebep, MHUMAEHTHbIX BepuuHe v? ([Tyctb k paBHO
yucny Takux pebep. Kak o6bl4HO, n 1 m 0603HAYAOT YHUCNIO BEPIUMH U pebep
COOTBETCTBEHHO.)

a) O(l).

6) O(k).

B) O(n).

r) ©(m).
3agaua 7.3. PaccMoTpuM opueHTHpoBaHHbIi rpad G = (V, E), npeacTaBneHHbI
CMHCKaMH CMEXHOCTH, MPHYEM KaxJ1ast BEpLUMHA XPAHUT MaCCHB CBOUX UCXOALLIUX
(Ho He BxoasALIKUX) pebep. C yueToM BepLUrHbI v € V ckoJbKO onepauuii Tpedyercs

Ui uAeHTHHKaLMK BXoAALuX pebep BepuunHbl v? ([TycTh & paBHO YMCly Takux
pebep. Kak 06b14HO, 7 U m 0003HAYAIOT YKCIIO BEPLUKMH U pebep COOTBETCTBEHHO. )

a) O(1).
6) O().
B) O(n).
r) ®©(m).



[louck 6 epaghe
U €20 NPUMEHEHUS
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DTa mMasa nocesleHa GyHaaMeHTalbHbIM NPUMUTHBAM ANs rpad)oBOro noucka
M UX NpuMeHeHUAM. OIMH U3 MHTEpEeCHEMLUINX acNeKTOB 3TOro MaTepuala 3akJo-
4aeTcs B TOM, YTO BCE aINOPUTMbI, KOTOPbIE Mbl PACCMOTPHUM, ABJISIOTCS HEBEPOAT-
HO ObICTPbIMU (JIMHEHHO-BPEMEHHbIMU C HEOONBLUIMMH KOHCTAHTAMH), U MOHATD,
noueMy oHM paboTaroT, MOXeT ObITh A0BOJILHO HenpocTo. KynbMuHauuei 3Toi
INaBbl ABNSAETCA BbIYMCIEHHE CUJIbHO CBA3HbIX KOMIMOHEHT OPUEHTHPOBAHHOIO
rpada Tosbko C AByMsl Mpoxojamu nowucka B myOuHy (paszgen 8.6) — OHO Ha-
IS AHO WIIOCTPUPYET TO, Kak ObICTpble aIrOPUTMbI Hepeako TpedyroT Ny6okoro
NOHUMaHHUS CTPYKTYPpbI 3a1auH.

MbI HauHeM ¢ 0630pHOro MaTepuana (paszaen 8.1), KOTopblii 0XBaThIBAET HECKOJILKO
NpUYKH, NOYEMY Bac J0JKeH 3a00TUTbL MOUCK B rpade, o6LuLyto cTpaTeruto rpago-
BOIo noucka 6e3 BbINONHEHHUs Kakoii-n1n60 U36bITouHOH paboThbl U BbICOKOYPOBHE-
BOE BBEJICHUE B JIBE HAUBaOKHEHLIKE CTpaTeruy noucka: nouck B iupuHy (breadth-
first search, BFS) u nouck B rny6uny (depth-first search, DFS). Pa3nensi 8.2
1 8.3 6onee NoApoOHO ONMUCHIBAIOT NMOUCK B LLIMPHHY, BKJIKOYast NPUMEHEHUS 1)1
BbIYHUCIIEHUS KpaTyailuMX nyTeil W CBA3HBIX KOMMNOHEHT HEOPHEHTHPOBAHHOIO
rpada. Pazgenst 8.4 u 8.5 pa3bACHSAIOT NOUCK B MyOUHY M €ro MCHOJb30BaHHE
A BbIYUCIIEHUS TOMOJOrMYECKOro YnopsA0YUBaHUS OPUEHTHPOBAHHOIO aL-
Knuyeckoro rpaga (paBHbIM 00pa3oM, A8 NOCTPOEHHUs MOC/IE]0BATENbLHOCTH
onepauuii np1 cobaK0ieHHHM OrpaHUUYEHNI MO NpeaLecTBOBaHHIO). B pa3nene 8.6
MCMONB3YETCs MOUCK B MYOHMHY 11 BBIYUCIEHHS CHJIbHO CBA3HbIX KOMMOHEHT
OpHEHTHPOBAaHHOTO rpada 3a 1HeiHoe BpeMs. B pasaene 8.7 naetcs obbsacHeHHe
TOr0, Kak 3TOT ObICTpPbIi rpadoBbIi NPUMUTHB MOXKET ObITh HCNOJbL30BaH 1S pa3-
BeJbIBAHUSA CTPYKTYpbl BceMUpHO# nayTuHbI.

8.1. KpaTkuit 0630p
B 3Tom pasaene naHo obluee npeAcTaBlIeHHE anropuTMOB rpaoBOro NOUCKa U MX
NPUNOXKEHUH.

8.1.1. HexoTopbie NnpunoXxeHusa

3auyeM HY>KHO BbIMOJIHATb MOUCK B rpadie UM BbISCHSATb, CONEPXKHUT JIM rpad nyThb
M3 TOYKH A B TOUKy B? BOT LB HECKONBKO MPHUYHH U3 OFPOMHOIO KX MHOXECTBA.
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IIpoBepka cBsA3HOCTH. B du3nueckoii ceTH, Takoi kak JOpOXKHas CETb UK CEThb
KOMNbIOTEPOB, BaXKHO! npoBepkoii paboTOCNOCOGHOCTH SBASETCS TO, YTO Bbl
MOXKeTe NonacThb Ky/Ja yrofiHo u3 noboro mecta. To ecTb A1 KaXk[0ro BapuaHTa
TOYKU A ¥ TOUKH B B ceTH J0/DkeH ObITh MyTh OT NEPBOii K MOC/eAHEH.

CBA3HOCTb TaKXKe MOXeT ObITh BakHa B aOCTpakTHbIX (Hepu3uueckux) rpadax,
NpeCTaBNSIOLIUX NONapHbIE CBA3M Mexy oObekTamu. OHa Takas CeTb, ¢ KOTO-
poii HHTEPECHO MOUrpaTh, — 3TO CETb KHHOGUIILMOB, i€ BEPLUHHbI COOTBETCTBYHOT
KWHOAKTepaM, U 00a CBsi3aHbl HEOPHEHTUPOBAHHBIM peOpoM BCAKHii pa3, korzaa
OHH MOSABNSAIOTCA B OAHO# U TO#i ke kuHOKapTUHe'. HanpuMep, CkoJbko cTeneHeid
pa3szeneHus? cyllecTByeT MeX 1y pa3HbIMH akTepamu?

CaMbIM H3BECTHBIM CTaTUCTHYECKHUM MOKa3aTeJIeM 3TOr0 TUNA ABAETCA YUCIIO
BeiikoHa, koTopoe npeacraBnseT coboif MUHUMANbHOE YUCIO NMEpPEXo]0B MO
¢$unbMOBO#i ceTH, HeobxoauMoe a1 TOro, YToObl J0O6paThcs 10 Be3decyluero
akrepa KeBuHa Beiikona’. Tak, KeBuH BeiikoH cam nuuHo uMeet uucio Beii-
KOHa, paBHoe 0; KaXxAblii akTep, KOTOPbIi NOSABUJICA C HUM B QUIIbME, UMEET
uyucno beiikoHa, paBHOe 1; Kaxcablil akTep, KOTOPbIi MOSABUJCH C aKTEPOM —
obnanarenem uucna befikoHa, paBHoro 1, Ho KTo He sBnseTcs caMuM KeBUHOM
BeiikoHoMm, uMeeT uucno beiikoHa, paBHoe 2, U Tak aanee. Hanpumep, xoH
X3MM — Haubonee u3BecTHbIH no ponu JloHa Jlpeiinepa u3 TeneBU3HOHHOIO
cepuana Mad Men («bezymyvi») — umeet uucno beiikoHa, paBHoe 2. X3MM
HUKOrAa He nosBisics B ¢puibMe ¢ belikoHoOM, HO y Hero Oblsla anU3oauYecKas
posib B nbece 4 Single Man (« Odunokuti myxcuunar), HanucaHHo# ans KonuHa
depra, a Pept 1 beilikoH cHanuch B punbme AtoMa drosHa Where the Truth
Lies («I'0e ckpvisaemcs npasdar) (puc. 8.1).

! https://oracleofbacon.org/.

2 CreneHb pa3aeneHus (degree of separation) — 4HCJIO ypOBHeii CBA3E#, pa3aensaiomux

J1Ba MPOM3BOJIbHbIX Y3/1a ceTH. — [Ipumey. nep.

Yucno beiikoHa — 3To HMNPOBH3aLIMA Ha TeMy GoJiee CTapoii KOHUENUMH yucaa Dpoéua,

Ha3BaHHOIO B YECThb H3BECTHOro MaTemaTHka [Tona Dpaga, koTOpoe H3MEPAET YHCNO

CTeneHei pasaeneHus oT Opaglia B rpage CoaBTOPCTBA (rae BEPIUHHBI ABNAIOTCA HC-

Clie10BaTENAMH, H MEXAY KaX10ii Mapoi uccienaoBarene, ABISIOLMXCA COaBTOpaMH

CTaTbH, CyLLECTBYET pebpo).

4 Mexny BeiikoHOM H X3MMOM Takke CyLLECTBYET pAA APYrHX MyTew C ABYMSA Mepexo-
JaMH.
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OduHokuli m Ide ckpbisaemcs KesuH
, @ BelikoH

Puc. 8.1. ®parmeHT BUaeoceT, nokasbiBaloWmMn, 4To 4ucno GerkoHa
y [xoHa XaMma He npesbiaet 2

Kpartuaiimune nytu. Yucno beiikoHa oTHOCUTCS K kpamuatiuwemy NyTH MEXAY
JByMsl BepLIMHAMHU ceTH (HUIIbMOB, KOTOpbI O3HaYaeT MyTb, UCNONb3YIOLIHUi
HauMeHbLiee Yucno pedep. B pasnene 8.2 Mbl yBUAUM, 4TO CTpaTerus rpadoBoro
noucka, UMeHyeMas NMOUCKOM B LUHPUHY, €CTECTBEHHBIM 00pa3OM BbIMUCIAET
KpaTyailuui nyTh. Llenblit paa Apyrux 3aaay CBOAUTCS K pacyeTy Kparuaiilero
NyTH, rAe 3HaYEHHE CJI0BA KKOPOTKHI» 3aBUCHT OT NPUIOKEHH (MUHUMHU3ALIUs
BpPEMEHH AJI1 MapLIPYTOB JBUXKEHUS MJIM JeHEr Ha aBUaOMNIEThI U Tak aalee).
Anroput™ kpatyaiiuiero nytu JledkcTpbl — npeaMeT rnaBbl 9 — OCHOBAH Ha
NOKCKe B LINPHHY AJIA peuleHrs 6onee oOLMX 3a1a4 HAX0XAEHUS KpaTyaiiuero
nyTH.

Iaanuposauue. [1yTh B rpade He 0653aTebHO JOMMKEH NPeACTABAAT HHU3nYe-
CKHMii NyTb NO pu3Myeckoii ceTu. bonee abcTpakTHO, My Th — 3TO NOCNEAOBATENb-
HOCTb pelleHHii, NepeBoAALINX BAC U3 OAHOINO COCTOSHUS B APYroe. ANTOPUTMBI
rpa¢oBoro Noucka MOryT NMpUMEHATLCS K TakMM abCcTpakTHBIM rpadam ans
BbIUMCJIEHHS MJIaHa AOCTHXXEHHUS LieIeBOr0 COCTOAHUS U3 UCXOJHOTO COCTOS-
Hus. [peacrasbTe, HaNpUMep, YTO Bbl XOTHTE NPUMEHHTDb AIFOPUTM IS TOrO,
4TOObI peLLUTHL FOJOBOJIOMKY cyaoky. [Tonymaiite o rpade, BepuIMHbI KOTOPOrO
COOTBETCTBYIOT YaCTHYHO 3aBEPLIEHHLIM FOJIOBOJIOMKAM CYAOKY (Iie HECKOJBKO
kneTok u3 81 nmycThl, HO NpaBUNia CyJOKY He HapylUeHbl), H OpPHEHTHPOBAHHbIE
pebpa COOTBETCTBYIOT 3aNOJHEHHIO OJHOM HOBOIi AYEHKH roNOBONOMKH (MpH
YCNOBHH COOJIONEHHS NPaBU CYAOKY). 3aJa4a BbIYMCIIEHUS PeLleHHs roJIoBO-
JIOMKM — 3TO MMEHHO 3aJaya BbIYHUCIIEHUS OPUEHTUPOBAHHOTO MYTH U3 Bep-
LIMHBI, COOTBETCTBYIOLLEH HCXONQHOMY COCTOSHUIO NOJIOBOJIOMKH, B BEpLUHHY,
COOTBETCTBYIOLLYIO 3aBepLUeHHO# ronoBooMke'. Elle oauH npuMep: Hcnonb3o-

' TMockonbKy 3TOT rpad) CAHMILKOM BENHK /i TOFO, YTOOBI 3aMMCaTh €ro B ABHOM BHJE,

B MPAKTHYECKHUE pELIATEIH NOJIOBOJIOMKH Cy0KY BCTPAHBAKOTCA HEKOTOPLIC AOMOJIHU-
TECJIbHbIC HACH.
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BaHHe poOOTU3HPOBAHHON PYyKH AN 3axBaTa kodelHO# Kpy>KKH — 3TO, O CYTH,
3ajlaya NnJiaHUpoBaHUs. B cBA3HOM rpade BepLUHHbI COOTBETCTBYIOT BOZMOXKHBIM
KOH(Urypauusm pyku, a pebpa COOTBETCTBYIOT HEOONbILUUM H peanu3yeMbiM
M3MEHEHUAM JaHHOi1 KOHUrypaLuu.

CBsi3Hble KOMNOHEHThbI. Mbl Takke YBUIMM alropuTMbl, OCHOBBIBAIOLLHECS
Ha rpa¢oBOM MOKUCKE JJ1s BbIYUCIICHHUS CBA3HbIX KOMNOHEHT (4acTteil) rpada.
OnpenenuTb U BLIYUCIUTD CBA3HbIE KOMIIOHEHTbI HEOPMEHTHPOBAHHOrO rpada
OTHOCHTEJIbHO MpocTo (pa3zaen 8.3). A BOT B cllyuae OpHEHTHPOBaHHbIX rpagoB
JlaXke onpeesieHHe TOro, YTO JOJDKHO 03HAYATh MOHATHE «CBS3HAsA KOMITOHEHTAy,
MMeeT CBOM HeboubLiMe TOHKOCTH. B pa3znene 8.6 naercs 3To onpezaeneHue U no-
Ka3bIBaeTCA, KaK MPUMEHATb NMOKUCK B rMyOUHY (pa3aen 8.4), Ay TOro YToObl Bbi-
4ucATh uX 3¢ dekTHBHO. Mbl Takxke YBH AWM NPUMEHEHUS TOUCKA B ryOUHY Ans
NOCTPOEHHUs MOCJEN0BaTENLHOCTH onepauuii (pazaen 8.5) u Ans pasBeAblBaHUS
CTPYKTYpbl BebG-rpada (pa3zen 8.7).

8.1.2. BecnnartHbie rpadoBblie NPUMUTUBDI

[pumeps! B pazaene 8.1.1 neMOHCTpUPYIOT, YTO NOKMCK B rpade ABnseTcs GpyHna-
MEHTa/IbHbIM U LIKPOKO MPUMEHHMbIM 6a3UCHBIM d1IeMeHTOM. X04y MopaaoBaTh,
4TO B 3TO# IN1aBe BCe HalUM anropuTMbl OyayT paboraTh cBepXObICTpO, Bcero 3a
Bpems O(m + n), rae m U n 0603Ha4alOT Yncio pedep U BepluuH rpaga'. OHO
6onbLe BpeMeHH, HE0OXOIMMOro 1J1s YTEHUS BXOAHBIX JaHHbIX, JIMLIb Ha MOCTO-
SHHBI! MHOXKHMTEb!? Mbl 3aKJTIOYaeM, YTO 3TH aJINOPUTMBI ARJIAIOTCS OECNIaTHBIMK
NPUMHTHBAMH — BCAKHIA pa3, korja y Bac ecTb rpaoBble JaHHbIE, Bbl JOMKHbI
6e3 konebaH1it NpUMEHATD F060H U3 ITUX NPUMHUTHUBOB A1 cOopa HHPOpMaLUK
0 TOM, KaK OH BBIMNISIUT .

' KpoMe Toro, KOHCTaHTBl, CKpbITbie B Gpopme 3anucH O-60bLIOE, 10CTATOYHO MaJlbl.

2 B 3apayax rpag0BOro noucka v CBA3HOCTH HET OCHOBaHH i 0XKHIATh, YTO BXOAHO rpad
ABNACTCA CBA3HBIM. B HECBA3HOM cilyyae, rae m MOXET ObITb HAMHOIO MEHBLLE 1, pa3Mep
rpaga paseH © (m + n), HO He 0653aTe/IbHO O (m).

3 MoxeM 1 Mbl 1OGHTBCA Jyuluero? Het, BNOTh 10 CKPLITOrO MOCTOAHHOTO MHOXHTE-
JIS1: KaX bl MPaBHJIbHBIA AITOPHTM B HEKOTOPBIX CJIyYasX AOJKEH, MO KpaHHei Mepe,
CYHMTBIBATb BCE BXOHBIC JAHHDBIE LICJIMKOM.
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BECNJIATHbIE NPUMUTUBDLI

ANropuTM C NUHENHBLIM UM NOYTU NINHENHBLIM BPEMEHEM BbINOTHEHUS MOXHO
paccmaTpuBaTh Kak NPUMUTUB, KOTOPLIA Mbl MOXEM UCNONb30BaTb NO CYy-
wectey «6ecnnaTtHo», NOTOMY 4TO 06bEM UCMONb3yeMbIX BblYMCNEHUI eaBa
npesbilwaeT 06veM, He06X0aAUMbIA TONbKO ANA YTEHUS BXOAHbIX AaHHbIX.
KoraayBac ecTb NpUMUTUB, UMEIOLW A OTHOLLIEeHWE K BaLlel 3aaaYe, KOTopbii
ABNSAETCA TakMuM 04eBNAHO BbICTPLIM, NoYeMy 6Gbl UM He BOCNOIb30BaTLCA?
Hanpumep, Bbl BCceraa MoXeTe BblYUCINTbL CBA3HbLIE KOMNOHEHTbI rpag oBbIX
AaHHbIX Ha 3Tane NnpeagapuTenbHon 06paboTkn, Aaxe ecnn Bbl HE YBEPEHD,
KaK 3T0 NOMOXeT B AanbHenweM. OaHa u3 uenen 3Ton KHUXHON cepun —
CcHabAaMTbL Bal anropuTMUYECKUin MHCTPYMEHTAPUIA KaKk MOXHO 60nblunMm
yncnom 6ecnnaTHbIX NPUMUTUBOB, FOTOBbIX K MPUMEHEHMIO B NIo6O MOMEHT.

8.1.3. 0606w eHHbIN rpadoBbIA NOUCK

CyTb anropuT™a noucka B rpade 3akitoyaercs B pelieHUH cnelyoLuei 3aaau.

3AJJAYA: TIOUCK B I'PA®E

Bxoa: HEOPUEHTHPOBAHHBIH UM OpUEHTUPOBaHHBIH rpad G = (V, E)
M cTapToBas BepluMHa s € V.

eab: aeHTHOULMPOBATbL BEPLUHHBI MHOXKECTBA V, NOCTIDKUMBIE
u3 s Brpage G.

[Toa nocTHXKUMOK BEPLIMHON V Mbl UMEEM B BUAY, YTO CYLUECTBYET MOCIE0-
BaTeNbHOCTL pebep B G, koTopast nepeHoCcHT U3 s B v. Ecin G sBnseTcs opueH-
TUPOBaHHbIM rpaoM, TO Bce pebpa NyTH AODKHBI ObITH MPOHAEHBI B MPAMOM
(ucxonsuieM) HanpasneHud. Hanpumep, Ha puc. 8.2, @ MHOXXECTBO AOCTHXUMBIX
BEPLLUUH (43 ) paBHO {s, U, v, w}. B opeHTHpOBaHHO# Bepcuu rpada Ha puc. 8.2, 6
OPHEHTHUPOBAHHbI NMyTb U3 S B W OTCYTCTBYET, U Yepe3 OPUEHTHPOBAHHbIH MYThb
M3 S JOCTHXKHUMBI TOJIbKO BEPLUHHBI S, U U V'

B obwem ciayyae 60abIMHCTBO aNrOpUTMOB H apryMeHTOB B 3TOH IM1aBe OJHHAKOBO
XOpOLUO MPUMEHUMbI K HEOPMEHTHPOBAHHBIM U OPUEHTHPOBAHHLIM rpadam. Bobunm
MCKJIIOYEHHEM ABIISAETCA BbIYUC/IEHHE CBA3HBIX KOMIOHEHT, KOTOpOE ABNAETCA Goee
CJIOXHOI 3anaueii B OpHEHTHPOBAHHBIX rpadax, 4eM B HEOPHEHTHPOBAHHbIX.
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a) HeopneHTnpoBaHHbIM rpad 6) OpneHTUpPOBaHHLIA BapnaHT

Puc. 8.2. B cnyyae a MHOXECTBO BEPLUUH, AOCTUXUMbIX U3 S, PABHO (S, U, v, W}.
B cny4ae 6 3T0 MHOXECTBO paBHo (s, u, v}

IBe cTpateruu rpagoBOro noucka, Ha KOTOPbIX Mbl COCPENOTOYUMCS, MOUCK
B LUIKPUHY M NOMCK B MNyOUHY MpeacTaBistoT coboii pa3Hble cnocoObl co3AaHus
0606LeHHoro anroput™a rpagosoro noucka. O606LLIEHHbIH aNTrOPUTM CUCTEMa-
THYECKH HaXOJUT BCE AOCTHUXKHMMBbIE BEpLUNHbI, CTapasch He pa3BeAbIBaTh YTO-THO0
aBaxapbl. C kax10ii BepLUMHOMN OH NOJAepXUBaeT AONOMHUTENbHYIO IEPEMEHHYIO,
KOTOpas OTCJIeXXHBaeT, Obl/la 11 OHa YXXe pa3BellaHa, ycTaHaBnuBas ¢nar npu
nepBOM AOCTHXEHHHU 3TOH BeplunHbl. O0S13aHHOCTDIO MIABHOTO LIUKIIA SBISETCS
JOCTHXeHHe HOBO# Hepa3BelaHHO# BepLUMHbI B KaX /0 HTepaLUH.

OBOBLIEHHBI MOUCK (GENERICSEARCH)
Bxon: rpa¢ G = (V, E) u BepuuuHa s € V.

HocTyc.uonue: BE€pLIMHA NOCTUXHUMA U3 § TOrAa U TOJIbKO TOrAa,
Korjaa oHa noMe4Y€Ha Kak «pa3B€aHHasy.

NMOMETUTDb BEPLIMHY § KaK pa3B€JaHHYIO, BCE€ OCTA/IbHbIE€ BEPLUHHBI
KaK HEpa3B€1aHHbIC

while cywectByeT pebpo (v, w) € E c pa3BenaHHOii v U HepasBe-
JaHHo#l w do

BbLIOpaTh HECKOJIbKO TakHX pedep (v, w) // KOHKpeTu3nposaHo
// HenonHo
NOMETHUTb W Kak pa3BelaHHYIO

RS AN SN, SR i TN 0 A T TR S A R R e
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JlaHHbI# aNMrOPHUTM MO CYLIECTBY OJJMHAKOB KaK [711 OPHEHTUPOBaHHbIX, TaK U 1715
HeOpUEeHTUPOBaHHbIX rpadoB. B opueHTHpOBaHHOM ciyuyae pe6po (v, w), Bbl-
OpaHHOe B UTepaLMH LKA while, JODKHO ObITh HanpaBleHO M3 pa3BeAaHHOM
BEPLUMHBI V B HEPA3BeJaHHYIO BEPLUHHY W.

O NCEBAOKOAE

3Ta cepust KHUr OGBLACHAET anropuTMbl C UCNONb3OBaHUEM KOMOWHaUWK
BbICOKOYPOBHEBOro NCEBAOKOAA U PYCCKOro A3blka (Kak NoKa3aHo Bbilwe).
1 ICXOXY N3 TOro, 4TO Y BaC €CTb HaBbIKWU TPAHCNALNWN TaKUX BbICOKOYPOBHE-
BbiX (06WMx) onucaHui B pabounii koa Ha BaweM NiobuMoM si3blke Nporpam-
MUpoBaHuUs. Heckonbko APYrMx KHUIr U PeCypcoB B MHTEPHETE nNpeanaraioT
KOHKpeTHble peanv3aumm pa3nnyHbix anropuTMOB Ha onpeaeneHHbIX A3blkax
NporpamMMmnpoBaHus.

Bo-nepBbix, NPENMyLLECTBO aKLEHTUPOBAHUA BbICOKOYPOBHEBBLIX ONNUCAHN
HaA peanua3aunsmMmn, cneumduyHbIMU AN KOHKPETHOMO A3bIKa, 3aK/NI0YaeTCs
B rnOKOCTU: XOTA A Npeanonaral HeKOTOPYI0 0CBEAOM/IEHHOCTb B KAKOM-TO
A3blKe NPOrpaMMUPOBaHNUSA, MEHSI HE UHTepecyeT, KaKO UMEHHO 3TO A3bIK.

Bo-BTOpbIX, 3TOT NoAX0A CNoco6CTBYET NOHUMAHUIO anropUTMOB Ha My-
60KOM M KOHUENTyanbHOM ypoBHe, He 06peMeHEeHHOM AeTansiMn HU3KOro
ypoBHS. ONbiTHbIE NPOrPaMMUCTLI U cneunanucTbl B 06nacTu MHGoOpMaTrkn
06bI4HO MbICNAT U 06MeHuBaloTCA Hdopmauuei o6 anropuTmax Ha CTonb
Xe BbICOKOM yPOBHe.

TeM He MeHee, HUHTO He MOXeT 3aMeHUTb NOAPOBHOro NOHUMaHUS anropuTMa,
KOTOpoe BbiTekaeT u3 pa3paboTku cBoe cobcTeeHHOM paboyei peanu3aumu.
HacTtosTtenbHO pekoMeHAyI0 BaM OCYLLLECTBUTL CTONLKO anropuTMOB U3 3TON
KHWUM1, CKOMbKO BpemeHn 6yaeT HaxoanTbCA B BaleM pacnopsixeHuu. (3T1o
6yneT OTANYHBIM NOBOAOM ANSA TOrO, 4TOObI NO3HAKOMUTLCS C HOBLIM A3bIKOM
nporpaMmmMupoBaHus!)

B uensx nonyveHus ykasaHui obpatutecs k pasaeny 3agady no nporpaMmmm-
POBaHUIO B KOHUE MNaskl M BCNOMOraTe ilbHbiM TECTOBbLIM NMPUMepaMm.

Hanpumep, Ha rpade puc. 8.2, a nepBoHayanbLHO MOMEUYEHO Kak pa3BeJaHHOE TOJIb-
KO Halle OCHOBHOe MecTo O0a3upoBaHus s. Ha nepBoii uTepauuu umukia while yc-
JIOBHIO LIMKJ1a yIOBNETBOPAIOT ABa pebpa: (s, #) U (s, v). ANrOpUTM GenericSearch
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BbIOMpAeT OHO U3 3THX pebep — ckaxeM, (S, ¥) — M OTMeYaeT BEpLUHHY ¥ Kak
pa3BeaHHY10. Bo BTOpoii TepaLmu LMK/1a CHOBA €CTh 1Ba BApUaHTa: (s, v) U (1, w).
ANropuT™M MOXET BbIOpaTh (1, W), B KAKOBOM Clly4yae w MOMeYaeTcs Kak pa3Be-
naHHas. Ewe onHa urepauus (nocie Boibopa (s, v) UM (w, v)) NOMeYaeT v Kak
pa3BeaaHHyto. Ha aTom atane pebpo (x, y) UMeeT ABe Hepa3BelaHHble KOHEUHbIE
TOYKH, a Apyrue pebpa UMeIOT ABe pa3BelaHHble KOHEYHbIE TOYKH, U aNNOPUTM
ocraHaBinuBaercs. Kak cneayer oxuaaTth, BEpLIHHbI, TOMEYEHHbIE KaK pa3BeiaH-
Hble —§, U, V U W — SBJISIOTCS HMEHHO TEMH BEPLUMHAMH, KOTOPbIE AOCTHXHUMbI
u3s.

310T 00001LEHHBIH ATNOPUTM rpadoBoOro noucka KOHKPETU3MPOBAH HEMOJIHO, TaK
Kak B UTepaLMy LHKNa while MpUeMaeMbIMU 11151 BbIGOpa MOTYT ObITb HECKONBKO
pebep (v, w). [Torck B ILMPHHY U MOKMCK B IMyOHHY COOTBETCTBYIOT ABYM KOH-
KPETHBIM peLleHUSM O TOM, kakoe pebpo pa3BelbiBaTh Aanblie. HezaBucumo ot
TOro, Kak 3TOT BbIOOp JieNaeTcs, aJropuT™ GenericSearch rapaHTUpoOBaHHO OyzeT
NpaBUJIbHBIM (KaK B HEOPHEHTHPOBAHHBIX, Tak U B OPUEHTHPOBAHHBIX rpadax).

Yr1Bepxaenue 8.1. (IIpaBuabHOCTH 060061eHHOr0 rpagoBOro NOMCKA.)
Ilo 3asepwenuu arzopumma GenericSearch eepwuna v € V nomevaemcs xax

pa3eeodanHas moz20a u moJibKo moz2oa, ko20a cyuwyecmsayem nyms u3 s 8 v 8 cpa-
e G.

Paznen 8.1.5 npenocrasnser ¢popManbHOE N0Ka3aTeNbLCTBO yTBepxaAeHHus 8.1,
MOXeTe CMOKOWHO ero NponyCcTUTb, €CJIM JAHHOE YTBEPXKAEHHE BbIMIAAUT HHTY-
UTHUBHO O4€BHHbIM.

0 NEMMAX, TEOPEMAX U NPOYEM

B mMareMaTuU4eckoh 3annucu camble BaXHble TexHUYeCckue BbiCKa3blBaHUA
MMeloT cTaTyc TeopeM. JleMMa — 3TO TEXHUYECKOE BbiCKa3biBaHUE, KOTOpoe
nomMoraeT C A0Ka3aTeNbCTBOM TeopeMbl (BO MHOrOM, Kak noanporpamma
nomoraeT ¢ peanusauuen 6onee kpynHoin nporpammel). Cnegcrsne — ato
BbiCka3blBaHWe, KOTOPOe HENOCPEACTBEHHO BbITEKAET U3 YXe A0Ka3aHHOro
pes3ynbTarta, HanpuMep, YacTHbLIN CNyYai TeopeMbl. Mbl ICNONb3yeM TepMUH
yTBepXaeHue (B NHbIX UCTOYHUKAX OHO UMEHYeTCS NPOoNo3nLUneit UK BbicKa-
3blBaHWEM) AN aBTOHOMHBIX TEXHUYECKUX BbICKa3blBaHUM, KOTOPbIE CaMu NO
cebe He 0coHEHHO BaxXHbI.
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A KakHacueT BpeMeHH paboTbl anropuT™Ma GenericSearch? ANropuT™ pa3BeblBaeT
Kax0e pebpo He 6oJee 0aHOro paza — nocie Toro kak pedpo (v, w) 6bu10 pa3Be-
JIaHO B MepBblii pa3, 06e BepLUKHBI, V U W, IOMEYAlOTCs Kak pa3BeJaHHble, U pebpo
He OyJeT paccMaTpHBaTbCsl CHOBA. DTO HABOAMT Ha MbIC/b O TOM, YTO CYLUECTBYET
BO3MOXCHOCTb pPean30BaTh aINOPUTM, paboTatoLLuii 32 TMHEiiHOe BpeMs, B clly4ae
€CJM Ha Kak0# MTepaLuH LKA while Mbl CMOXEM ObICTPO HAEHTHHHLUPOBATHL
npuemnemoe pedpo (v, w). Mbl noapoOHO NpoaHanu3upyeM, kak 3To paboraet ans
NOMcKa B LUMPHHY U MOKCKA B NyOHHY, B pa3zenax 8.2 U 8.4 cOOTBETCTBEHHO.

8.1.4. Nouck B LLMPUHY U B rMyOUHY

Kaxnaas urepauus anropurma GenericSearch BoloHpaeT pebpo, KOTOpoe HaXOAUTCS
Ha rpaHule pa3BedblBaeMOii YacTH rpada, ¢ OqHOH CTOPOHbI KOTOPOH KOHEYHas
TOYKa pa3BeJaHa, a ¢ Apyroii He pa3BeaaHa (puc. 8.3). Takux pebep MoxxeT ObITb
MHOrO, W YTOObI MOJHOCTbIO ONMPEAENHUTb AITOPUTM, HaM HyXeH MeTo] Bblbopa
OJIHOrO M3 HMUX. MBI COCPENOTOYMMCS Ha ABYX HanboJjiee BaXXHBIX CTpAaTEerusx:
NOKCKe B LUIMPUHY M noucke B my6uHy. O6a sBnAI0TCA OTAMYHBIMU cniocobamu
pasBenbiBaHHMs rpada, U Kaxablii U3 HUX UMEET CBOE COOCTBEHHOE MHOXXECTBO
NpUMEHEHHUH.

IMouck B wupuHy (breadth-first search, BFS). BoicokoypoBHeBas uaes no-
ucka 6 wupuny — unu BFS nns Tex, KTo B TeMe, — 3aKJI0YaeTCcs B TOM, YTOObI
TILATENbHO pa3BeAblBaTh BEPLUHHBI rpada «cnosmuy». Cinoit 0 COCTOMT TONbKO U3
CTapToBO# BepluHHbI §. Cnoii 1 coaep>XMT BEpLIMHBI, COCEACTBYIOLLHE C S, UMES
B BH]ly BEpLLUHHbI V TaKHE, UTO (s, v) ABnseTcs pedbpoM rpacda (HanpaBneHHbIM U3 §
B V, B cllyyae eciu G sBnseTcs OpueHTHpOoBaHHbIM). C1l0ii 2 cOCTOMT U3 coceae
BEPLLUH cJos 1, KOTOpbIE ke He mpuHanexar cnoto 0 unu 1, v Tak nanee. B pas-
nenax 8.2 u 8.3 Mbl yBUIUM:

O kak peanu30BbIBaTH MOMCK B IUMPHHY C JIMHEWHBIM BpeMEHEM, HCMOMb3Ys
CTPYKTYPY AaHHbIX, UMEHYEMYIO OYepelblo (MepBbIM BOLLEN/NEPBbIM Bbl-
wen);

O kak Ucnonb30BaTh MOUCK B IIMPUHY JUTA BbIYMC/IEHHs (32 JIMHEHOEe BpeMs)
JUIMHBI KpaTyailuero nyTH MexAy OJHOI BEpLIMHOI U BCEMHU APYrMMH Bep-
LLIMHAMH, NMPHU 3TOM BEPLLHHBI CJIOS i ABISAIOTCS UMEHHO BEpLUMHAMM Ha pac-
CTOSIHMH [ OT s,
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O kak Kcnonb30BaTh MOUCK B LIMPUHY A8 BblYMCIeHHs (3@ JUHelHOe BpeMs)
CBSA3HBIX KOMIIOHEHT HEOPHEHTHPOBaHHOIO rpada.

passeaaHo He pa3BeaaHo

\
/

W

© =

rpaHvua

Puc. 8.3. Kaxaasn utepaums anroputma GenericSearch soibupaet pebpo
Ha rpaHuue, NpyM 3TOM 04Ha KOHEeYHas Touka pa3seaaHa, a apyras HeT

Iouck B rnyouny (depth-first search, DFS). ITouck 6 21youny (DF'S), Bo3MOXHO,
aBnsercs ewe 6onee BxHbIM. [Torck B ryOuHy Hcnonb3yeT Goiee arpeccUBHYIO
CTpaTeruio pa3se/biBaHUs rpada, no cBoeMy 1yXy o4eHb XOpOLIO COOTBETCTBYS
TOMY, KaK Bbl MOXKETE pa3Be/blBaTh JaOMPHHT, 3aX0As8 HACTONLKO Iy6oKO, Ha-
CKOJIbKO 3TO BO3MOXHO, H OTCTYNas TOJIbKO B Clly4yae KpaiiHeil HeoOXOAUMOCTH.
B pa3penax 8.4-8.7 mMbl yBUANM:

O Kkak peann30BbIBaTh NOKCK B MNYOHHY C THHEWHBIM BpEMEHEM, HCTIONB3YS pe-
KYPCHIO MJIM IBHO 33[aHHYIO CTPYKTYPY JaHHbIX, MMEHYeMYIO CTEKOM (Io-
ClIeIHUM BoLLIE / NepBbIM BblLIEN);

O kak ucnonb3o0BaTh MOUCK B MyOWHY A BbIYKC/IEHHS (32 NUHEHOE BpeMs)
TOMNOJIOrUYECKOr0 YNOPsJ0UMBaHUS BEPLUMH aLMKIHYeCcKoro rpada, noye3Ho-
ro MPMMHUTHBA JUIS 33/1a4 MOCTPOEHHUS MOCJIe0BaTENLHOCTH ONepaLluii;

QO Kak MCrnoaB30BaTh MOUCK B MyGMHY /1S BBIUMCIIEHHS (3a TMHEHHOE BpeMs)
CHJIBHO CBA3HbIX KOMMOHEHT OPUEHTUPOBAHHOTO rpada c NPUMEHEHUAMH 171
MOHWMaHUs CTPYKTYpbl BceMUpHO# mayTHHBI.
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8.1.5. NpasunbHocTtb anropurma GenericSearch

Ceituac Mbl JoKaXxeM yTBepxaeHHe 8.1, KOTopoe rJIacuT, YTo No 3aBepIUeHHH a-
roputMma GenericSearch ¢ BxoaHbiM rpadom G = (¥, E) u cTapToBoii BEpLIHHO#
s € VBeplunHa v € V nomeuaercs kak pa3BeJjaHHasi TOrAa M TOJIbKO TOrJa, Koraa
cylecTByeT nyTb u3 s B v B rpade G. Kak o6biuHO, ecit G SBAs€TCS OPUEHTH-
POBaHHbBIM rpadoM, TO MyTh S ~ v TaKxke A0DKEH ObITb OPUEHTHPOBAHHBIM, MPH
3TOM Bce pebpa OblM NpoiieHbl B NPIMOM HanpaBleHUH.

HanpaBneHue YTBEPXKACHHUS CO CJIOBOCOYETAHUEM «TOrla U TOJIbKO TOraa» A0JDK-

HO ObITb HWHTYUTHUBHO MOHATHbLIM! €IUHCTBEHHBI CﬂOCOG, KOTOPbIM aJIFTOPUTM

GenericSearch 06Hapy>|m3aeT HOBbIC BEPLLIHHBbI, COCTOUT B CJIEAOBAHHWH MO NYyTIAM
|

H3s'.

HanpasneHue co coBoM «Kkoraa» yTBepxIaeT MeHee oYeBHIHbII dakT, 4To an-
rOpUTM GenericSearch HUYEro He MPONYCKAET — OH HAXOAMT KaXc1yto BEPLUUHY,
KOTOpYIO Mor Obl 00HapyXuTb. B ciiydae 3Toro HanpaeneHus Mbl Oy1eM HCIOJb30-
BaTh JJ0Ka3aTeNbCTBO OT NPOTUBHOr0. HanmoMHuM, 4TO B 3TOM THIE 10Ka3aTe/lbCTBa
Bbl UCXOJIUTE U3 NPOMUBONONOHCHO20 NOMYILEHHUS OTHOCHTENLHO TOrO, YTO Bbl
XOTUTE 0Ka3aTh, @ 3aTEM CTPOUTE Ha ITOM JOMYLUEHHH MOCIEA0BATENLHOCTD JIO-
rM4eCcKH NpaBUJIbHBIX L1AroB, KOTOpas 3aBEPLUIAETCS ABHO JIOXKHbIM (GOpMaIbHBIM
yTBepXXAeHHeM. Takoe NpoTUBOpeUHe NoApa3yMeBaeT, YTO JaHHOE AONYLUEHHE He
MOXeT ObITb HCTUHHBIM, YTO M J0Ka3bIBaE€T HCKOMOE YTBEpXKIEHHE.

HMrak, npeanonoxuM, 4To cyLiecTByeT nyTh U3 s B v B rpade G, HO alroputm
GenericSearch KakMM-TO 06pa3oM NMpPOMYCKAaeT ero 1 3aBepLIaeTCs BEPLUHHO v,
NOMeUeHHOIi kak Hepa3BeaaHHas. [1yctb S C V o0o3HauyaeTr BeplunHbl rpada G,
noMeyeHHble Kak pa3BellaHHble aaropuTMoM. BepluvHa s npuHaanexur S (no
nepBoit CTPOKE anropuTMa), U BEpLUMHA Vv — HET (M0 MPUHATOMY JOMYLUEHHIO).
[TockonbKy NYTb § ~ v MPOXOAMUT U3 BEPLUWHBI BHYTPHU S B BEPLUUHY BHE S, TO MHU-
HUMYM OJJHO pebpo e My TH UMEET OIHY KOHEUYHYIO TOUKY ¥ B S, U APYTYIO w BHE S
(NpH 3TOM e OPMEHTUPOBAHO U3 U B W B Cllyuae, eciii G ABAsSETCS OPUEHTHPOBAH-
HbIM) (puc. 8.4). Ho 370, Ipy3bsi MOH, HEBO3MOXHO: pebpo e OyaeT npremieMbiM
s oTbopa B LIMKJIE while anropuT™a GenericSearch, U alropuT™ He caancs Obl

! Ecnu 6bl Mbl XOTENM GBITH GOJIEe NEAAHTHYHBIMHU, TO JOKA3aH Obl 3TO HarnpasJieHHe Mo
MHIYKLUHH Ha YHCIe UTepaLIMii LKA,
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M pa3Bejal Mo KpaiiHeil Mepe elue oAHy BepluuMHy! HeT HUKakod npUYMHBI, NO-
yeMy alropuT™ GenericSearch Mor 6bl OCTAaHOBUTbCS Ha 3TOM 3Tane, U NO3TOMYy
Mbl AOCTHUIJIM NMPOTUBOPEYUS. ITO NPOTHBOpPEUHE 3aBEPLUAET AOKA3ATENbCTBO
yTBepxaeHus 8.1. Y. m. 0.

npuemnemoe Ang paaee.qblaaHma!

S = pasBefaHHble BEPLWWHbI

Puc. 8.4. lokazatenscteo yTeepxaeHus 8.1. 1o Tex nop noka anroputm
GenericSearch elle He 06HapyXun BCce AOCTUXUMbIE BEPLUUHbI, CYLLeCTBYeT
npuemnemoe pebpo, BAONb KOTOPOro OH MOXET pa3seAblBaTh Aanblue

8.2. NMouck B LULMPUHY U KpaTyanwme nyTun

Magaiite yrny6uMcs B Hallly NepBytO KOHKPETHYIO CTpaTeruio rpagoBoro nowuc-
Ka — noucKka 8 WupuHy.

8.2.1. BbicOokOypoOBHEeBas naesa

[Touck B lUMPUHY pa3BeAbIBAaET BEPLUUHDI rpada closMu, B NOpAAKe yBENHYEHUS
paccTosiHUsA OT cTapToBoi BeplUHbL. Cioii 0 coaepXHT CTapTOBYIO BEPILHHY §
1 Oonbuie HUuero. Cnoii 1 npeacraBnser cob6oil MHOXKECTBO BEPLIWH, KOTOpPbIE
HaxXoJATCS Ha pacCTOSHMW OJHOIO NEpexoja U3 s, TO ECTh COAEPHKHUT cocelield s.
D70 BepLUHHbI, KOTOpbIE NMPU NOMCKE B LUMPUHY Pa3BelblBAlOTCA cpa3y Mocie s.
Hanpumep, B rpade Ha puc. 8.5 a u b ABnsAOTCS coceAsMHU s U 00pa3ytoT cJioii 1.

B o6uiem cnyyae BepLIMHAMH B cJio€ i ABNAIOTCA T€, KOTOPble COCEACTBYIOT
' Y. T. a. — 310 a66peBHaTypa BbIpakeHH «UTO U TPEGOBANOCH JOKA3aTh» OT NaTHHCKO-
ro quod erat demonstrandum (Q.E.D.). B MaTreMaTH4eCKoOii 3aNMCH OHa HCMONb3yeTcA
B KOHLIE 10Ka3aTe/IbCTBa, /11 TOro YTOObl OTMETHTD €ro 3aBepllEHHE.
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C BEPLIMHOIA B cyioe i — | 1 KOTopbIe yXKe He NpUHaaexar oqHomy u3 cioes 0, 1,
2, .., i— 1. Tlonck B ILMPUHY pa3BebIBacT BCE BEPLUMHDI €104 i Cpa3y nocne 3a-
BEpLUEHUS pa3BeAbIBaHMS BEPLUIUH cnios (i — 1). (BepLunHbl, HEAOCTUKUMBIE U3 S,
He NMpHHAIeXaT HU OJHOMY ciioto.) Hanpumep, Ha puc. 8.5 BepuiMHaMH cios 2
ABIAOTCA ¢ U d, TaK Kak OHU COCEACTBYIOT C BEpPLUMHAMH C/ost 1, HO caMH OHHU
He npuHaanexar cioto 0 unu 1. (BeplunHa s Takxke SBISETCA COCEAO0M BEPLUMHBI

cnos 1, HO OHa yxke npuHaanexur cioto 0.) [Mocneanuii cnoit rpada Ha puc. 8.5
COZIEPXKHT TOJIbKO BEPLLUHHY e.

(2]
3
=]
=
w

cnon 2

cnon 1

Puc. 8.5. Mounck B wnpuHy o6HapyxvBaeT BepLLINHbI CNOAMM.
BepwunHbl Cnos i ABNKOTCA coceaamMm BeplnH cnos (i — 1),
KOTOpble He NOABNSAI0TCA HA B 0aHOM Bonee paHHemM cnoe

TECTOBOE 3AJAHHE 8.1
PaccMoTpuM HeopHeHTHUpoBaHHbIi rpad ¢ n > 2 BeplunHamu. Kako-

BO COOTBETCTBEHHO MUHMMAJIbHOE U MAKCHMAJIbHOE YHCJIO Pa3HbIX
CJI0€B, KOTOpbIe 3TOT rpad Mor Obl UMETb?

a) lun—1
6) 2un—1
B) lun
r) 2un

(PewueHue v nosicieHue cM. B pasaene 8.2.6.)
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8.2.2. Ncespoxopn ana anroputma BFS

Peanu3auus nMHeHHO-BPEMEHHOMO MOUCKA B LUIMPUHY TpeOYeT NpoCTOii CTPYKTYpbl
J@HHBIX C AUCLMIUIMHON AOCTYNa «NepBbIM BOLLEJ/MEPBbIM BbILIEM), IMEHYEMOI
ouepeobio. [oMck B LUIMPUHY MCMOJB3YET OYepeab AJ TOro, YToObl OTCEKMUBATD,
Kakue BepLUMHbI pa3BeAbIBaTh Jayblie. ECM Bbl HE 3HAKOMBI C OYEPENsAMH, TO Ceifyac
caMoe BpeMsi NPOYUTAThb O HUX B J0O6OM BBOJHOM KypCe MO NporpaMMHpOBaHUIO (MITH
B «Bukuneauu»). CyTb ouepei COCTOUT B TOM, YUTO OHA NpeACTaBseT coboii cTpyk-
TYPY AaHHbIX, CJTy>KaLLyto LTS NoAAepxkKaHUs ciicka 0ObEeKTOB, U Bbl MOXETE YAANSATD
3MeMeHTbI U3 ee Hayasla Uinu J00aBUTb 3MeMEHTHI B €€ KOHELl 3a TOCTOSHHOE BpeMs'.

BFS

Bxoa: rpad G = (V, E), npeacTaBlieHHblii B BUIe CIUCKOB CMEXHOCTH,
M BepliMHa s € V.

IocTyc/i0BHE: BepLiMHA AOCTHXKHMA M3 § TOTAAa U TOJILKO TOTAA,
KOrja oHa oMeueHa KakK «pa3BeJaHHas».

1) NMOMETHUTD § KaK pa3B€AaHHYIO BEPLINHY, BCE€ OCTAJIbHbIC KAK HE-
pa3BeaaHHbIC

2) Q := ouepenb, MHULMATH3UPOBAHHAS BEPLUUHOM §
3) while Q He sBnsercs nycroii do
4) yAanuTh BEPLUMHY M3 Hayana ), Ha3BaThb €€ v

5) for kaxcnoe pebpo (v, w) B cnucke cMexxHocTH v do

6) if w He pa3zBenaHa then
7 NMOMETHTb W Kak pa3BefaHHYIo
8) n00aBuUTbL W B KOHel| O

' B03MOXHO, BaM HHKOra HEe MOHAAOGMTCA PEaH30BbIBATL OYEPENb C HyIA, TAK Kak OHa

BCTPOEHA B 60JILLUMHCTBO COBPEMEHHBIX A3bIKOB MPOrpaMMHpoBaHus. Ho ecin Takas He-
00XOAMMOCTb BO3HHKHET, TO Bbl MOXETE HUCMOJIb30BaTh ABYCBA3HbII CNHCOK. JIM6O ecnn
BbI 3apaHee 3HaeTe MAKCHMAIbHOE YHCJI0 0OBEKTOB, KOTOPBIE Bbl, BO3MOXKHO, 3aXOTHTE
XpaHHTB (TO ecThb | V| B ciiydae BFS), To BbI MOXeTe 0GOHTHCH MaCCHBOM PUKCHPOBAHHOIA
JUIHHBI U Napoii HHAEKCOB (KOTOPbIE OTC/IEKHBAIOT HAYANO U KOHELL OYEPEAH).
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Kaxxpas urepauus uuiiia while pa3BeabiBaeT 0Hy HOBYIO BepluHMHY. B cTpoke 5
aNropuT™ BFS mepebupaer Bce pebpa, MHUMAEHTHbIE BepuinHe v (ecau G ABns-
€TCs HEOPMEHTHPOBAHHbIM) JIUOO Bce pebpa, ucxoaduiue u3 v (ecnu G apnsercs
OpUeHTHpOBaHHbIM)'. Hepa3BeaaHHble cocean BEPLUMHBI v 106aBIAOTCA B KOHELL
ouyepead M MOMEHAlOTC Kak pa3BeJlaHHble; CO BpeMeHeM OHH OyayT oOpaboTaHbl
B MOCJIEAYIOLIMX UTEPALUAX alropuT™Ma.

8.2.3. Npumep

Jasaiite nocMoTpHM, Kak Hall nceBaokoa pabotaer ans rpada Ha puc. 8.5, npo-
HYMepoOBbIBas BepLUMHbI B MOpAKe MX BCTaBKH B ouepedb (paBHbIM 00pa3oM,
B nopsjake ux pa3selbiBaHus). CTapToBas BepluMHA S BCeraa BJASAETCA MEPBO#
pa3BeabiBaeMoii BepLuMHOM. [lepBas utepauus uMkia while U3BIEKaeT s U3 ouepe-
1 Q, anocaexyrouii UMk for nposepset pebpa (s, a) U (s, b) B moboM nopsaxe,
B KOTOPOM 3TH pebpa NoABIAIOTCA B CMUCKE CMEXHOCTH . [Tockonbky HH a, HU b
He NoMeyeHbl Kak pa3BeaaHHble, 06a BCTaBIAOTCSA B ouepeab. [IpeanonoxuM, 4ro
pebpo (s, a) NoABUIOCH NEPBbIM, U NOITOMY a BCTaBlseTcs nepea b. Tekyluee co-
cTosiHue rpada u ouepeu Tenepb OyAeT clieAyoUIUM:

rpaHuua

Ha4ano oyepeau yXe yaaneHo

cocTosiHWe ovepeau Q

Crnepyrowas urepauus LHMKIa while U3BNeKaeT BEPLUMHY a U3 Hayala ouepeau
Y paccMaTpHBaeT ee MHUMAEHTHbIE pebpa (s, a) v (a, ¢). OHa nponyckaeT nepBoe 13
JIBYX NOCJIe TOIO, KaK MEpenpoBEPHT, UTO § YK€ NOMEUEHA Kak pa3BeaHHast, 1 10-

! 3T0 MMEHHO TOT LIar, Ha KOTOPOM OYeHb YI06HO HMETb BXOHO# rpad), MpeACTaBIEHHbIH
NoCpeaCTBOM CITHCKOB CMEXHOCTH.
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OaBniseT (paHee Hepa3BeJaHHYIO) BEPLUMHY ¢ B KOHell ouepeau. TpeTbs urepauus
M3RJIEKAeT BEPLIMHY b U3 Hauana ouepeay U A00aBIAET BEPLUMHY d B KOHELl (Tak
KakK § M ¢ y)ke MoMe4eHbl Kak pa3BelaHHble, OHM nponyckatotcs). HoBast kapTiHa
MMEET CIIENYIOLLHUI BUA:

rpanvua

HaYano ovyepeaun yXxe yaaneHo

Lo]e

cocrosiHue ovepean Q

Ha ueTBepToii MTEpaL1y BeplUXHa ¢ yAansdeTcs U3 Hayana ouepeau. U3 Beex ee co-
celieil BepLLMHA e ABNAETCA €AMHCTBEHHOMN He BCTpeyaBsLLeiics paHee, U oHa Oyzer
nobaeneHa B koHell ouepeau. [TocneaHue ne UTepaLuy U3BNEKAIOT d, U 3aTeM e
M3 OYepeH U NepenpoBepPSIOT, YTO BCE UX COCEAM Yike pa3BedaHbl. Ouepeapb 3aTeM
CTAHOBUTCA MYCTOH, U aJINOPUTM OCTaHaBMBaeTcs. BepluuHbl pa3BeabiBanuch
B MOPSAJKE pacnojoXeHUs CJIoeB, MPU 3TOM BEPLUMHbI CJI0A i ObINM pa3BeaaHbl
cpa3y nocune BepluuH cios (i — 1) (puc. 8.6).

cnou 1

a) Nopspok pa3seabiBaHUA 6) Cnou

Puc. 8.6. B novcke B lWMpWHY BEpLUMHbI CNOS | pa3seabiBalOTCA cpasy nocne
BepwuH cnos (i— 1)
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8.2.4. NpaBUNbHOCTb ¥ BPEMS BbINOJIHEHUA

[Mouck B LIMPHUHY OOHApYKMBAET BCE BEPLUMHBI, JOCTHXXHUMbIE U3 CTapTOBO#i Bep-
LUMHBI, U BbINOJIHSAETCA 3a JIMHelHoe BpeMs. bonee yTouHeHHas rpaH1La BpeMeHH
BbINOJIHEHUS B NMPUBEACHHOMN HIOKe TeopeMe 8.2 (8) MpUroauTCs AJs HaLlero Ju-
HeliHO-BPEMEHHOI0 alirOpUTMa BbIYMCIIEHHS CBA3HbIX KOMMOHEHT (OMUCAHHOTO
B pasaene 8.3).

Teopema 8.2. (CBoiicTBa aaropuTma BFS.) /14 kaxc0020 HeopueHmupo8anHo2o
aubo opuenmuposannozo cpagpa G = (¥, E), npedcmasnennozo 6 eude cnuckos
CMEXHCHOCMU, U ONIAL KAXCOOU CMapmosot 6epulutbl S € V-

a) no 3aeepuenuu arcopumma BFS eepuwuna v € V nomenaemces xax pazee-
OaHHAaA Moz0a u moJibko mo20a, Ko20a cywyecmeyem nymo u3 s 8 v  2pa-
de G,

6) epemsa pabomwi ancopumma BFS pasno O(m + n), 20em = |E|lun=|V

8) 8pems pabomvl cmpok 2—8 anzopumma BFS cocmasnsem
O(m, + ),

20e m_u n_0603Ha¥aiom coomeemcmaeHHO YUCI0 pebep u 8epuiuH, 0ocmu-
acumbix u3 s 8 cpage G.

Hoxazamenscmeo. 4acTb (a) CneayeT U3 rapaHTHH yTBEpxkAeHus 8.1 ans anroputMa
060011eHHOro rpadoBoro noucka GenericSearch, 4aCTHbIM Clly4yaeM KOTOpPOro
ABISETCA ANroput™ BFS'. YacTh (6) cneayeT U3 4acTH (8), Tak KaK COBOKYNHOE

! dopManbHO anropuT™M BFS 3KBHUBAJICHTEH BEPCHHM anropuTMa GenericSearch, rae

B Ka)XKA0H MTEpaLMH LIMKIA while MOCNEAHEr0 alrOpMTM BbIOMPAET MpHEMIIEMOE pe-
6po (v, w), 1A kOTOpOro v Gbina OOHapy)keHa caMoii paHHEH, pa3pbiBas CBA3H MEXIY
npHeMIEMbIMH peOpaMH BEPLUKHHBI v B COOTBETCTBHHU C UX MOPAAKOM B CIIUCKE CMEX-
HOCTH 3TO# BEPLUHHBI. EC/IH 3TO 3BYYHT CIIMLLKOM CJIOXKHO, TQ, KAK BADHAHT, Bbl MOXKETE
NPOBEPHTH, YTO AOKA3ATE/ILCTBO YTBEPHKAECHHS 8.1 1OCTOBHO TaKxke codmoaaercs as
MOKMCKA B IUMPHHY. B HHTYHTHBHOM IUIaHE NOMCK B LUIKPUHY OOHApPY>KUBAET BEPILHHBI,
pa3Be/IbiBas MYTH TOJLKO M3 s; 0 TEX MOP MOKAa OH HE pa3BeAacT KaXkAyio BEPUIMHY Ha
NyTH, Clieayowas BEpIIMHA HA JAHHOM MyTH MO-NPeXHEMY OyIeT HAXOAMTbLCA B OYe-
peaH, OXkMaas danbHEHLIEro pa3seablBaHUA.
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BpeMs paboTbl anropuTMa BFS COCTOUT JIMLUb U3 BpeMEHH paboThbl CTpok 2—8 muoc
BpeMeHH O (n), HeoOX0AUMOro 111 MHULIMAIW3aL 1K B CTpoke .

MbI MOXEM 10Ka3aTh 4acTb (6), HENOCPEACTBEHHO OOPAaTUBILKCH K NCEBAOKOY.
HWHuuunanu3zauus B ctpoke 2 3aHuMaeT Bpems O(1). B rmaBHOM uukie while
aJIFOPUTM BCTPEYAET TOJILKO /1, BEPLUMH, JOCTHXHUMBIX U3 §. [lockonbky HH oAHa
BEpLUKMHA He pa3BebIBaeTCs ABAX b, KX as Takas BepLIHHA Jo0aBseTcs B KO-
Hel oYepeau W yAalnseTcs U3 Hauana ouepead POBHO OOMH pa3. Kaxnaas u3 aTux
onepauuii 3aHuMaeT Bpems O (1) — B 3TOM BeCb CMbIC]I OYepean Kak CTPYKTYpbl
JIaHHBIX C JUCLIMIUTMHON 0CTyMNa «MepBbIM BOLLE/NEPBbIM BbILLEN», U NOITOMY
CyMMapHoO€e KOJIMYeCTBO BPEMEHH, 3aTpaunBaemoe B cTpokax 3—4 u 7-8, co-
crasaser O(n). Kaxxnoe u3 m pebep (v, w), 10CTHXKHUMbIX U3 5, 0OpabaTbiBaeTcs
B CTpoke S He Oosiee ABYyX pa3 — OJMH pa3, Korja pa3BelblBaeTcs v, U OAMH pa3s,
Korza passeapbiBaetcs w'. Takum o6pa3oM, cyMMapHoe BpeMms, 3aTpauuBaeMoe
B CTpokax 5-6, cocraBnset O(m,), a COBOKYNHOe BpeMs paboThbl Anst cTpok 2—8
paBHo O(m,+n). 4. m. 0.

8.2.5. KpaTyanwui nyTb

CaoiictBa B TeopeMe 8.2 He BNAOTCH YHUKANbHBIMH 1J151 OUCKA B LUIMPHHY — Ha-
npUMep, OHH Taloke coONMI0Aal0TCS 111 NOMCKa B IMyOHHY. YHHKaNBHOCTD alropHT-
Ma BFS COCTOMT B TOM, UYTO C MOMOLLbIO Mapbl AOMOJHUTENbHbIX CTPOK HCXOAHOTO
KoJa oH 3¢ eKTUBHO BbIYMCASET PacCTOSHUS KpaTyaiiLlero nyTH.

MocraHoska 3apaun

B rpade G Mbl ucnonszyem o6o3Hauenue dist (v, w) Anst HaMMeEHbLLIEro YKuca pedep
B MYTH M3 Vv B W (MJIK +o0, ecii G He COAEPXKHUT NMyTH U3 v B w)°.

! Ecmu G Ansercs OPHEHTHPOBAaHHBIM rpadoM, TO MpH pa3BelblIBAHHH €ro XBOCTOBO
BEPLUMHBI KaXxkaoe pe6po oOpabarbiBaeTcsa He 60Jiee OAHOIO pa3a.

2 Kak 00bI4HO, ecii G ABSETCS OPHEHTHPOBAHHBIM, TO Bce pebpa MyTH AOJKHBI ObITb
npoiiaeHsl B NPAMOM HaNpaBliEeHHH.
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3AJJAYA: KPATYAHRLIMIA NYTh (EAUHUYHBIE JJIHHbI PEGEP)
Bxoa; HeOpHEeHTUPOBaHHbIH HJIM OpHEHTUPOBaHHbIi rpad G = (V, E)
¥ HauyajbHas BepLIMHA s € V.

Boixon: dist (s, v) ANs kaxcao# BepLunHbI v € 1,

Hanpumep, ecau G — 310 dunbMoBas ceTb U s — BepLUMHA, COOTBETCTBYIOLLASA
KeBuHy BeiikoHy, To 3a1aya BbIUMCNEHHS KpaTyaiLiMX My Tei Kak pa3 U sBiseTcs
3aaayeii BbluMcieHus yncna beiikoHa kaxaoro yuactHuka (paszaen 8.1.1). basoBas
3ajiaya noucka B rpage (pa3aen 8.1.3) cCOOTBETCTBYET HaCTHOMY CJlyyal0 WAEHTH-
¢duKauMK BCeX BEPLUMH v C pacCTOSHUEM dist (s, v) # +oo,

NMcespokon

Jnst Toro uToObl BHIYUCIUTL KpaTyaiilive nyTH, Mbl 100aBnseM B 6a30Bblii anro-
pUTM BFS [1Be CTPOKH KoJia (NpHBeeHHbIE HIKe CTPOKH 2 U 9); OHH yBETMYHBAIOT
BpeMs paboTbl ANrOpUTMa Ha HEOOJILLLION MOCTOAHHBIM MHOXKUTEND. [lepBas cTpoka
MHULMANTU3UpYeT NpeaABapuUTe/ibHble OLEHKH pacCTOSHUI KpaTyaiillero nyTH Bep-
WKH — O 4515t s ¥ +o0 N1 APYrUX BEPLUMH, KOTOpble MOrYT ObITh HEAOCTHXKHUMbI
naxe U3 s. Bropas cTpoka BbInoJHsieTcs BCAKUI pa3, koraa BeplidHa w oOHapy-
’KUBaeTC B MEPBbIii pa3, U BLIYUCIISET OKOHYATENbHOE PacCTOsHUE KpaTyaiiLuero
NyTH BEPIIMHBI W KaK Ha OAHO 0oJbllie, YeM Y BEpLUHMHBI v, KOTOpas Bbi3Baja
00Hapy>xeHHe BepLUHHbI W.

JOMNOJIHEHHbI MOUCK B LIUPUHY (AUGMENTED-BFS)
Bxopa: rpa¢ G = (V, E), npeacraBiieHHblii B BUA€ CIIUCKOB CMEXKHOCTH,
Y BepluMHas € V.

' CnoBocouyeraHue «eAMHHYHbIE JUTHHBI peGep» B MOCTAHOBKE 3a[a4yd OTHOCHUTCA K 10-

NYLLEHHIO, YTO Kaxxaoe pedpo G BHOCHT | B 1MHy nyTH. [aBa 9 06061aer anropurm
BFS 111 BBIYHCIEHHA KpaTyalLIMX nyTeii B rpadax, B KOTOpbIX KakKI0€ pedpo HMeeT
CBOIO COOCTBEHHYIO HEOTPHLATENBHYIO JUTHHY.
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IocTycji0oBMe: A1 KaxxA0# BepLUUHbI v € V 3HaueHue /(v) paBHO
MCTHHHOMY pacCTOSHHUIO Kparyaiilero nyTH dist(s , v).

1) moMeTHTb s Kak pa3BelaHHYIO BepLLUHHY, BCE OCTalbHbIE KakK He-
pa3BelaHHbIe

2) I(s) =0, /(v) :=+oc0 qns Kax a0 v # §

3) Q :=ouepelb, HHULHATU3UPOBAHHAS BEPLUUHOM §
4) while Q He saBnsercs nycroii do

S)  yAanuTb BEpLUMHY M3 Hayana (), Ha3BaTh ee v

6) for kaxnoe pedpo (v, w) B CUCKE CMEXHOCTH BepLUKHbI v do

7 if w He pa3BenaHa then

8) NMOMETHTL W KaK pa3BeJaHHYIO0
9) Iw) =1(v)+1

10) 106aBUTb W B KOHell O

T Y RN R SR OO SR 0 £ R SRR A 2 R A M ag

Npumep n ananns

B Haluem npumepe BbinonHeHus (puc. 8.6) nepsas urepauus uMkiawhile o6Hapy-
’KMBaeT BepLUHHBI a U b. [Tockonbky s MHULIMMpPOBaa ux obHapyxeHue u /(s) =0,
anroput™ Moauduuupyet /(a) u [(b), MeHss UX 3HaUeHHUs C +oo Ha 1:

rpaHvua

Ha4yano oYepean Yyxe yaaneHo

b ]a]x]

cocTosiHWe oyepean Q
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Bropas urepauus uuidia while o6pabaTbiBaeT BEpIUMHY @, YTO MPUBOIMT K OOHa-
PYXEHHIO c. ANropuT™ Moauduuupyert /(c), MeHss ee 3HaueHHe ¢+ oo Ha /(a) + 1,
TO €CTh Tenepb 3HaueHHe ANMHbI paBHO 2. Cx0xkuUM 06pa3oM Ha TpeTbeil Tepaluu
1 (d) umeer 3HaueHue /(b) + 1, kOTOpOE Takxke paBHO 2:

rpaHuua

la)=1 ~\\ / (e)=+e

Hauano o4yepean Yxe yaaneHo

cocTosHue o4epean Q

YeTBepras urepauus oOHapyXuBaeT GHUHANbHYIO BEPLIMHY e Yepe3 BEPLUUHY C
M ycTaHaBiuBaeT /(e) paBHoi 3HaueHH1o /(c) + 1, koTopoe paBHO 3. Ha aTom
JTane Ans Kaxao# BepLUUHbI v / (V) paBHO HCTUHHOMY pPacCTOSHHIO KpaTuaiiluero
nyTH dist (s, v), KOTOpOe TaKke paBHO HOMEpY CJl0s, cofepikaLlero v (puc. 8.6).
OTH cBolicTBa cobmonatoTcs B 00LIEM Cilyyae, a He TOJIbKO A/ JaHHOrO MpH-
Mmepa.

Teopema 8.3. (CBoiicTBa anropurma Augmented-BFS.) s kaxcoo2o Heopueh-
Mupo8anHo20 unu opueHmuposanHo2o epaga G = (V, E), npedcmasnennozo 6 suoe
CRUCKOB CMENCHOCTU, U OIS KAXCOOU Cmapmogou e puiutbl s € V-

a) no 3asepweruu anzopumma Augmented-BFS 015 KaxOou epuunbl v € V
3HaueHue [(v) pagno onune dist(s, v) kpamuaiiwe2o nymu u3 s 8 v 8 2pa-
pe G (nubo +oo, eciu maxoi nyms He cyuwecmayem),

6) epems pabomoi anzco pumma Augmented-BFS pasro O(m + n), 20e m = |E|
un=|V|.

[Tockonbky acCHMNTOTHUECKOE BpeMs pabOTbI aIropUTMa Augmented-BFS ABNseT-
csl TOYHO TaKUM XKe, Kak U y anroputMa BFS, yacTtb (6) TeopeMbl 8.3 ciaenyet u3
rapaHTu BpeMeHHu paboTbl nocyeaHero (Teopema 8.2 (6)). HacTb (a) BbiTekaeT
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U3 AByX HabmoaeHuii. Bo-nepBbix, BepLIHHbI v, rae dist (s, v) = i, ABIAIOTCA
KaK pa3 BeplLIMHaMH B i-M cjioe rpada — BOT MOYEMY Mbl OMpEIeSIHIH CIIOH
MMEHHO TaK, a He HHa4ye. Bo-BTOpbIX, A1 KaXK0i BEPLUMHbBI W €104 § aITOPUTM
Augmented-BFS B KOHEUHOM cYeTe YCTaHaBNUBaeT /(w) = i (Tak kak w o6Hapy-
’HUBaeTCs NOCPEACTBOM BeplUUHbI v cnog (i — 1), rae /(v) =i — 1). [lns BepLuuH
HU B OIHOM U3 CJIOEB, TO €CTb HE JOCTHXXHMBIX U3 s, Kak dist(s, v), Tak U I(v)
paBHbI +oo'.

8.2.6. PeweHue TectoBOoro sanavua 8.1

IIpaBHabHLIH oTBeT: (r). HeopueHTHpoBaHHbIii rpag ¢ n > 2 BepLUMHAMU HMEET
He MeHee JBYX cJIoeB U He Oonee n cnoes. [1pu n > 2 He MOXKeT ObITh MEHbLLE ABYX
CJIO€B, IOTOMY UTO S SIBNAETCA €IMHCTBEHHOI BepLuMHOIi B ciioe 0. [TonHbie rpadbl
MMeIOT ToJbko ABa cios (puc. 8.7, a). He MoxeT ObiThb 6osbliie 1 C/I0€B, TakK Kak
CJIOM He MEepeceKaloTcs M CoAepKaT Mo KpaiHel Mepe OAHY BEPLUMHY KaXKAbIi.
['padbl nyTeii uMeroT n cioes (puc. 8.7, 6).

!

Q

cnon 0 cnow 1 cnow 2 cnon 3

a) NonHobili rpad 6) NyTb rpacda

Puc. 8.7. n-BepwuHHbIY rpad MOXET UMETb OT ABYX A0 N Pa3HbiX CNOEB

! Ecnu Bbl xkaxaere Gosee CTpOroro 10Ka3aresibCTBa, TO BLINOJHUTE €ro — B YEAWHEHHH
JoMallHeil 06CTaHOBKH — MO HHAYKUWH Ha YHCJIE UTepaLHii LKA while, BbIMONHAE-
MbIX aNrOPUTMOM Augmented-BFS. B kauecTse anbrepHariBbl Teopema 8.3 (a) asnsercs
YaCTHbIM C/Ty4YaeM NPaBUJILHOCTH airoOpuT™Ma Kparuyaiiiuero nyTH JlefdKkcTpsl, kak Oyaer
JI0Ka3aHo B paszene 9.3.
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8.3. BbluucneHue cBA3HbIX KOMMNOHEHT

B 3tom pasaene G = (V, E) Bcerna 6yner 0603Ha4aTh HEOPUEHTHPOBaHHbIH rpad.
MbI oToxuM Gosniee coxHble 3a7aul CBA3HOCTH B OPHEHTHPOBaHHbIX rpagax
[0 pa3zena 8.6.

8.3.1. CBA3HbIE KOMNOHEHTbI

HeopuenrtuposanHsiii rpag G = (¥, E) ecrecTBeHHbIM 00pa3oM pacnajfaercs Ha
4acTH, KOTOpble Ha3bIBAIOTCA CBA3HBIMU KOMMNOHeHTaMu (puc. 8.8). Ecau 6onee
¢dbopManbHO, TO CBSI3HAs KOMIOHEHTAa — 3TO MAKCUMaJIbHOE MOAMHOXECTBO S C V
BEPLUKH, TaK YTO CYLUECTBYET MyTb W3 NI00OOI BeplUMHbI B S B 100YIO ApYryio
BepluuHy B S'. HanpuMep, cBsi3Hble kOMNOHeHThI rpada Ha puc. 8.8 pasHsl {1, 3,
5,7,9}, {2,4} u {6, 8, 10}.

Llenb aToro pasaena — NpUMEHUTb MOUCK B LUIMPUHY [UISA BHIYMCIIEHHUS CBA3HBIX
KOMIOHEHT rpada 3a nuHeiiHoe BpeMs’.

' Ewe 6onee ¢popManbHO CBS3HbIE KOMIOHEHTHI rpadya MOryT ObITh OnpeeneHsl Kak

KAACCbl IK8UBANEeHMHOCMuU NOIXOAALLETO omHoweHua skeusaresmuocmu. IlocneaHue
06bIYHO paccMAaTPHBAIOTCSA Ha MEPBOM Kypce B TeME GOpMaIbHBIX 10KA3aTENbCTB HIH
N0 OMUCKPETHOH maTtematuke. OmHoweHue Ha MHOXECTBE X OOBEKTOB A KaXAOMH
napsbl x, y € X 06beKTOB ONpEAENAET, CBA3aHbI MM HeT x U y. (Eciin aa, To Mbl nHLIEM
x ~y.) J1ns CBA3HBIX KOMIIOHEHT COOTBETCTBYIOLIEE OTHOLLEHHE (HA MHOXECTBE /) paBHO
V ~G W TOrla M TOJIbKO TOra, koraa B G CyIWECTBYET MYyTb MEXAY v U w. OTHOLIEHHE
3KeuUsaeHMHOCmu YAOBIETBOPSET TPEM CBOMCTBAM. Bo-nepBeixX, OHO ABaseTCA pegh-
JIeKCUGHbIM, UMES B BUIY X ~ X [J1 KaXX0r0 x € X. (YIOBNETBOPAETCA OTHOLUIEHHEM ~;,
TaK Kak MycTOH NMyTb COEAMHSAET BEPLIMHY caMy ¢ co0oii.) Bo-BTOpbIX, OHO ABAAETCA
CuUMMempu4HsIM, IPH 3TOM X ~ Y TOT 1A H TOJILKO TOrAa, Koraay ~ x. (YaosieTBopseTcs
OTHOLUEHHEM ~;, TaK KaKk G SB/ISETCA HECOPUEHTHPOBAHHBIM.) M HaKOHeL, OHO ABNIAETCA
mpaH3umueHbIM, UMES B BUIY, YTO U3 X ~ ) U y ~ Z BBITEKAET, 4TO X ~ 2. ( Y1OBIETBOPSETCA
OTHOLLEHHEM ~;, TAK KaK Bbl MOXKETE «CKJIEHTb» MyTh MEXIY BEPLIMHAMH ¥ U V C IyTEM
MEXIY BEPLUMHAMH V H W H TEM CaMbIM MOJYYHUTb NYTb MEXKAY # U w.) OTHOLIEHHE JK-
BUBICHTHOCTH pa30MBaeT MHOXKECTBO OOBEKTOB HA KJIACChl IKBUBAIEHTHOCTH, NPHYEM
KaXk/Ibl# 0ObEKT CBA3aH CO BCEMH OOBEKTAMH B CBOEM KJ1acCe M TOJILKO C HUMH. Knlaccel
3KBHBAICHTHOCTH OTHOLLEHHUS ~; MPEACTABJIAOT COOOH CBA3HBIE KOMMOHEHTHI G.

2 [lpyrue anroput™bl rpad)oBoro noMcka, BKJIKOYas MOMUCK B Iy OUHY, MOXKHO HCTIONB30BATD
IUIS BBIYMCJIEHHS CBA3HBIX KOMIMOHEHT TOYHO TaK Xe.
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Puc. 8.8. N'pad c MHOXECTBOM BeplumnH {1, 2, 3, ..., 10}
W TPU CBA3HBIX KOMMNOHEHTbI

3AJAYA: HEOPUEHTUPOBAHHBIE CBA3HBIE KOMIIOHEHTDI
Bxoa: HeopueHTHpoBaHHblii rpad G = (V, E).
Iean: onpenenuTb CBA3HbIe KOMMOHEHTHI rpada G.

Janee naBaiiTe elle pa3 NpoBepUM Ballle TOHUMaHUe OnpeleNeHus CBA3HbIX
KOMIOHEHT.

TECTOBOE 3AJAHME 8.2

PaccMOTpHM HeopHeHTUpOBaHH bl rpad ¢ # BepLIMHAMH U m pebpa-
mu. Kakoe coOTBETCTBEHHO MUHUMAILHOE H MaKCUMAJIbHOE YKCIIO
CBAI3HBIX KOMMOHEHT 3TOT rpag MOXKET UMETh?

a) lun—1

6) lun

B) 1 v max{m,n}
r) 2 umax{m,n}

(PewueHue 1 nosicHenue cM. B pasaene 8.3.6.)

S T LY AR R T R RS A g WA R L DT s BT
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8.3.2. NpumeHeHus

CyliecTBYeT HECKOJILKO MPHYUH, MOYEMY Bac MOTYT 3aMHTEpECOBaTh CBA3HbIE
KOMMOHEHTHI rpada.

O6napyxenue cereBbix c6oeB. OHUM M3 OYEBHIHBIX NPUMEHEHHI ABNSETCA
npoBepKa Toro, 6b11a JM OTKJIIOUEHA CEThb, TaKas Kak AOpOXKHas UM KOMMYHHKa-
LIUOHHAs CETb.

Busyaauzaums JaHHbIX. Ele oqHo npuMeHeHne HaxoauTes B 061acTy BU3yalu-
3auuu rpadoB — eciu Bbl NbITaETECh HAPUCOBATH UJIM UHBIM 00pa3oM BU3yalH-
3upoBath rpag, TO pa3yMHO NPEANOJIONKUTh, YTO Bbl 3aXOTHTE OTOOPA3UTh pasHble
KOMIMOHEHTbI pa3fieibHO.

Knaacrepusauus. [IpeanonoxuM, y Bac ecTb KoJlIeKLUs 00BHEKTOB, KOTOpPbIE
MMEIOT JJ151 BaC 3HaueHHe, NP 3TOM Kadk/ias napa aHHOTUPOBaHA KaK CXOXHU UK
Hecxoxuit. Hanpumep, o6bekTaMi MOryT ObITb JOKYMEHTbI (IPOCMOTPEHHbIE
BeO-CTpaHULbl UJIK HOBOCTHbBIE PEMOPTAXH), PU ITOM CX0XKHE 0OOBEKTHI COOTBET-
CTBYIOT OYTH NMOBTOPSIOLMMCS JOKYMEHTaM (BO3MOXCHO, OTJIMYAOLLIMMCS TOJbKO
BPEMEHHbBIM LUTAMIOM WM 3arojloBkoM). JIn6o 06bekTaMu MOTYT ObITh FEHOMBI,
npuU4eM Ba FeHOMa CUMUTAIOTCH CXOXKHMH, €CJIH MaJloe YHUCIIO U3MEHEHU I MOXeT
TpaHc(hOpMHUPOBaTh OHO B ApYroe.

Tenepb chopMupyeM HeopueHTHpoBaHHbIH rpad G = (V, E), BepLUHHbI KOTOPOro
COOTBETCTBYIOT 00bekTaM, a pebpa — napaM cxoxux 00bekToB. MHTYMTHBHO Kax-
Jlasi CBsAi3Has KOMINOHEHTa 3TOro rpaga npeacraBiseT coboii MHOXECTBO 0ObEKTOB,
KOTOpble UMEIOT MeXxay coboi MHoro obulero. Tak, eciii oObekTaMH ABISIOTCS
NPOCMOTPEHHbIE HOBOCTHbIE PENOPTAaXKH, TO MOXHO OXKUAATD, YTO BEPLUNHBI CBSA3-
HOIi KOMIIOHEHTbI Oy Iy T BapHaLUsIMK TOIO %€ CaMOro penopTaxa, COOOLIEHHOro Ha
npyrux Beb-caiitax. Ecin 06bekTaMu ABNSAIOTCSA FeHOMBI, TO CBA3HAs KOMIIOHEHTa
MO>ET COOTBETCTBOBATb Pa3HbIM 0COOAM, NPUHAAJIEKALUUM K OHOMY BUAY.

8.3.3. Anroputm UCC

BblunciieHre CBA3HbIX KOMIMIOHEHT HEOPUEHTHPOBAHHOIO rpada Jerko cBOAUTCS
K MOMCKY B IUMPHUHY (MM APYrMM alropuTMaM noucka B rpade, TakuM Kak no-
MCK B NyOUHyY). Miaes cocTOMT B TOM, UTOObI MCMOJb30BaTh BHELUHUHA LUK A7
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BbINOJHEHUs 0OJHOIO 00X0/1a BEPLLMH, BbI3bIBas aJITOPUTM BFS B KaueCTBe MOANPO-
rpaMMbl BCAKHI pa3, KOraa airopUTM BCTpeYaeT BepLUMHY, KOTOPYIO OH HHKOraa
He BCTpeyan paHblie. ITOT BHELIHHIA LIMKJT rapaHTHPYET, YTO AaHHbIA anropuT™
3anisiHET Ha KOKAYHO BepLUMHY XOTs Obl OMH pa3. BepLinHbl MHULMANU3UPYIOTCS
KaK Hepa3BeJaHHble He BHYTPHU BbI30Ba aJINOPUTMa BFS, a nepe /1 BHELLHUM LIMKJIOM.
JaHHbIi anropuT™ Takxe MoaaepXXUBaeT none cc(v) A0S Kaxaod BEpLUHHBI v,
4TOObI MOMHHTb, Kakasi KOMIIOHEHTA CBA3HOCTH COAEPXUT 3Ty BepluuHy. MaeH-
TUOULHMPYS KaXKIyIO BEPLIMHY MaccHBa V ¢ ee MONOXKEHHEM B MACCUBE BEPLLHH,
MbI MOXEM JOMYCTUTb, yTo V' = {1,2,3, ..., n}.

UCC

Bxoa: HeopueHTHpoBaHHbIH rpad G = (V, E), npeacraBieHHblH
B BHJE CMTUCKOB CMEXHOCTH, rae V= {1,2,3, ..., n}.

IlocTychaoBHe: A5 Kaxaoi u, v € V, cc(u) = cc(v) TOraa U ToNbko
TOrAa, KOraa u, v HaxoAaTcsl B OJHO# H TOii ke CBA3HOH KOMIMOHEHTE.

MOMETUTb BCE BEPLUMHbI KaK Hepa3BeaHHble
numCC =0
fori:=ot 1 nondo // nepebpaTb Bce BepuwMHbl
ifi He pa3BenaHa then  // u3bexaTb M36bITONHOCTH
numCC :=numCC+1 // HOBaa KOMNOHeHTa
// Bbi3BaTb anropuTM BFS, HayMHaa c [ (cTpoku 2-8)
0 :=ouepenb, HHULMANU3UPOBAHHASA 3HAYEHUEM i
while QO He sBnsercs nycroii do
yIaUTh BEPLUMHY U3 Hauana ), Ha3BaTb ee v
cc(v) = numCC
for xaxxaas (v, w) B CIUCKE CMEXHOCTH BEpLUHHbI v do
if w He pa3zBeaHa then
MOMETUTb W KaK pa3BeJlaHHYIo,

n00aBuUTh w B KoHel| O
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8.3.4. Npumep

[TpocneauM BbinonHeHUe anropuT™a UCC Ha rpade (puc. 8.8). laHHblit anroputm
noMeyaeT Bce BEPLUMHbI KaK Hepa3BeJaHHble W 3amycKaeT BHEIUHWH Uuki for
¢ BepLuMHO# 1. DTa BeplluKMHa paHee He BCTpeyalach, MO3TOMY AaHHbII alroOpuT™
BbI3bIBAET U3 HEe MOANpOrpaMMy ¢ alropuTMom BFS. [Tockoibky noanporpamma
BFS HAXOAMT BCE JOCTUXKUMOE U3 CBOEI CTapTOBOIi BepLUKHbI (TeopeMa 8.2 (a)), oHa
oOHapy»wuBaeT Bce BepluuHbIB { 1,3, 5,7, 9} U ycTaHaBIMBaeT UX 3HaYEHHS cC, paB-
HbIMH 1. OIMH U3 BO3MOXHbIX MOPAAKOB pa3BebIBAHUS HMEET ClEAYIOLLHI BU !

# #2

Hepa3eefaHHan
6

Hepa3seaaHHan Hepa3seAaHHas

O——®
®) (10

Hepa3senaHHas HepassepnaHHas

CBR3HAs KOMNOHeHTa #1

[To 3aBeplueHHH 3TOrO BbI30Ba NOANPOrpaMMbl BFS BHELUHUH LIUKA for JaHHOMO
aJIrOpuTMa NPOJOKAET BLINOIHEHHE W pacCMaTpPUBAET BEPLUMHY 2. JTa BepLIMHA
He Obly1a 0O6Hapy>xeHa Np1 NEPBOM BbI30BE NOANPOrpaMMbl BFS, MO3TOMY NMOANpPO-
rpaMma BFS BbI3bIBa€TCS CHOBA, Ha 3TOT pa3 ¢ BEPLUMHOM 2 B KaUeCTBE CTApTOBO#
BepiurHbl. [Tocae oOHapyskeHus BepLUUH 2 ¥ 4 (M yCTaHOBKH MX 3Ha4€HHii cc paB-
HBbIMH 2) 3TOT BLI3OB MOANMPOrpamMMbl BFS 3aBepLIAETCS, M AITOPUTM UCC BO306HOB-
JISeT CBOii BHELHUI UKKA for. BcTpeyan an 3TOT aropuT™ BepUIMHY 3 paHblue?
Ha, Bo BpeMsi nepBoro Bbi30Ba MOANPOrpaMMbl BFS. A kak HacyeT BepLUMHbI 47?
CHoBa 113, Ha 3TOT pa3 BO BTOPOM BbI30BE€ MOANpOrpamMMbl BFS. A BepluuHa 5?7
Bbin Tam M caenan 3To Bo BpeMst NepBOro Bbi30Ba noanporpammbl BFS. Ho kak
HacyeT BepluMHbl 6? HU oaMH M3 npeablayllMX BbI30OBOB NOANPOrpaMMbl BFS He
06Hapy>u 3Ty BEpLUIMHY, TO3TOMY NoANporpaMma BFS Bbi3bIBa€TCs CHOBa C Bep-
LIKMHO# 6 BKayeCcTBe CTAPTOBOH BEPLUMHBI. DTOT TPETHA BbI30B NOANPOrpaMMbl BFS
00OHapy>xuBaeT BepLUMHbI B {6, 8, 10} U ycTaHaBNMBaeT 3Ha4€HUs cC paBHbIMH 3.

Hakoueu, anroput™ BeprduumMpyerT, uTo ocTaBlurecs BepnHbl (7, 8,9 n 10) yxe
pa3BeiaHbl, H OCTaHaBIMBAETCA.
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| o

#6 #1

cBSA3Han o 10

KOMMNOHEeHTa #2 49 #10

CBA3HAA KOMNOHeHTa #1 CBAA3HaA KOMNOHEeHTa #3

8.3.5. MpaBunbHOCTb U BpeMs BbINOTHEHUS

ANropuTM UCC NpaBHJIbHO BbIYHMCIISET CBA3HBIE KOMIOHEHTbI HEOPHEHTHPOBAHHOMO
rpada u aenaer 3To 3a IMHEHHOE BpeMs.

Teopema 8.4. (CoiicTBa aaroputma UCC.) 11 kadxcoo20 HeopueHmuposanHozo
epaga G = (V, E), npedcmagneHHO20 8 8U0e CHUCKO8 CMEXCHOCMU.

a) no 3aeepwenuu aneopumma UCC 015 Kaxicoou napel u, v 8epuur cc(u) =
= cc(v) mozoa u mobko moz0oa, ko20a U u v npuHaonexcam 0OHoU u mou
JHce cea3HoU kKomnoHenme epaga G;

6) spems pabomul ancopumma UCC paeHo O(m + n), 20em = |E|un = |V|.

Hoxaszamenbcmeo: B 1eAsX 10Ka3aTeNbCTBA NPABUIBHOCTH U3 NEPBOro CBOICTBA
noucka B IHPHHY (TeopeMa 8.2 (a)) BLITEKAET, YTO Kax Abli BLI3OB MOANPOrpaMMbl
BFS CO CTapTOBOIi BEPLUIHWHOH i 0OHapY>KUT BEPLUHHbI B CBA3HOIH KOMITOHEHTE BEp-
LUKHBI i ¥ He 6oniee TOro. AIropuTM UCC AaeT 3TUM BepLUMHaM o0lLiee 3Ha4YeHHE cc.
[TockonbKy HH OflHa BEpLIMHA HE pa3BeAbIBAETCSA ABKAbI, KOKAbIA BbI30OB MOA-
nporpaMmbl BFS MAEHTH(GHULIMPYET HOBYIO CBA3HYIO KOMMOHEHTY, NPHYeM KaXKaas
KOMIOHEHTA UMeeT Apyroe 3HauyeHHue cc. BHeWHui UMKa for rapaHTHpYeT, YTo
Kaxxaas BeplurHa 6yaeT noceleHa XoTs Obl OMH pa3s, MOITOMY AaHHbIi ANTTOPHTM
OOHApYXHT KOKAYIO CBA3HYIO KOMIOHEHTY.

I'paHKLIa BpeMEHH BbIMOIHEHHS CIEAYET U3 HALLEro YTOUHEHHOIO aHaIM3a BPEMEHH
BLINOTHEHHs anropUT™Ma BFS (TeopeMa 8.2 (6)). Kaxablii BbI30B noAnporpaMmbl BFS
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M3 BEPLUWHBDI i BBIMONHAETCA 3a BpeMs O (m; + n,), rae m; U n; 0603Ha4al0T YUCIIO
pebep ¥ BEpLUHMH B CBA3HOW KOMMOHEHTE i COOTBETCTBEHHO. [ToCKONbKY noamnpo-
rpaMma BFS BbI3bIBA€TCS TOJBKO OAWH pa3 AJs KaXkJoi CBA3HOIH KOMMNOHEHTBI
M KakJas BepLirHa 1M pebpo rpada G yyacTByeT pOBHO B OJHOI KOMIOHEHTE,
00beIMHEHHOE BPEMS BBINONHEHUS BCEX BbI3OBOB MOANMpPOrpaMMbl BFS paBHO
OE, m;+Z,n)=0(m+ n). UHnunanu3auus 1 AONONHHUTENbHAA ClykeOHas
paboTa, BbINONHAEMbIE aTTOPUTMOM, TpeOYIOT TONbKO BpeMeHH O (1), NO3TOMY
¢uHanbHOE BpeMs BbINOMHEHHUs paBHO O (m + n). Y. m. 0.

8.3.6. PewweHue TecTtoBoro sanaHuma 8.2

IIpaBuabHblIii oTBeT: (6). ['pad ¢ oaHO# CBA3HON KOMMOHEHTONH — 3TO rpag,
B KOTOPOM Bbl MOXETE MOMacTb U3 M0OOro Mecta B kakoe-nubo apyroe. ['padbl
nyTeii U nosiHble rpadbl (puc. 8.7) ABNAIOTCS ABYMS TakuMK npuMepamu. C apyroi
CTOpOHbI, B rpade Oe3 pebep kaxkaas BepLUIMHA HAXOAUTCS B CBOel COOCTBEHHOI
CBAI3HOW KOMIOHEHTE, KOUX B 00LLE# CIOXKHOCTH 1. CBA3HBIX KOMIOHEHT He MO-
*KeT ObITb 60bLLE /7, TAK KAk OHH HE NMEPECEKAIOTC U KaxJas COAEPKHUT XOTH Obl
OJIHY BEpLLHHY.

8.4. Nouck B rnyouHy

3aueM Hy>KHa elle ojHa cTpaTerus rpadosoro noucka? B koHUE KOHLOB, NOKUCK
B LUMPHHY BBINIAUT NOTPACAIOLMM — OH HAXOJUT BCE BEPLUMHbI, JOCTHXHMbIE
M3 CTapTOBO#i BepLUMHbI 32 THHEHHOE BpeMsl, U MOXET AaXe M0 XOAY BbIYUCIATh
paccTosiHus Kparyaiiliero nyTu.

CyuiecTByeT elle oJHa JIMHeHHO-BpeMeHHas cTpaTterus rpagoBoro nomcka —
nouck 6 enybuny (DF'S), koTopast conpoBOXAaeTcs CBOMM COOCTBEHHBIM Bre-
YATNIAIOIMM KaTaloroM npUMeHeHui (elle He OXBa4eHHbIX CTparerueii noucka
B WIMpHHY). HanpuMep, Mbl yBUAMM, KaK MCMONb30BaTh MOUCK B MyOHMHY Ans
JIMHEHHO-BPEMEHHOINO BbIYMCIIEH Ul TOMONOTMYECKOr0 YNOPS104MBaHUS BEPILHH
OPHEHTHPOBAHHOIO ALMKJIHYECKOrO rpada, a Takxke CBA3HbIX KOMIOHEHT (COOT-
BETCTBEHHO OMpe/e/IeHHbIX) HA OPUEHTUPOBAHHOM rpade.
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8.4.1. Npumep

Ecnu nouck B luMpHHy npeacTaBiaseT co0oii CTpaTreruio 0CTOpOXHOro pa3Bebl-
BaHus rpada, To MOUCk B yOUHY sBNsieTCs ee 6onee pelunTeNlbHbIM pOACTBEHHHU-
KOM, BCera pa3Be/lbIBaloLL MM, HAXOAALLKUMCS B caMoii nocneaHeid oOHapyxkeHHO#H
BEpLUXHE M OTCTYNAIOLIMM TOJILKO NPH HEOOXOAUMOCTH (Hanpumep, pa3BebiBas
nabupuHT). [Tpex e ueM Mbl OnuULLEM NOJHbIHA NCEBAOKOA 1S anropuTMa DFS, no-
ICHUM, KaK OH paboTaer, Ha TOM e paboyeM npuMepe, KOTOpblii HCNOAb30BAICS
B paszesne 8.2 (puc. 8.9).

Puc. 8.9. Pa6bouunit npumep noucka B rny6uHy

Kak 1 anroput™ BFS, anropuT™ DFS NoMeyaeT BepLUHHY KaK pa3BelaHHYIO B nep-
Bblii pa3, korja oH ee 06HapyxuBaeT. [10ckonbky OH HAYMHAET CBOE pa3BelbIBaHUE
B CTapTOBOM BepLIMHE s 11 rpada Ha puc. 8.9, neppas UTepauus anropuTMa DFS
pa3BeabiBaeT pedpa (s, a) u (s, b) B 1t060M nopsjke, B KOTOPOM 3TH pebpa noss-
JISIOTCS B CMUCKE CMEXHOCTH s. [TpeanonoxuM, cHavana nosisercs (s, a), 4To
MPHUBOAMT AMOPUTM DFS k 0OHApy>KEHHIO BEpLUHHbI @, KOTOPYIO OH MOMEYaeT Kak
pasBeaaHHylo. Bropas utepauus anroputMa DFS — 3TO HMEHHO TOT 3Tar, 1€ OH
pacxoauTcs C alrOPUTMOM BFS, — BMECTO TOrO 4TOObl paccMarpuBaTh Cleaylo-
Lero cocesia b BepLIKHBI § B ciloe 1, anropuT™ DFS HEMEIJEHHO NEPEXONT K pas-
BebIBaHUIO coceeii BepuunHbl a. (Co BpeMeHEM OH BEPHETCS K pa3BeAbIBAHHIO
(s, b).) Bo3M0XHO, U3 BepLUMHbI @ OH CHayajla NPOBEPUT BEPLUHHY § (KOTOpas
y>Ke MoMeueHa Kak pa3BelaHHasi), a MOTOM OOHAPYXMT BEPLUMHY C, U3 KOTOPOH
OH JIBUHETCA Aajiblie:



8.4. Nowuck B rny6uHy 69

rpaHvua

3areM anroput™ DFS B HEKOTOPOM MOpsZKE CleJOBaHUS MPOBEPSAET coceaeii
BEPLUUHBI ¢, CAMYI0 MOCJEeAHIO 00HapyXeHHYIo BepliuHy. Paau uHTepeca
NpeAnooKUM,4YTO aJIFOPUTM DFS creaytouleil 0OHapy>XxuBaeT BEpLUUHY d, 3a
KOTOpO#i cnenyer e:

oTclopa
HYXHO

- oTCTYNUTL

Ha3ag

rpaHvua

M3 BepluUHbI e anropuT™My DFS HATH HeKyAa — oba cocefia BEPLUNHBI e e Mo-
MeueHbl Kak pa3BelaHHble. AJTOPUTM DFS BbIHYX/IEH OTCTYNUTb K NpeablayLiei
BEpLUKHE, 8 UMEHHO K BepLUHHEe d, U BO30OHOBUTD pa3Be/ibIBAHHE OCTAJIbHbIX CBOMX
coceneii. U3 d anroputM DFS 06HapyXUT PHHAJIbHYIO BEpPLUHHY b (BO3MOXHO, MO-
Ccle NpoBEPKH BEPLUMHBI ¢ U 0OHApYXKEHHUS, YTO OHA MOMEYeHa KaK pa3BelaHHas ).
Haxoasce B b, KOCTALUKH JOMMHO ObICTPO ONPOKUABIBAIOTCSA. AJITOPUTM DFS 00-
Hapy>XHBAET, 4TO BCE COCEU BEPLUMHBI b yie pa3BeiaHbl, U OH 10JDKEH BEPHY ThCA
K paHee NMOCeLLEeHHO#i BepLuKHe, KOTOpOoH sBaseTcs BeplurHa d. CX0oxHM 06pa3oM,
NOCKOJIbKY BCE OCTalIbHblE COCEHU d yHe NOMeueHbl KaK pa3BeJaHHbIE, AITOPUTMY
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DFS Heo6X0AMMO nepeMoTaTh Ha3aj, BEPHYBIUMCh B BEPLUMHY C. ANFOPUTM DFS
3aTeM OTCTYMAaeT el Ha OAMH Lar (Moce NPOBEPKH, UTO BCE OCTAIbHbIE COCEH
BEPLUMHBI ¢ MOMEYEHbI Kak pa3BelaHHbIE), U 3aTeM Kk BeplurHe s. HakoHel, oH
OCTaHaB/IMBAETCS, MOCJIE TOrO KaK IPOBEPHT OCTABLUIErOCs COCEAA BEPLUUHBI ¢ (TO
€cTb b) M1 0OHapY>KMT, 4TO OHa NMOMEeYeHa Kak pa3BeJaHHas.

8.4.2. Ncespokopn ana anroputma DFS
UTepaTuBHan peanmsauun

OauH u3 cnoco6oB peanu3aluy aropuT™Ma DFS 3akJIloYaeTcs B TOM, YTOObI HA4aTh
C UCXOHOTO Koja AN BFS U BHECTH /Ba U3MeHEHHUA: (i) MOACTaBUTb CTEKOBYIO
CTPYKTYPY JaHHbIX (TO €CTb C AUCLIMIJIMHON 1OCTyNa «MNOCJIEAHUM Bolues / nep-
BbIM BbILLET») BMECTO o4epeu (TO eCTb € AUCLIUMIIMHON JOCTYNa «MnepBbiM BO-
wesn/nepBbiM Bbiwlen»); U (ii) OTJIOXKUTL NMPOBEPKY TOro, Obla JIM BEpLIHHA YiKe
pa3BezaHa, TOJILKO MOCIIE ee YAaneH!s U3 3TOii CTPYKTYpbl JaHHbIX 2,

DFS (MTEPATUBHASI BEPCHU 1)
Bxoa: rpag G = (V, E), npeACTaBNeHHbli1 B BU/l€ CIUCKOB CMEXHOCTH,

1 BepluUHa s € V.

HOCTyCJIOBHeI BE€pLIHHA OOCTUXXHUMA U3 § TOraa U TOJIbLKO TOrnaa,
Korjaa oHa rnoMeueHa kak «pasBeaaHHas».

NOMETHTb BCE BEPLUMHBI Kak HEpa3BeJaHHbIE
S = cTeK, MHULMANTU3UPOBAHH bl BEPLUMHOMN §

while S He sBnsercs nycTbiM do

! CTex — 3T0 CTPYKTypa AAHHbIX C AUCLIMILIMHOMN JOCTYNa «MOCIEAHKM BOLUES / EPBLIM

BBILLENY, MOAOOHAS TEM CTOMKAM MOJHOCOB, KOTOPbIE MOXHO YBHIETb B KadeTepHH,
06bIYHO U3yyaeMas Ha MEpBOM Kypce NpOrpaMMHpPOBaHMA (Hapsay C OYEpedsMH,
CM. CHOCKY Ha C. 52). CTek noanepkHBaeT CNUCOK 0GBEKTOB, M Bl MOXKETE 106aBIATH
00BEKT B Hayano cnucka («push» — 3aTONKHYTb) MM YAANATh €r0 M3 Hauana Chu-
CKa («pop» — BBITONIKHYTb) 33 MOCTOSHHOE BpPEMS.

2 ByneT /id ailrOpMTM BECTH Ce0A TaK XKe, EC/IH Mbl BHECEM TOJILKO NMEPBOE H3MEHEHHE?
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yAANUTh (BLITOJKHYTb) BEPLUMHY V U3 MONOBbI CTeka S
if v He pa3Benana then
NOMETHTD V KaK pa3BelaHHYIO0
for xaxcgoe pedpo (v, w) B CNHCKe CMEXHOCTH BepLUUHbI v do

106aBUTDH (BTONKHYTb) W B M0JIOBY CTeKa S

Kak o6b14HO, pebpa, o6pabarbiBaemble B LUK for, ABIAIOTCS peOpaMH, HHLHU-
ZIEHTHBIMH v (ecan G ABNAETCS HEOPUEHTUPOBaHHBIM rpadom), 6o pedpamu,
UCXOAAWMMH U3 v (ecnu G sBIsETCH OPUEHTUPOBAHHBIM rpadoM).

Hanpumep, B rpade Ha puc. 8.9 nepBas urepauus uukia while anroputma DFS Bbl-
TaJIKMBAeT BEPLUMHY S U MOMELLAET ee ABYX coceliedl B CTEK B HEKOTOPOM NMopsaKe,
ckadxkeM, b nepBoii 1 a Bropoii. [TockonbKy a 6buU1a nocneaHel NOMELLEHHO# B CTeK,
OHa fIBNsSETCS NnepBoi, koTopas OyAeT BbLITONIKHYTA Ha BTOPOi MTepauMH LMKIa
while. 310 NpUBOUT K TOMY, YTO B CTeK OYyT NOMeELLEHbI BEPLUHHBIL S U C, CKAXEM,
cHayasia c. BepuinHa s BbITAIKMBAeTCs Ha ClIEAYIOLLEH UTEPALIMK; AINOPUTM €€ Mpo-
NYyCKaeT, MOCKOJIbKY OHa Y>KE€ MOMeueHa Kak pa3BelaHHas. 3aTeM BbITaJIKUBaeTCA
¢, ¥ Bce ee cocelu (a, b, d U e) 3aTankuBaloTCs B CTeK, IPUCOEAUHSACH K MEPBOMY
BXOXeHHUI0 b. Ecnu d 3arankuBaercs nocneaHei, a Takke b BbITaIKMBAeTCS nepe e,
Korja d BbITaJIKUBaeTCs Ha clieaytoLleii HTepaLiy, TO BOCCTaHABIWBAETCS NOPA 0K
pasBebiBaHUA U3 pa3fena 8.4.1 (kak Bbl MOXeTe yOe AMTbCSA CaMH).

PekypcusHan peann3saymus

[Touck B rnyOuHyY Takxe UMEET JIeraHTHYIO PeKypCHBHYIO peann3auuio’.

DFS (PEKYPCHUBHASA BEPCH A)
Bxoa: rpad G =(V, E), npeacTaBieHHblii B BUIE CIIUCKOB CMEXHOCTH,
M BepluuHa s € V.

L | HCXO0XKY H3 TOrO, YTO Bbl CJIbIIIATIM O PEKYPCHH B paMKaX BaLLEro onbiTa B Nporpam-

MHpOBaHHHU. PexypcuBHas npoueaypa — 3T0 NpoLedypa, KoTopas BbI3bIBaeT caMy cebs
KaK MoanporpamMmy.
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HOCTyCJIOBHeI BEpLIMHA NOCTHXXWUMA M3 § TOraa U TOJIbKO TOraa,
Korja oHa noMe4ye€Ha Kak «pa3sBeaHHas».

// nepea BHeWHWM BbLI3OBOM BCe BepWHUHb He pa3seaaHbl

NOMETHUTb § KaK pa3BeJaHHYIO

for kaxoe pe6po (s, v) B CIUCKE CMEXHOCTH BEpLUHHBI s do
if v He pa3BenaHa then

DFs (G, v)

o WY R R TR LR B B I o TR A,

B 3T0ii peanu3sauun Bce pekypcUBHBIE BbI30BbI aIrOPUTMa DFS MMEIOT A0CTYN
K OZIHOMY M TOMY K€ MHOXKECTBY I00a/IbHbIX MEPEMEHHbIX, KOTOPbIE OTCIEXHBAIOT
BEpLLUHHBI, MOMeYeHHbIE KaK pa3BefaHHble (PHYEM BCe BEPLUMHbI H3HAYAIbHO He
pa3BezaHbl). ArpeccHBHas NpUpoJa alropuTMa DFS, noxanyi, 6onee oyeBUaAHa
MMEHHO B 3TOH pealu3alii — aJrOPUTM HEMEANEHHO BbIMOJHAET PEKYPCHIO Ha
NepBOM Hepa3BeaHHOM cocelle, KOTOPOro OH HaXOIMT, M TOJIbKO IOTOM paccMa-
TpUBaeT ocTaBLuMxcs coceneii'. o cyTu aena, ABHO 3a1aHHas CTekoBasi CTPYKTypa
JaHHBIX B UTEPaTHBHOI peaiu3aLuy aropuT™Ma DFS CHMYJIHPYETCs IPOrpaMMHBIM
CTEKOM PeKYPCHBHbIX BbI30BOB B pEKYPCHBHOI#i peann3auum?,

8.4.3. MNpaBunbHOCTb U BpeMS BbINOIHEHUS

[Mouck B ryOuHY ABNSETCS TaKUM ke MPaBUJILHBIM U TAKUM e HEBEPOSATHO Obl-
CTpPbIM, KaK 1 MOUCK B LUIMPHHY, N0 TEM e CaMbIM IPHYHHaM (cp.: TeopeMa 8.2)°.

! Kak yka3aHo, Be BEPCHH aIropuTMa DFS pa3BeblBalOT pedpa B CMHUCKE CMEXKHOCTH
BEPUIMHBI B MPOTHBOMOJIOXKHBIX nopaakax. (Bel Buaute, noyemy?) Eciu oaHy u3
BepCHii MOAUHLIMPOBATH /11 HTEPATHBHOTO Nepe6opa CnHUcKa CMEXHOCTH BEPLUMHBI
B 00paTHOM MOPAKE, TO MTEPAaTHBHAsA U PeKyPCHBHAs peann3aunu OyayT pa3BeabiBaTh
BEPLUMHBI B OJIHHAKOBOM MOPSAKE.

[MpodeccHoHabHBII COBET: €CJIH BallieMy KOMMBIOTEPY HE XBAaTAET MAMSATH MPH BBINOJ-
HEHHH PEKYPCHBHOI BEPCHH ArOPHTMa DFS Ha GONBLIOM rpade, To Bbl AOJKHBI THOO
NEePEeKTIOYMTLCA Ha HTEPATHBHYIO BEPCHIO, MO0 YBENHYHTb pasMep NpOrpaMMHOrO
CTeka B BaLlUeii cpeaie NpOrpaMMHpPOBaHHUA.

3 CoKpallueHHe «Cp.» 3HAYUT «CPABHUTbH C».
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Teopema 8.5. (CBoiicTBa ajaropurma DFS.) /{11 Kaxc0020 HeOpUeHMuUpoBaHHO20
unu opuenmupoganozo zpaga G = (V, E), npedcmasnennozo 6 eude cnuckos
CMEXHCHOCMU, U OJIL KAXCOOU CMAapmosol 6epulutbl s € V:

a) no 3asepwenuu arcopumma DFS eepwuna v € V nomeyaemcs kak pasee-
O0anHas mo20a u moabko mozoa, kozoa 8 G cywpecmgyem nymo u3 s 8 v,

6) epema pabomwi arzopumma DFS pasHo O(m + n), 20e m = |E| un = |V].

YacTb (a) cobmonaercs, NOTOMY 4TO MOUCK B INyOUHY SBIISETCSA YACTHBIM ClTy4YaeM
0606LeHHoro anropuT™a rpadoBoro noucka GenericSearch (yreepxkaeHue 8.1)".
YacTb (6) cobnoaaeTcs, NOTOMY 4TO alrOpUTM DFS npoBepseT kaxaoe pebpo He
6onee uem 1Ba pa3a (OAMH pa3 U3 KOKAOH KOHEYHOH TOUYKH) U, MOCKOJIbKY CTEK NoJ-
JIep>KMBAET ONepaLUH BTaJIKUBaHUA U BbITaIKMBaHKU 32 BpeMs O (1), OH BbINONHAET
NOCTOSHHOE YMCJIO onepauuii B pacuete Ha pebepHoe pa3BelbiBaHHE (CYMMapHO
3a Bpems O(m)). UHnumanu3auus tpebyet Bpemenu O (n)?.

8.5. Tononornyeckas copTupoBka

IMouck B ry61HY MaeanbHO NOAXOAUT 1S BBIYMCIIEHHS TONOIOrHYECKOro ynops-
JI0YHBaHKA® OPUEHTHPOBAHHOTO aLlMKJIM4Yeckoro rpada. Bel HaBepHsKa CpOCHTE,
YTO 3TO TaKOE U KOro 3TO BOJIHYET.

! dbopManbHO ANMOPUTM DFS IKBHBANCHTEH BEPCHH aNMOpHTMa GenericSearch, B KOTOpO#

Ha Ka)k 10/ HTEpaLIMK LHIKUIA while aIrOPUTM BbiIOHpaeT npHeMieMoe pebpo (v, w), and
KOTOpOro BEPLIMHA v GbL1a O6HapYeHa COBCEM HeAaBHO. CBA3H MEX Ty MPHEMICMbIMH
pedpaMH BEPILHHBI V Pa3pbIBalOTCA B COOTBETCTBHH C HX NOPAIKOM (U1 pEKYpPCHBHOMN
BEPCHH) JINOO C HX OOpPATHBIM MOPAAKOM (AJIA HTEPATHBHOH BEPCHH) B CIMCKE CMEX-
HOCTH BEpILHHBI V.

YTouHEeHHas rpaHuua B TeopeMe 8.2 (6) Takke cobnoaaeTcs ans anroputma DFS (nmo
TEM € NPHYHHAM), @ 3TO 03HAYAET, YTO AITOPUTM DFS MOXKET 3aMEHHTDb ATOPHTM BFS
B JINHEHHO-BPEMEHHOM aNrOpPHTME UCC AN BBIYHCIIEHHS CBA3HBIX KOMIOHEHT U3 pa3-
nena 8.3.

Mo npaBuaaM pycckoro s3blka YNOpsAOY€HHE — 3TO NPHUBEICHHE B MOPANOK €CTe-
CTBEHHBIM MyTEM, TOrAa KaK ynopsao4MBaHHE — NPHBEIEHHE B NOPALOK B pe3y/ibTare
BHELLHETO BO3€eHCTBHA. KpoMe TOro, ynopaaoueHHe ABNAeTCA pe3y/ibTaToM, Toraa kak
ynopsAA0O4HBaHHE — MpPOLECCOM. — [Tpumey. nep.
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8.5.1. Tononornyeckue ynopsaoumMBaHma

[MpeacrasbTe, 4TO y Bac NOJIHO 33124, KOTOPbIE HY>KHO BbINOJIHUTB, U CYLLECTBYIOT
02paHUYeHUs NO NPedUleCmeoBaHuio — Bbl HE MOXKETE HAYaTh HEKOTOpbIE 3a1auu
J10 TeX Nnop, noka He 3aBepluute apyrue. [lonymaiite, HanpuMep, 0 Kypcax yHH-
BEPCHTETCKO# MPOrpaMMbl, KOTOpblE HEOOXOAUMBI B KaUE€CTBE NPEABAPUTENLHOTO
ycnoBus Ans Apyrux. OQHUM W3 NPpUMEHEHHI TONOJOrHYECKHUX YNOPAA0UHBaAH Ui
ABIIETCA MOCTPOEHHUE MOCIIEA0BATENBHOCTH ONEPALIUii C LIENbIO COOMOAEHUS BCeX
OrpaHHY€eHHii MO NpeaLECTBOBAHHIO.

TOMOJIOHYECKHUE YIIOPAAOYUBAHU A

[ycts G = (V, E) paBHO OpueHTHpOBaHHOMY Irpady. Tononoeuveckum
ynopsioovusanuem rpada G sBIseTcs 3aKpenseHue 3a f(v) B Kaxaoi
BEpLUMHE Vv € V OTIMYAIOLLErocs Y1cia, Takoro YTo:

s kaxaoro (v, w) € E, f(v) <f(w).

OyHkuus f 3¢ ¢eKTUBHO YNopsaa0uMBaeT BepIIMHbI — OT BEPLUMHBI C HAUMEHb-
LIMM 3Ha4YeHWeM f 10 BepLIMHbI C HaubonbLIUM 3HaueHHeM. JlaHHOoe ycnoBue
yTBepXKJaeT, 4To Bce (OpUEHTHpPOBaHHbIE) pedpa rpada G NOMKHbI Clle0BaTh
BNEpe] B yNopsA0YEHUH, NPU 3TOM MeTKa XBocTa pebpa 10/kHa ObiTh MEHbLLE,
4eM MeTKa ero rojoBbl.

N R TS SN S N R e

TECTOBOE 3A1AHME 8.3

TR

CKOJIbKO pa3HbIX TOMOJIOrHYECKUX YIOPSAAOUEHHIA CYLLIECTBYET B MPH-
BeJleHHOM Huxe rpade? Mcnonb3yiite Tonbko MeTkH {1, 2, 3, 4}.
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a) 0
6) 1
B) 2
r 3

(Pewienue u nosicheHue cM. B pasaene 8.5.7.)

Bl MoXXeTe BU3yann3upoBaTh TOMOJIOrHYECKOE YNOpAI04HBaH e, TOCTPOUB Bep-
LUKMHBI B NOpSAZKE WX 3Ha4YeHHii /. B TononornyeckoM ynopsaou1BaHuu Bce pebpa
rpada opueHTHpOBaHbI ceBa HanpaBo. Ha puc. 8.10 nokasaHsl Tononoruueckue
yNopsA04MBaHHs, BbISBJIEHHbIE B PELLIEHHH TECTOBOrO 3a1aHus 8.3.

2 3 4

a) OaHo Tononoruyeckoe ynopsigounBaHue. . . 6) ...v ewe oaHo

Puc. 8.10. Tononoruyeckoe ynopsao4ymsaHne 3pPeKTMBHO CTPOUT BEPLLUHBI
rpada Ha npsaMoit, npuyem Bce pebpa nayT cnesa Hanpaeo

Korpa BepuunHbl rpacda npeacTaBisioT onepauui, a OpHeHTHpPOBaHHble pebpa
NpeJCTaBIAOT OrpaHHueHHs N0 NPeALIEeCTBOBAHHUIO, TONOIOrHYECKHE YNOpsA10YH-
BaHW TOYHO COOTBETCTBYIOT Pa3HbIM CNOcO6aM NOCTPOEHUS NOCIe0BATENLHOCTH
onepauuii npyu co0MOAEHHH OrpaHUYEHH N0 NPEALIECTBOBAHHIO.

8.5.2. Koraa ectb TONONOrnyeckKkoe
ynopsaoumsaHme?

Bce nu rpadbl uMetoT Tononoruyeckoe ynopsaounBanie? Hu B koeM ciyuae.
[Monymaiite o rpage, cocTosLIEM UCIUTIOYUTENBHO U3 OPHEHTHPOBAHHOIO LIMK-
na (puc. 8.11, a). HeBaxHo, kakoe ynopsaouMBaHHe BEPLIUH Bbl BbibepeTe,
NpoxoXxaeHHe no pebpaM LiMKIa BO3BpaLLaeT Bac Ha3al k CTapTOBOH TOUKE, YTO
BO3MOXHO TOJIbKO TOrZa, KOrja HekoTopble pebpa uayT Ha3aa B ynopsaoye-
HuM (puc. 8.11, 6).
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B 6onee o6iiem cjly4ya€ HEBO3MOXXHO TOMOJIOrHYECKH YNOpssAOYUTb BEPLUHHDI
rpacba, coaepixalluero OpHeHTHPOBaHHblﬁ UUKA. PaBHbIM 06pa30M HEBO3MOXHO
ynopsao4uTb MHOXECTBO onepauuﬁ, Koraa ux 3aBUCUMOCTH 3aLHUKIICHBI.

K cuacTblo, OpHEHTHPOBaHHbIE LMKJIbI ABNSAIOTCA €AMHCTBEHHbBIM NMPENATCTBUEM
27151 TONONOrMYECKUX yNopsAAouMBaHUii. OpUeHTHPOBaHHbIi rpad 6e3 kakux-1160
OPHEHTHUPOBAHHbIX LIMKJIOB Ha3bIBAETCS — rOTOBbI? — OpUEHMUPOBAHHLIM aYU-
kauveckum cpagom, unu npocto DAG (directed acyclic graph). Hanpumep, rpad
Ha puc. 8.10 opueHTHpOBaH auuKinuecku; rpad Ha puc. 8.11 — Het.

a) Op1EeHTUPOBAaHHbIA LUK 6) Hetononoruyeckoe ynopsgoveHune

Puc. 8.11. Tononorunyeckoe ynopsiaoyeHne MOXeT UMeTb TONbKO TOT rpad,
KOTOPbI He UMeeT OPUEHTUPOBAHHbIX LUKNOB

Teopema 8.6. (Kaxablii rpag DAG HMeeT TOMOJIOrHYecKoe ynopsiio4yeHue.)
Kaocowiii opuenmuposannviii ayuxiuveckuti epagh umeem MuHumMym 0OHO mono-
J102U4ecKoe ynopaooieHue.

Jlns nokasarenbcTBa 3TOi TeopeMbl HaM MOHaNoOOUTCS cieayowas seMma o6
MCTOKOBbIX BepLIHHAX. Hcmokogas eepuiuHa OPUEHTUPOBAHHOIO rpaga — 3T0
BepuiMHa 6e3 Bxoaswmx pedep. (Cxoxum obpa3oM cmokoeas eepuuna — 310
BepLuMHa 6e3 ucxoasawux pebep.) HanpuMep, s sBnsieTcs e IMHCTBEHHOI HCTOKOBO#H
BepLUMHOI B rpade Ha puc. 8.10; opueHTHpOBaHHBIH LUK Ha puc. 8.11 He uMeeT
MCTOKOBBIX BEpILHH.

Jlemma 8.7. (Kaxablit rpag DAG uMeeT MCTOK.) Kadwouiil opuenmuposanhbiil
AYUKIUYeCKUl 2pag umeem MUHUMYM OOHY UCMOKOBYIO BEPULUHY.
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JlemMma 8.7 siBnsieTcst MICTUHHOM, NOTOMY UTO, €CJIH Bbl POAOJDKUTE CIIeA0BATh MO
BXOJALLMM pebpaM Ha3aa U3 NPOU3BOIbHON BEPLUMHbI OPUEHTHPOBAHHOIO aLIUKJIU-
yeckoro rpada, Bbl 0653aTeIbHO JOCTUTHETE UCTOKOBOI BepLUIKHLI. (B npoTHBHOM
cjyyae Bbl NOpPOJAUTE LMK, YTO HEBO3MOXKHO.) CM. Takxe puc. 8.12',

Puc. 8.12. Tpaccuposka Bxoaawmx pebep Hazaa us Tekyuiei BepLlnHbl
He CMOXeT Hal T UCTOKOBYIO BEPLUUHY, TONLKO ecnu rpadg coaepxuT
OPUEHTUPOBAHHbIN LUKN

MbI MoXxeM Aoka3aTh TEOpEMY 8.6, HaMoONHAsA TONOJOrHYecKoe ynopssao4y€Hue
CJIEBA HanpaBo U3BJIE€KAEMbIMH NOAPSAA HCTOKOBbIMH BepLUHHaMHZ.

Hoxazamenvbcmeo meopembr 8.6: nycTb G paBHO OPUEHTUPOBAHHOMY aLMKJIHUE-
ckoMy rpady c » BepiuHaMH. [1naH cOCTOMT B NPUCBOEHHH BEPILUMHAM 3HAYEHHH |

Bonee ¢popmanbHo, BbIGEPHTE BEPLLINHY Vv, ODHEHTHPOBAHHOTO aLIMKIHYecKoro rpada G;
€CJIH 3TO HCTOKOBAs BEPLUHHA, TO Mbl 3aKOHYHJIH. EC/IM HET, To OHa HMeeT MUHHMYM OJIHO
BXoJsllee pedpo (v,, v,). Ecim v, aBaseTCa HCTOKOBO#H BEPIIMHOMN, TO Mbl 3aKOHYHIIH.
B nporuBHOM cnyyae cywiecTByeT Bxoasuiee pedpo Gopmsl (v,, v,), H Mbl MOXKEM MO~
BTOPHTb HTEpaLMIO CHOBA. [Toc/ie HTepaTHBHOrO MOBTOPA BIUIOTH A0 /1 pas, Fie n— 3TO
YUCJIO BEPLUMH, Mbl MO0 HAXOAWM HCTOKOBYIO BEPLIHHY, JIMOO CO3IaeM MocjenaoBa-
TEBHOCTD U3 1 Pedep (V,, V,_ 1), (V,_ 15 V,_3)s s (V)5 Vo). [TOCKONBKY CYLLIECTBYET TOJIBKO
n BEPLUHH, CYLLECTBYET MO KpaiiHeil Mepe OfHAa MOBTOPHAas BEPLIHHA B NOC/IEA0BATEb-
HOCTH V,, V, |, ..., Vo HO €citi v, = v, ipu j > i, T0 pebpa (v, v, ), ..., (v, ), v,) obpasyiot
OPHEHTHPOBAHHDII LHKJI, MPOTHBOPEYALLHIi MPHHATOMY 1OMYIUEHHIO, UTO G ABNAETCA
OPHEHTHPOBAHHBIM auMKIHYeckuM rpadoM. (Ha puc 8.12i=2uj=38.)

B kauecTBe anbTepHaTHBbI: NPOC/IE)XXHBAHUE HE MO BXOAALLHM, a O HCXOAALLUM pebpaM
B I0Ka3aTe/bCTBE JIEeMMbI 8.7 MOKa3bIBAET, YTO KXk Ablii rpad DAG MMEET MUHUMYM OZIHY
CTOKOBYIO BEPLUHHY, U Mbl MOXXEM HAMOJHUTb TOMOJIOrHYECKOE YNOPAAOYEHHE ClIpaBa
HaJIEBO M3BJIEYEHHBIMH MOAPSAI CTOKOBLIMH BEPLUMHAMH.
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B nopsjke Bo3pacTaHus oT | no n. Kakas BepLuMHa 3aciykuia NpaBo UMETb
€IMHHLY B Ka4eCcTBE CBOEro 3HaueHus f? Xopotuo 6bl, 4TOObI 3TO Obl1a HCTOKO-
Bas BepLIMHA — €CJIM BEpLUMHE C BXOAALLMM pebpoM Oblna mpHCBOEHA nepBas
no3uuus, To BXxoasLlee pebpo OyaeT npeAblAYIUMM B ynopsaoueHuu. Takum o6-
pa3oM, NyCTb v, paBHO MCTOKOBOH BepLuMHe rpada G — 0fiHa TaKas CyLLECTBYET
no nemme 8.7 — 1 HazHauuM f(v,) = 1. Ecnu cyluecTByeT HECKO/IbKO HCTOKOBBIX
BEpLUHH, TO BbIOEPEM OIHY U3 HUX MPOU3BOJILHO.

Hanee, Ml nosnyuum rpad G’ u3 G, yaanus BepluMHy v, U Bce ee pebpa. [lo-
ckonbky G fABNSeTCH OPUEHTUPOBAHHBIM ALUMKINYECKHM rpadoM, TO TaKOBbIM
aBasercs U G'— ynaneHue 3MeMEHTOB He MOXET CO3AaTh HOBbIE LIMKIIbI. [T0o3TOMY
Mbl MOXKEM peKypCHBHO BbIYMCIHTb TONONOrHUYeckoe ynopsaoueHue rpaga G/,
ucnonb3ys Metku {2, 3, 4, ..., n}, npuyeM kaxaoe pedpo B G' cineayer B ynops-
noveHuu Bneped. (ITockonbky Kaxablii peKypCHBHbII BbI30B BbIMOJHAETCA Ha
MeHblueM rpade, pekypcus B KOHEHHOM UTOre OcTaHOBUTCA.) Tosbko Te pebpa
B G, KOTOpbl€ OJHOBPEMEHHO He HaxoaATcsa B G, ABNAOTCA (MCXOALLMMU) pe-
6pamu BepLUMHbI V,; NOCKOJILKY f(v,) = 1, OHM TaK)xe CneayloT B yNOpsA04eHHH
Bnepea'. 4 m. o.

8.5.3. BbluncneHume Tononoru4eckoro
ynopsaaouMBaHus

7K3 TCOPEMBI 8.6 CJICAYET, UTO UMEET CMbICJ1 3anpalliiBaTb TOMNOJIOrHYECKOE Y nopsi-
AO4YYUBAHHE OPUEHTUPOBAHHOIO rpa(i)a TOraa M ToJIbKO Toraa, koraa rpacb ABJIACTCA
OPUEHTHPOBAHHBIM AUHUKIIUYECKHM.

3AJAYA: TOMOJIOTHYECKASI COPTHPOBKA
Bxoa; opueHTHpOBaHHbIi auuknndeckuii rpadp G = (V, E).
BbIxoa: Tononoruyeckoe ynopsaoueHue BepiumH rpaga G.

' Ecau Bbl npeanovynuTacTe d)OpMaJleOC A0Ka3aTeJIbCTBO MPABUJIbHOCTH, BbIMOJIHUTE €Mo
B YEAHHCHHH ZoMallHel 06CTaHOBKH MO HHAYKUHH HA YUCJIC BEPLUHH.
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HoxkazarenbcTBa JeMMbl 8.7 U TeopeMbl 8.6 ecTecTBEHHbIM 00pa3oM MPUBOASAT
K anroputMmy. Jlng n-BepLUIMHHOrO OPUEHTHPOBAHHOrO aLMKJIWYECKOro rpada,
NpeACTaBIEHHOro B BUJIE CMUCKOB CMEXKHOCTH, NEPBOE 0Ka3aTenbCTBO AaeT O(n)-
BPEMCHHYIO MOANpPOrpaMMy AJIs HaXOXKAEHUSI UCTOKOBOH BepluHHbl. [TocnenHee
J10Ka3aTeNIbCTBO BBIYUCIISET TONONOrMYECKOe YNOPSA104HBaHHE C /1 BbI30BaMHU 3TOM
NOANpOrpamMMbl, BbIXBaThIBasi HOBYIO HCTOKOBYIO BEPLUMHY Ha Kax«10i HTepaLuu'.
Bpems paboTsl 3TOro anroputma cocrasnset O (n?), TO eCThb THHEHHO-BpeMEHHOE
JUIA caMbIX MIOTHbIX rpadoB (¢ m = O (n?) pebpamu), HO He 1 Gonee paspe-
*eHHbIX rpadoB (rae n* MoxeT ObITb HaMHoro 6onbLie m). [lanee cnenyet 6onee
OCTPOYMHOE€ peLUEHHE NOCPEACTBOM NMOKHCKA B IMyOHHY, NPpUBOISALLEE K TUHEHHO-
BpeMeHHOMY (O(m + n)) anroputmy>.

8.5.4. Tononornyeckas CoOpTMpoBKa NOCpPeACTBOM
anroputma DFS

Bnecrawuii cnoco6 BbIYUCINTD TOMONOrHYECKOE YNOPSAA0YHBAHHE 3aKIIOYaeTCs
B YCHUJICHHUH MOKCKa B IyOUHY 3a cueT ABYX HeOonblIuX qononHeHui. Ans npo-
CTOTbI Mbl HAYHEM C PEeKYPCUBHOH peanu3aluu anroputMa DFS u3 pa3zena 8.4.
[lepBoe AONONHEHHE — 3TO BHELUHUH LMK, KOTOPLIA Ae/laeT OAWH NPOXOA Haj
BEpLIMHAMM, BbI3bIBas aJlrOPUTM DFS Kak NMOANporpamMMy BCAKHE pa3, korja
oOHapyxuBaeTcs paHee Hepa3BeJaHHass BepLUMHA. DTUM rapaHTUpPYeTCH, YTO
KaXk/1as BeplIMHA cO BpeMeHeM OyzeT oOHapyskeHa, U eii OyaeT npucBoeHa MeTka.
I'obanbHas nepeMeHHas curLabel OTCJIEXHBAET, rle Mbl HAXOAUMCS B TOMOJIO-
rH4eckoM ynopsaouuBaHuu. Hau anroput™ 6yaeT BbIUMCAATH YNOPSA0OUYHBAHUE
B 0OpaTHOM nopsake (crnpasa HaJeBo), MO3TOMY curLabel OTCUMTBHIBAET Ha3ad OT
4ycna BEPLUWH A0 1.

! ns rpaga Ha puc. 8.10 3TOT aNropuT™M MOXET BBIYHUCIHTH JIl060E M3 JBYX TOMOJO-

FMYECKHX YMOPANAOYHBAHHIA, B 3aBUCHMOCTH OT TOr0, Kakas U3 BEPLUHH v, w BblOpaHa
B Ka4€CTBE HCTOKOBOH BEPLUMHBI HA BTOPOi MTEPALMK MOCIE YAANEHHUS S.

[1p1 HaNMYHH HEKOTOPOIH COOOPA3UTENBHOCTH ANrOPUTM, HEABHO NMPHUCYTCTBY FOLUHH
B J0Ka3aTeabCTBaxX JeMMbl 8.7 U Teopembl 8.6, Takxke MOXKET ObITh peasiH30BaH C JiH-
HEHHbIM BpEMEHEM — BHIHUTE, KaK 3TO cAeNaTh?



80 I'naBa 8. Nowuck B rpagde n ero NpUMeHeHUs

TOPOSORT

Bxoa: OpMEHTHPOBaHHbIH auukauueckuid rpag G = (V, E), npen-
CTaBJIEHHbIH B BU/I€ CIMCKOB CMEXHOCTH.

ITocTycyioBHe: 3Ha4Y€HHUS f BEpLUMH 00pa3yloT TONOJIOrMYECKYHO YNo-
pARo4YeHHOCTb rpada G.

TIOMETHTb BCE BEPLUMHbI Kak Hepa3BeJaHHble
curLabel =|V)| // oTcnexusaeT ynopaaoyuBaHue
for xaxcpas v € V do

if v He pasBenana then  // B npepbiaywem DFS

DFS-Topo (G, v)

BTopbiM fononHeHHEM Mbl JOMKHBI 100aBUTh CTPOKY KoJa B ajlirOpUTM DFS,
KOTOpasi NpUcBauBaeT 3HaueHue f BeplinHe. CaMoe noaxoasuiee BpeMs As
3TOro — cpasy nocJe 3aBeplieHHs BbI30Ba airopuTMa DFS, HHULIMMPOBAHHOTO
B BEpLUHHE V.

e

DFS-TOPO

Bxoa: rpag G = (V, E), npeAcTaBlEHHbI# B BUJE CTUCKOB CMEXKHOCTH,
W BeplIMHa s € V.

ITocTycn0BHe: Kk /as BEpLUMHA, JOCTHKHMMAs U3 S, TOMeYaeTcs Kak
«pa3BelaHHasA» U UMEET MPUCBOEHHOE €if 3HaYeHHe f.

MIOMETHTD § KaK pa3BeAaHHYI0
for xaxaoe pebpo (s, v) B UCXOAALLEM CNUCKE CMEXHOCTH s do
if v He pa3BenaHa then
DFS-Topo (G, v)
f(s) := curLabel // no3uuua s B ynopagoveHnu

curLabel := curLabel — 1 // pBuraTbCca cnpasa Haneso
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8.5.5. Npumep

[MpeanonoxuM, 4To BXOAHbIM rpad)oM siBnseTcs rpad U3 TeCTOBOro 3aaaHus 8.3.
AnropuT™ TopoSort HHHLIHATU3UPYET MoOabHYIO NEpeMEHHYIO curlabel YHCIOM
BEpLUKH, paBHbIM 4. BHeLIHHUI LMK anropuTMa TopoSort nepedupaeT BepLUUHbI
B MPOM3BOJILHOM Nopsake; 6yaeM cYuTaTh, YTO 3TOT NOPSJOK PaBeH v, ¢, s, w. Ha
nepBoii UTepaLnH, NOCKOJIbKY BEPLIMHA V HE MOMEYEHa Kak pa3BeJaHHas, JaHHbIH
aJIrOpUTM BbI3bIBa€T NOANpPOrpaMMy DFS-Topo CO CTapTOBO# BepLIMHOM v. EquH-
CTBEHHBIM UCXOIALLIUM U3 v peOpoM sBaseTcs (V, £), U CNeAyIOLIHi war COCTOUT
M3 PEKYPCHBHOIO BbI30Ba NMOANpPOrpaMMbl DFS-Topo CO CTApTOBOIi BEPLINHOIA .
3TOT BbI30B BO3BpALLAETCA HEMETEHHO (TaK Kak BEPLUIMHA f HE MMEET UCXOAALLIUX
pebep), M Ha3TOM 3Tane f(¢) ycTaHaBIMBaeTCA paBHbIM 4, a nepeMeHHas curlLabel
yMeHbLuaercs ¢ 4 10 3. 3aTeM BbI30B NoANporpaMMbl DFS-Topo B BEpLUUHE V 3a-
BEpILAETCS (MOCKOJIBbKY V HE MMEET APYrUX HCXOAALIMX pebep), U Ha ITOM JTane
f(v) ycraHaBnuBaeTcs paBHbIM 3, a nepeMeHHas curlLabel yMeHbluaetcs ¢ 3 1o 2.
Ha naHHoM 3Tane anroputM TopoSort Bo306HOBASET JIMHEHHOE CKaHUPOBaHHE
BEPLUMH B CBOEM BHeLIHeM Luke. CeaytoLueii BepLIMHO SBISETCA ¢; MOCKOJIbKY !
yxe Oblna noMeyeHa kak pa3BelaHHas B IEPBOM BbI30BE NOANPOrpaMmbl DFS-Topo,
anropuT™ TopoSort ee nponyckaer. [lockonbKy cneayollas BepLrHa (To ecThb ¢)
elle He Obl1a pa3BeJaHa, alfOPMTM BbI3bIBAET MOANMpPOrpaMMy DFS-Topo u3 s. U3
BEPLUKHBI s MOANpPorpaMma DFS-Topo NpOMNyCcKaeT BEPLUMHY v (KoTopas yxe Oblia
noMeveHa Kak pa3BeJlaHHas) U PeKYPCHBHO BbI3bIBa€T noAanporpammy DFS-Topo
B TOJILKO YTO 06Hapy»XeHHOIi BepuiMHe w. BbI30B B BeplUMHE w cpa3y e 3aBep-
waetcs (€AMHCTBEHHOE HUcxoasluee pebpo HampaBlieHO B paHee pa3BelaHHYIO
BEPLUKHY ), U Ha 3TOM 3Tane f(w) yCTaHaBJIUBAETCS PaBHbIM 2, a NEpeMeHHas
curLabel ymeHbluaetcs ¢ 2 go 1. HakoHeu, BbI30B noanporpaMmsl DFS-Topo
B BEpLUMHE § 3aBepLUaeTcs, U f(s) ycTaHaBIMBaeTcs paBHbIM 1. PesynbTupyoluee
TOMOJIOrHYECKOE YNOpAJ0oueHHE ABSETCA TaKUM )Ke, Kak Ha puc. 8.10, 6.

TECTOBOE 3AJAHME 8.4

YTO NpOUCXOIMT, KOria anropuTM TopoSort BbINONHAETCS Ha rpade
C OPMEHTUPOBAHHBIM LIUKJIOM?

a) ANrOpUTM MOXET 3aLUKIIUTHCS, @ MOXKET U HET.

6) AnropuT™ Bceraa 3alUKIHBAETCS.
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B) AHFOPPITM BCE€raa oCTaHaBJIMBACTCA, H OH CMOXET BbIYHUCJIUTDb
TOMOJIOrHY€CKOE ynopsaaA04HBaAHUE YCNELLIHO W60 He CMOXET.

F) AJIFOPHTM BCeraa OCTaHaBJIMBACTCA U HUKOrjga HE BbIYUCIACT
TOMOJIOrHYECKOE yNnopsiA0YMBaHHE.

(Pewienue u noscHeHue cM. B pasaene 8.5.7.)

8.5.6. MpaBUnbHOCTbL U BPpEMS BbINONTHEHUNA

Anroput™ TopoSort NpaBUIIbHO BbIYMCISET TOMONOTHYECKOE yNOPAAOUYHBAaHHE
OPHMEHTHPOBAHHOTO ALMKJIHYECKOro rpada v JeaeT 3T 3a JIMHEHHOE BpeMs.

Teopema 8.8. (CBoiicTBa aaropurma TopoSort.) Jua kaxcoozo opueHmupo-
8aHHO20 ayurxnuveckozo epaga G = (V, E), npedcmaeneHHo20o 8 8ude CRUCKO8
CMeNCHOCU:

a) no 3aeepueruu ancopumma TopoSort xaxcoou seputute v 6bL10 npuceoe-
HO 3HaueHue f, u smu 3naveHus | 06 pazyiom monoaozueckoe ynopaooue-
Hue cpaga G;

6) epemsa pabomer ancopumma TopoSort paswo O(m + n), 20e m = |E|

un=1V.

Hokazamenbcmeo: anroput™ TopoSort paboTaeT ¢ JHHEHHBIM BpeMeHeM
no o6bIYHbIM NpUuuHaM. OH pa3BelbiBaeT kaxxaoe pebpo TONbKO OAMH pa3
(13 ero XBOCTa) M MO3TOMY BbINOJHSET TOJILKO NOCTOAHHOE YMCJIO Onepauuii s
KaX10i BepluMHbI WM pebpa. U3 3TOro BbiTekaeT COBOKYNHOE BpeMs paboThi
O(m + n).

UTo KacaeTcs NpaBUJIbHOCTH, TO, BO-NEPBbIX, 00paTHTE BHUMaHKeE, YTO MOAMN PO-
rpamMma DFS-Topo GyJeT BbI3bIBaThCA M3 Ka)X10# BEepLUHHbI v € ¥ pOBHO OIMH pa3,
KOrJia v BCTpe4aeTcs BrepBble, U UTO 3a BEPLUMHOM v 3aKpenseTcs MeTka, Koraa
3TOT BbI30OB 3aBepluaercs. TakuM 00pa3oM, kaxxJas BeplUMHA NOJyyYaeT MeTKY,
M, YMeHbLIas nepeMeHHYI0 curLabel BMecTe C KaXAbIM 3aKpenieHueM MeTKH,
anropuT™ obecrneymBaeT To, YTO KaXkaas BeplUKHa v N0Jly4aeT HeCOBNaAatoLLy 1o
MeTKy f(v) u3 MHOXxecTBa {1, 2, ..., | V|}. [lna Toro 4ToObl NOHATH, MOYEMY 3TH
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MeTKH 00pa3yloT TONoNOorMyeckoe ynopsao4eH e, pacCMOTPUM NMPOHU3BOJIbHOE
pebpo (v, w); Mbl JOKHBI 0Ka3aTh, YTO f(v) < f(w). CyliecTByeT ABa clyyas,
B 3aBUCHMOCTH OT TOr0, KaKylo BEpPIIHHY M3 V, W aArOpUTM OOHapy>XHBaeT
nepBoii'.

Ecnu BepiinHa v oOHapyxuBaeTcs 10 W, TO MOANpPOrpaMma DFS-Topo BbI3bIBaETCS
€O CTapTOBO#i BEPLUIMHOI v 10 TOro, Kak BepLuHa w 6bU1a MoMeyeHa kak pa3BeaH-
Has. Tak kak w JocTkuma u3 v (uepe3 pebpo (v, w)), 3TOT BbI3OB NOANPOrpaMMbl
DFS-Topo B KOHLIE KOHLIOB OOHApYy>KMBAeT W U PEKYPCUBHO BbI3bIBAET MOANPO-
rpammy DFS-Topo B w. [1o xapakTepy pekypCHBHbIX BbI30BOB C JAHWCLIMIJIMHOM
«MOCJIeHUM BolLLEe / NepBbIM BbILLIE» BbI30B MOANPOrpaMMbl DFS-Topo B w 3a-
BepLLUaeTcs 10 3aBepLueHus B v. [10CKoIbKY METKH PUCBAUBAIOTCA B yObIBalOLLIEM
nopsake, BepLIMHe w NpUcBauBaeTcs 6oJiee KpyNnHOe 3HaUYEHHE f, YeM BEpLUHHE V,
Kak 1 Tpebyercs.

Bo-BTopbiX, NpeanonoxkuM, YTo BepLUHHa w 00HapyxkeHa anropuTMoM TopoSort
110 BepluKHbI v. [Tockonbky G ABASETCH OPUEHTUPOBAHHBIM ALUKIHYECKHUM rpa-
¢oM, myTb U3 W Ha3all B V OTCYTCTBYET; B NPOTUBHOM Clly4ae 00beAMHEHHE TaKoro
nyTH ¢ pedpom (v, w) npuBeJo Obl kK OpHEHTUPOBAHHOMY LMKy (pHc. 8.13). Ta-
KUM 00pa3oM, BbI30B NOANpOrpaMMbl DFS-Topo, HaUMHAIOLLHUICS B W, HE MOXKET
00HapyXHTb v U 3aBEPLUAETCH, KOrJa v OCTaeTCs NO-NpPeKHEMY HEpa3BeAaHHOI.
Ewe pa3: BbI30B noanporpaMmbl DFS-Topo B W 3aBEpLUIAETCS [0 3aBEPLUEHHS B V
W, cleaoBateNbHo, f(v) < f(w). Y. m. o.

Puc. 8.13. OpueHTuUpOoBaHHbLIN auMknuyecknin rpad He MoOXeT coaepxaTtb
pe6po (v, w) n nyTb U3 w Ha3an B vV

! Kak Mbl BUOenu B pasaene 8.5.5, 06a ciiyyas ABIAIOTCA BO3MOXKHBIMH.
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8.5.7. PeweHuns TecTtoBbixX 3aaaHvi 8.3-8.4

PeweHue TecToBOro 3agaHms 8.3

IIpaBuabHblii oTBeT: (B). Ha puc. 8.14 noka3aHbl ABa pa3HbIX TOMOJOrHYECKUX
ynopsaouuBaHus rpada — Bbl JOKHbI YOE IUTbCA, YTO OHH €AMHCTBEHHbIE.

fiv)=2 Av)=3

fis)=1 fih=4 fis)=1 Rt)= 4

fiw)=3 fw) =2

a) Tononornyeckoe ynopsaodyeHue 6) ...n ewe oaHO

Puc. 8.14. [1ga Tononornyeckux ynopaaoyeHus rpada
1“3 TeCToBOro 3aaaHus 8.3

PeweHne Tecrosoro 3apaxHms 8.4

IIpaBHABbHBII 0TBeT: (I). AITOPUTM BCEria OCTaHaBIUBAETCA: CYLIECTBYET
TONBbKO | V| uTepauuii BHEWIHEro UMKIA, U Kaxkaas UTepauus TU60 HUYero He
Jienaert, 160 BbI3bIBAET MOMCK B NyOHHY (C HE3HAUMTENNBHOMN AONONHHUTENLHOM
cnyxe6Hoit pabotoif). [Touck B ryOHHY Bceraa oCTaHaBIMBaeTCs, HE3aBUCHMO
OT TOrO, ABNAETCA M BXOAHOMH rpad OpUEeHTHPOBAHHBIM aLIUKINYECKHM UM HET
(Teopema 8.5), ¥ No3TOMY anropuT™ TopoSort nenaer To e caMoe. CyliecTByeT
JIM LLIAHC, YTO OH OCTAHOBHMTCS C TOMOJIOrHYECKUM ynopsaaounBaHueM? Hukakux
LIAHCOB — TOMOJNOrHYECKH OTCOPTUPOBAThL BEPLUMHBI JI060ro rpaga c OpHeHTH-
POBAHHBIM LIUKJIOM HEBO3MOXKHO (BCriOMHMTE pa3zen 8.5.2).
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*8.6. BbluMcneHue CUNbHO
CBSAAI3HbIX KOMMOHEHT

Hanee mbl y3HaeM elle 6onee HHTEpeCHOE NPUMEHEHHeE NoKuckKa B IyOHHY, a MMEH-
HO — BbIYMCJIEHHE CHUIIBHO CBA3HBIX KOMIOHEHT OPUEHTHPOBaHHOrO rpada’.
Haw anroputm GyzeT cTosb k€ MOTHUEHOCHBIM, KaK U B HEOPUEHTHPOBAHHOM
cnyudae (pa3aen 8.3), XoTa U MeHee NpocThiM. BbluKceHHE CHABHO CBA3HbBIX
KOMIIOHEHT siBNseTcs 6oJiee CIOXHOI 3aaueid, ueM Tornonoruyeckas CopTHpoBKa,
M OJHOIO MpoxojJa noucka B riuyouHy Oyaer HepoctatouHo. [ToaToMy Mbl Oyaem
MCMoNb30Barh 1Ba!?

8.6.1. OnpeaeneHne CUNbHO CBA3HbIX KOMMNOHEHT

Uro mbl BOOGLLIE MOAPa3yMeBaEM MO CBA3HONW KOMMOHEHTOH OPUEHTHPOBAHHOIO
rpaga? Hanpumep, ckoJibko CBA3HbIX KOMIMOHEHT UMeeTcs B rpade Ha puc. 8.15?

Puc. 8.15. Ckonbko CBA3HbLIX KOMMNOHEHT Bbl MOXETe Ha3BaTb?

Tak 1 XxoueTcs cka3aTh, UTO ITOT rpad UMEET OJJHY CBS3HYIO KOMIOHEHTY — €CJIH
6b1 OH Ob11 PU3HUECKM 00BbEKTOM, pedpa KOTOPOro COOTBETCTBOBAIM HUTAM, CBS-
3bIBalOLLMM BEPLUHHbBI BMECTE, TO Mbl MOITH Obl €10 «MOAHATHY, U OH «BUCE» Obl

! OTMedeHHbIe 3B€310UKOH pa3fieibl, M0J0OHbIE ITOMY, ARNAIOTCA GoJiee CIOKHBIMH; MPH
NEepPBOM YTEHHH HX MOXHO NMPOMYCTHTS.

Ha camoM aene cywecTByeT HECKOJIbKO XHTPOYMHBbII Crioco6 BbIYHCIHTB CHIILHO CBSI3-
Hble KOMMOHEHTbl OPHEHTHPOBAHHOIO rpada TOJIBKO C OHHM NPOXOJOM MOMCKA B [Ty-
6uHy; cM. ctarbto «Depth-First Search and Linear Graph Algorithmsy («AnropuT™bl
noMcKa B myOuHY U JIMHeliHble rpadoBbie anroput™el») Pobepma J. Tapeana (SIAM
Journal on Computing, 1973).
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Kak ofiHO uesoe. Ho BCoMHKTE, UTO Mbl ONPEENNIIN CBA3HbIE KOMIIOHEHTHI B He-
OpHMEHTHUPOBAHHOM ciyuae (pa3zen 8.3) kak MakcUManbHble 001acTH, B npeenax
KOTODBIX Bbl MOXeTe A00paThcs U3 Kakoro-n1u6o Mecrta B ito6oe apyroe. B rpage
Ha puc. 8.15 HeT HUKaKoii BO3MOXXHOCTH JIBUTaThCsl BJIEBO, MO3TOMY 3TO HE TOT
cayuaii, koraa MOXHO 100paTbcs U3 1000# TOUKH B N1100YIO ApYrYIO.

CunvHo ceasnan komnonenma (strongly connected component, SCC) OpUeHTH-
pOBaHHOrO rpaga sBISeTCs MaKCUManbHbIM NOAMHOXECTBOM S C V BepLUMH,
TaK YTO CYLIECTBYET OPMEHTUPOBAHHBIH NyTh U3 M06O# BepLLUHbI B S B J1100YIO
Apyryto BeplidHy B S'. HanpuMep, CUIbLHO CBA3HBIMM KOMIOHEHTaMU rpada
Ha puc. 8.16 ssnstores {1, 3, 5}, {11}, {2,4,7,9} u {6, 8, 10}. BHyTpH kaxaoii

SCC#1 SCC#2 SCC#4

Puc. 8.16. N'pad c MHOXecTBOM BepluunH {1, 2, 3, ..., 11} n YeTbipe CUNLHO
' CBA3HbIE KOMMNOHEHTHI

! Kak # co CBA3HBIMH KOMITOHEHTAMH B HEOPHEHTHPOBaHHbIX rpadax (cHocka Ha c. 61),
CHJILHO CBSA3HbIE KOMITIOHEHTbI OPHEHTHPOBAHHOTO rpada G ABAAIOTCA Kak pa3 KJjac-
CaMH 3KBHBAJIEHTHOCTH OTHOLUIEHHA 3KBHBAJIEHTHOCTH ~G, TI€ V ~; W TOr1a H TOJIbKO
TOrAa, Korja CyecTBYIOT yTH U3 v B W, a U3 w B v B G. J10Ka3aTeIbCTBO TOrO, YTO ~¢
ABNAETCA OTHOLUEHHEM IKBHBAIEHTHOCTH, BOCIPOHU3BOAUT 3TO B HEOPUEHTHPOBAHHOM
ciyyvae.
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KOMMOHEHTBbI MOXHO 100paThbcs U3 Moboro Mecra B toboe Apyroe (kak Bbl CaMu
MoxkeTe yOenuTbes). Kaxcaas KOMoHeHTa ABISETCS MAKCUMabHO B OTHOLLEHUH
3TOrO CBOWCTBA, TaK KaK HET BO3MOXXHOCTH JBUraThCs BIE€BO M3 OJHOMN CHJILHO
CBSA3HOI KOMMNOHEHTHI B APYTYIO.

OTHOLUEHHUS MEXAY UYeTbipbMS CHILHO CBA3HbIMH KOMNOHEHTamu rpada
Ha puc. 8.16 BOCIpoM3BOASAT T€, KOTOPbIE HAXOAATCA MEXY YEThIPbMS BEPLUMHAM H
B rpage Hapuc. 8.15. B uenom, eciim npucMoTpeThes, Kaxcoblil OpUEHTUPOBAHHBIH
rpa MO>xHO paccMaTpHUBaTh Kak OPHEHTHPOBAHHbIH aLIMKITHYECKHUI, TOCTPOEHHBIH
M3 €ro CHJbHO CBA3HBIX KOMMOHEHT.

Yr1Bepxkaenue 8.9. (MeTtarpag cHILHO CBA3HbIX KOMIIOHEHT SIBJISAETCS OPHEH-
THPOBaHHBbIM ALHUKJIHYecKHM rpadom.) IIycme G = (V, E) pasHo opuenmupo-
sannomy epagy. Onpedenum coomgemcmeytowui memazpag H = (X, F) ¢ oonou
Memage puiunou x € X Ha CwibHO C8A3HYI0 KoMnoHenmy epaga G u memapebpom
(%, ) 8 F scaxuii pas, koecoa cywecmgyem pebpo 6 G u3 8epuiutbl 8 CUWIbHO CEA3HOU
KOMNOHeHme, cOomeemcmsylouell X, 8 8¢ pUUHY 8 CUTbHO C8SA3HOU KOMNOHeHMe,
coomeemcmsyrowen y. Tocoa H sgasemcsa opueHmuposanHblM ayukiuieckum
epagom.

Tak, opueHTUpOBaHHbIH aLUKINYeCKHii rpad Ha puc. 8.15 aBnsetcs Merarpadom,
COOTBETCTBYIOLIUM OPUEHTHPOBaHHOMY rpady Ha puc. 8.16.

Hoxazamenvcmeo ymsepxcoenusn 8.9: ecnu 661 Merarpad H uMen opueHTHpOBaH-
HbI LMK C k > 2 BepIUMHAMH, TO COOTBETCTBYIOLLMI LIMK/ NPEANO0XKHTENLHO
HECOBMAZAOLIUX CHIBHO CBA3HBIX KOMMOHEHT S, S,, ..., S, B G cnoxuncs Obl
B OJIHY CHJIbHO CBSI3HYIO KOMITOHEHTY: Bbl ke MOXETe CBOOOJHO nepeMeLarbes
B MpeJenax Kaxaoro u3 S, ¥ LMK TOra MO3BOJIMT NEPEMELLATLC MEX Y OO0
napoii S, 4. m. o.

M3 yTBepxaeHus 8.9 BbITEKAET, YTO Ha KaXKAblii OpHEHTHPOBAHHbIH rpad MOXHO
CMOTpeTb C ABYX YpOBHei Aetanu3auuu. [1py yMeHblueHHH MacluTaba Bbl ¢o-
KYCHpYEeTeCh TOJIbKO Ha (aLMKIMYECKHX) CBA3SX MEXAY €ro CUNbHO CBA3HBIMHU
KOMMOHEHTaMH; yBeNnnueHne Maclitaba 10 onpeaeneHHoi CHILHO CBA3HOM KOM-
MOHEHTBI MOKAa3bIBAET €r0 MENKO3EPHUCTYIO CTPYKTYPY.
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TECTOBOE 3AJAHME 8.5
PaccMoTpuM opueHTHpOBaHHbIN aUMKIWYeckuii rpad ¢ n BepLiu-
Hamu U m pebpamu. KakoBo cOOTBETCTBEHHO MHHHUMAIIbHOE M MakK-

CHMaJIbHO€ YMCJIO CHJIBHO CBA3HBIX KOMIIOHEHT, KOTOpble Mor Obl
uMeTb rpag?

a) lul
6) lun
B) lum
r) nv;n

(PelueHue 1 nosicHeHUe cM. B paszaene 8.6.7.)

8.6.2. Mouyemy nonck B rnyouHy?

J1ns Toro 4yToObl NOHATH, NOYeMY rpadoBblii MOUCK cnOcoOeH NOMOYb B BbIYKCIIE-
HUM CHIIbHO CBSI3HBIX KOMIOHEHT, BepHeMcs K rpady Ha puc. 8.16. [Tpeanonoxum,
YTO MbI BbI3bIBa€M MOUCK B [NyOUHY (MO0 NOUCK B LUIMPHHY) U3 BEPLUUHBI 6. AJl-
rOpUTM HaiJeT Bce JOCTHXKMUMOE M3 6 U HUuero 6onblue, o6Hapyxus {6, 8, 10},
TO €CTb HUMEHHO OJIHY M3 CHJIbHO CBA3HbIX KOMIOHEHT. [1n10XUM pelueHuem Oyner,
€CJIM Mbl BMECTO 3TOr0 HHULMUPYEM rpadoBblii MOMCK U3 BEPLUKHBI |, B KAKOBOM
cyyae o6Hapy>KUBalOTCS BCE BEPLUKHBI (@ He ToNbKO {1, 3, 5}), U Mbl He nonyyaeM
HUKaKUX CBEEHHI O KOMIIOHEHTHON CTPYKTYype.

OCHOBHO# BbIBOJI 3aKJIIOYAETCS B TOM, YTO rpadoBblii MOMCK MOKET BbISIBIATh CUJIb-
HO CBSI3Hbl€ KOMIIOHEHTbI, TPH YCJIOBUU UYTO Bbl HAYUHHAETE C MPABUJILHOTO MECTA.
MHTYWTHBHO Mbl XOTUM CHa4ana oOHapy>XMTb CTOKOBYIO CHJIbHO CBA3HYIO KOMIIO-
HEHTY, TO €CTb CHUJIbHO CBA3HYIO KOMMOHEHTY 6e3 ucxoasawmx pedep (noaqobHyo
SCC#4 na puc. 8.16), a 3aTem aABUraThcsi B 00paTHOM HanpasieHHU. B TepmMuHax
Mmerarpada B yTBepxaeHuHU 8.9, no Bcel BUAMMOCTH, Mbl XOTMM OGHapY>X1BaThb
CHJIbHO CBSI3HbIE KOMIIOHEHThI B 0OPaTHOM TOMOJIOrHYECKOM NOPSAKE, BbIXBAThIBas
CTOKOBbIE CHJIbHO CBA3HbIE KOMITOHEHTbI OJIHY 3a Apyroii. B paznene 8.5 Mbl yxe
BMJIEJIH, YTO TOMOJIOrHYECKHE YNOPSAA0YMBAHUS HAXOAATCS B MPSMOM BEAEHHH MO-
MCKa B INyOHHY, H MIMEHHO MO 3TOi NPUYMHE HAall anropuT™ OyAeT UCcnonb30BaTh



*8.6. BbluncneHne CMNbHO CBA3HbIX KOMMNOHEHT 89

J1Ba npoxoja noucka B ry6uHy. [lepBblii npoxoa BelYKcaseT BoebHOe ynops-
JIOYEeHHUe, B KOTOPOM BepLUMHbI OyAyT 00pabaTbiBarbcs, U BTOPO#H NOAYMHSAETCS
3TOMY YNOPSA0YEHHUIO C LIENbI0 OOHAPY>XUTb CUIbHO CBA3HbIE KOMIOHEHTbI OJIHY
3a Apyroii. ITa ABYXNpOXOAHas CTpaTerus Ha3blBaeTcs areopummom Kocapaiio'.

Dddekra pagu: BoT 3abnaroBpeMeHHOe NpeaynpexiaeHHe 0 TOM, KaK BbIIIAAUT
anroput™ Kocapaiito ¢ BbICOTbI 9 KHJIOMETPOB:

KOCAPAMWIO (BbICOKOYPOBHEBbIN)

1. NycTtb G* 0603HayvaeT BxoaHOM rpad G, B KOTOPOM HanpasneHue Kaxaoro
pebpa noBepHyTO B 0OpaTHYIO CTOPOHY.

2. BbizBaTb anroput™ DFS 13 kaxaon BepwmHbl rpada G™, o6paboTaHHON
B NPOU3BONLHOM NOPSAAKE, ANS TOro YTOObLI BBIYMCAUTL NO3MUMIO f(v) Ans
KaXa0n BEPLUMHBI V.

3. Bui3BaTb anroputm DFS n3 kaxaoi BepwuHbl rpada G, o6paboraHHom ot
CaMOWn BbICOKOW A0 CAMOW HU3KOM NO3UUMK, ANA TOro YTOOLI BLIYUCIUTL
WAEHTUYHOCTbL CUNLHO CBA3HOIO KOMMOHEHTA KaX a0 BepLUUHbI.

Y Bac MOXeT ObITb XOTb Kakas-TO MHTYMLHUsS B OTHOLIEHHH BTOPOIO U TPETbEro
waroB anroput™a Kocapaiito. BTopoii Liar, no-BMAMMOMy, eJIa€T YTO-TO NOA00-
HOoe anroputMy TopoSort U3 pa3zena 8.5 ¢ uenbto 06paboTku CHIILHO CBS3HbIX
KOMMOHEHT BXOAHOro rpada Ha TpeTheM Luare B 06paTHOM TOMOIOTHYECKOM
nopsake. (ITpenoctepexeHue: Mbl fymanu 06 anroputme TopoSort TOJIbKO B rpa-
¢ax DAG, a 31ecb y Hac oOwuii opueHTHpoBaHHbIH rpad.) Tperuii war, kak Mbl
HaJileeMcsl, aHaJlorM4eH anropuTMy UCC U3 pasaena 8.3 s HEOPUEHTHPOBAHHbIX
rpadoB. (ITpeaocrepexxeHHe: B HEOPUEHTUPOBaHHbIX rpad)ax Nopsa0K, B KOTOPOM
Bbl 0OpabaTbiBaeTe BEPLUIHHbI, HE UMEET 3HAYEHHS; B OPUEHTUPOBAHHBIX rpadax,

! J1aHHbI aNnropuT™ BrepBbie NMOABWICA B HeonyOnukoBanHoii ctatbe C. Pao Koca-

paiito (S. Rao Kosaraju) B 1978 rony. 10T anropuT™ Takxke Obul 0OHapyxkeH Muvei
Lllapupom (Micha Sharir), kotopblii ony6n1kosan ero B crarse «A Strong-Connectivity
Algorithm and Its Applications in Data Flow Analysis» («ANTOPUTM CWILHOI CBA3-
HOCTH U €ro MpUMEHEHHs B aHaIU3€ NMOTOKOB JaHHLIX») (Computers & Mathematics
with Applications, 1981). [JaHHbIii aNrOPUTM TaKxke HHOIAA HA3LIBAKOT AI2OpUMMOM
Kocapaio—LLlapupa.
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KaK Mbl BUZIENIH, 3TO Tak. Ho kak 6bITh ¢ nepBbIM Larom? [oueMy nepBblii npoxoa
paboraer ¢ rpaom, pa3BepHyThIM B 00paTHYIO CTOPOHY?)

8.6.3. Nouemy oOpaTHbIN rpad?

JaBaiite cHauana paccMoTpUM 6ojiee eCTECTBEHHYIO HIEH0 BbI30Ba alropuTMa
TopoSort u3 pa3zaena 8.5 Ha ucxoaHoM BxoaHoM rpade G = (V, E). HanomMHuM,
YTO 3TOT AIFOPUTM UMEET BHELUHHUH LMK for, KOTOPbIH AeNaeT NpoXoA Haa Bep-
wiMHaMyd G B NpOU3BOJILHOM MOpsJIKe; HHULIMMPYET MOUCK B IyOMHY npu 0OHa-
pPY>X€HHH eLle He pa3BelaHHOH BepLUMHbI U Ha3HAYaeT NO3ULUIO f (V) BEpLUMHE V,
KOrZia NOUCK B MyOKHY, MHULIMMPOBaHHbI B BepLUUHE v, 3aBepluaercs. [lo3uuuu
Ha3HayalTcs B YObIBalOLLEM Nopsjke, HauuHas ¢ | V| Buu3 1o 1.

Anroput™ TopoSort nepBoHauanbHO Obls1 00YCIOBNEH Clly4aeM C OpUEHTHPOBAH-
HbIM aUMKJIMUECKUM BXOAHBIM rpadoM, HO €ro MOXKHO HCMOJIL30BATh /151 BbIYUC-
NIeHUs NO3ULIMH BEPLUMH A5 NPOM3BOJILHONO OPUEHTHPOBaHHOrO rpada (TecToBoe
3ananue 8.4). Mbl HazieeMcsl, YTO 3TH MO3ULIMKM BEPLUIMH KaKUM-To obpa3om OyayT
nonesHsl A1 ObICTPOro onpeaeaeHus Xopolueil cTapToBoii BEpLUMHbI AN Halle-
ro BTOpOro npoxoja noucka B riy6uHy, B uaeane BepLIHHbI B CTOKOBOH CHUJIbHO
CBSA3HOI koMNOHeHTe rpada G, 6e3 ucxonaiux pebep. OCHOBaHHUS A1 ONTUMHU3MA
€CTb: B CJlyyae ¢ OPUEHTUPOBAHHBIM aLMKIHYECKUM rpadoM G NO3ULHH BEPLIMH
00pa3yloT TOMoJOrHYecKyro ynopsaoueHHoCTh (Teopema 8.8), U BeplurMHa B MO-
cnenHed MO3MLMK 1OMKHA ObITh CTOKOBOH BepLIHHOI rpaga G 6e3 ucxoasLux
pebep. (Jlrobbie Takue pebpa OyayT HanpasiaeHbl Hazad B ynopsaoyeHuu.) Bos-
MOXHO JIH, 4TO B Clly4ae ¢ 0OLMM OpPUEHTHPOBaHHbIM rpadoM G BepLUKHA B M0-
cneHel No3uLMK BCeraa NpHHAaANEKUT CTOKOBOH CHIIHO CBSI3HON KOMMOHEHTE?

Npumep

K coxanenuto, Het. Hanpumep, npeanonoxuM, yto Mbl BbINONTHAEM aIrOPUTM
TopoSort Ha rpage puc. 8.16. [1peanonoxum, uTo Mbl 06pabarbiBaeM BepLUIHHbI
B BO3pacTaloLLEeM NopsiJike, puyeM BeplurHa 1 paccmaTpuBaeTcs nepBoid. (B atom
clyyae BCe BEpLUMHbI OOHApYKUBAIOTCS Ha NEpBO HTEpaLMM BHELLHEro LMKA.)

[1peanonoxum aanee, 4To NOMCK B ryOUHY npoxoauT uepe3 pebpo (3, S) no pe-
6ep (3, 11), (5, 7) no pebep (5, 9), (9, 4) o pedpa (9, 2) u (9, 2) no pedpa (9, 8).
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B atom Cj1yya€ BaM CJIEAYET NPOBEPHUTb, YTO NOJYHAKOTCS CACAYIOLHUE HUXKE M0~
3HMLUA BEPLUUH!: '

f(1)=1

Bonpeku HalieMy xeslaHuio, BepLIKMHA B ociieHel no3uuuy (BepluMHa4 ) He npu-
HANIeXUT CTOKOBOW CUJIbHO CBA3HOM KOMMOHEHTE. XOpoLleil HOBOCTBIO SBNSETCS
TOT ¢aKT, YTO BepLUKMHA B NepBoii NO3ULMHM (BepLUKMHA |) NpUHALNENKUT UCTOKOBOM
CUJIHO CBAI3HOI KOMIMOHEHTE (MMes B BUAY CHJIbHO CBA3HYIO KOMIOHEHTY 6e3
BXOIALLUMX pebep).

A 4t0, ecnii BMecTo 3T0oro o6paborath BepLIKHbI B yObiBatoLeM nopsaake? Eciau
nouck B ry6uHy npoxoaut yepe3 pebpo (11, 6) no pedpa (11, 8) u pebpo (9, 2)
2o pebpa (9, 4), To (kak Bbl caMi MOXeTe YOeaUTbCs) MO3MLMY BEPLUNH COCTaBAT:

fi6)=9
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Ha 31oT pa3 BepliMHa B MOCieAHEH MO3ULUN HAXOAUTCS B CTOKOBOI CHUIIBHO
CBSA3HOI KOMIOHEHTE, HO Mbl 3HAEM, YTO 3TOr0 HE MPOUCXOAUT B 00OLIEM Clyyae.
bBonee HHTpHUryeT TO, YTO BEpLUMHA B MEPBO NO3ULIMK NPUHAANEKUT HCTOKOBOMH
CHUJIbHO CBS3HOM KOMITOHEHTE, XOTS U ApYroi BEpLIMHE U3 3TON CUIIbHO CBA3HOM
KOMIOHEHTbI, HEXEW B NMPOLWIbIA pa3. MoxeT 1 3T0 ObITh BEpPHbIM B 00L1EM
cnyyae?

MNepBan BepwIMHA HAXOQAUTCA B UCTOKOBOW CHJIbHO
CBA3HOM KOMNOHEHTEe

Ha camoM zene ecTb koe-4To nocepbe3Hei: eCd Mbl MOMETHM KaXXAyK CHUJIBHO
CBA3HYIO KOMNOHEHTY rpada G HauMeHbLLeH no3uuKeil OAHON U3 ee BEPLUHH, TO
3TH METKH 06pa3yloT TONONOrH4YecKoe ynopsaoueHne Merarpada cuiabHO CBA3HbIX
KOMIOHEHT, ONpeAe/IEHHOro B yTBepXAeHHUH 8.9.

Teopema 8.10. (Tonosoruyeckoe ynopsiio4UMBaHHe CHJIbHO CBSI3BHBIX KOMIIO-
HeHT.) [Iycmbv G paeHo opueHmupo8anHomy cpagy, 8 KOMopom 8epuLuHbl yno-
PAOOYEHbI NPOU3BONLHO, U Ol KAXCOOU 8epuiutbl v € V nycme f(v) obo3navaem
nosuyuio v, sviyucasemyio areopummom TopoSort. Ilycme S, S, obo3nauarom
08€e CUNbHO C8A3HbIX KOMNOHeHmbl cpagha G, u nycme G umeem pebpo (v, w), 20e
ve S,uwe S, Tozoa

min f(x) <min £ ().

Hoxazamenbcmso: A0Ka3aTeNbCTBO OyJET CXOXKHM C A0KA3aTeNbCTBOM MPaBHIIb-
HOCTH anroputma TopoSort (Teopema 8.8, KOTOpyrO ceifiyac CTOMT nepeunuTaTh
3aHoBO). [lycTb S|, S, 0603Ha4alOT ABE CHJILHO CBA3HBIX KOMMOHEHTHI rpada G,
NpH 3TOM PacCMOTPHM JBa ciiyyas'. B nepBoM cityuae npeanonoxuM, 4To amro-
pPUTM TopoSort 06Hapy>XHBaeT U MHHLIMUPYET MOUCK B MyOHHY M3 BEpLUHHBI §
KOMIMOHEHTbI S| nepeA iio60ii BepLIMHO KOMIOHEHTbI S,. [TockobKy cylecTByeT
pebpo U3 BeplUKHbI V B S| B BEPLUMHY W B S,, U S| U S, ABNAIOTCSA CUIILHO CBA3HbI-
MH KOMIOHEHTaMH, Ka)XKJas BEpPLUMHA KOMIIOHEHTbI S, ABNAETCS AOCTHHKHUMOIA U3
§ — AJS TOro YTOOBI JOCTHYL BEPLUHHY Y € S,, HAZIO CKJIEUTb MYThb § ~* V BHYTPH
KOMIOHEHTBI S|, pebpo (v, W) U Yy Tb W ~» y BHYTPH KOMIOHEHTBI S,. [1o xapakTepy

' Kak Mbl BUaeM B NpeablaylueM npumepe, 06a caydas BO3MOXKHBI.
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PEKYPCHBHBIX BbI30BOB C AMUCLMIIMHON «MOCJNEAHUM BoOLLEN / TIEPBbIM BbILLEN»
NOUCK B ry6HHY, HHULIMUPOBAHHO B s, He OyZeT 3aBepLieH 10 TeX Nop, Moka Bce
BEpLUHHbI KOMIIOHEHTbI S, He OyAyT NONHOCTBIO pa3BeaaHsl. [Tockonbky No3uLKK
BEpIUMH Ha3HAYalOTCS B YObIBaOLIeM Mopsiake, NO3ULUUA v OyneT MeHblue, 4eM
y KaXk[0ii BepLUHHbI KOMIOHEHTBI S,.

Bo BTOpOM Ciyuae npeanosiokum, YTo aroput™ TopoSort 0OHapyXHBaeT Bep-
WHHY s € S, 10 moboii BepuinHbl S,. [Tockonbky Metarpad G saBnseTcs OpHeH-
THPOBaHHbIM aUMKIHUYECKUM (yTBepXKaeHHE 8.9), OPUEHTHPOBAHHBII NYTb U3 §
B JOOYI0 BEpLUMHY KOMMOHEHTbI S, oTcyTcTBYeT. (Takoit nyTh cnoxun 6bl S, U S,
B OZIHY CHJIbHO CBSI3HYIO KOMMOHEHTY.) TakuM 06pa3oM, nouck B riy6uHy, MHHU-
LIMMPOBAHHBIH B s, 3aBepLUAETCA Nocyie 0OHapY>XeHHs BCEX BEPLUNH KOMIOHEHTbI
S, (4, BO3MOXXHO, APYTHX BelleH) U HY OAHO#H U3 BEPLUMH KOMNOHEHTHI S,. B 3TOM
Cllyyae Ka)kA0H BEpLINHE KOMIOHEHTBI S| NPUCBAWBAETCA MO3HLHS MEHbLLAS, YEM
y KaxcOou BEPLINHbI KOMIIOHEHTBI S,. Y. m. 0.

U3 teopemsl 8.10 BbITEKAET, 4TO BEpLUMHA B NEPBO# MO3MLIMH BCEraa pacnonaraeTcs
B MCTOKOBOW CHJIbHO CBAI3HOW KOMIOHEHTE, Kak Mbl U Halesiucb. PaccMoTpuM
BepLUHHY v C f(v) = |, oOuTaIoLLYI0 B CUJILHO CBA3HOM KoMMOHeHTe S. Ecnu Obl S
He Obl1a Obl MCTOKOBOH CUJILHO CBA3HOW KOMIOHEHTOMH ¢ peOpoM, BXOASALLMM U3
Zpyroii CUJIbHO CBA3HOI KOMIIOHEHTHI S, TO o Teopeme 8.10 HauMeHbLIas No3uL s
BepLUMHbI B S’ Obln1a Obl MeHbLIE |, YTO HEBO3MOXHO.

[NoaBeaem uTOr: mocie OJHOro Npoxoja noucka B NyOUHY Mbl MOXEM cpa3zy
OnpeaenuTh BEPLUMHY B HCTOKOBOH CUIIbHO CBA3HOW KOMMOHEHTe. EqMHCTBEHHAs
npo6ieMa — Mbl XOTUM OMNpPEeAEIUTb BEPLUMHY B CTOKOBOH CHJIbHO CBA3ZHON KOM-
NOHeHTe. Pewenue — cHavana pazeepnyme 2pag 8 06pammylo cmopomy.

Pa3sopoT rpacga B 06paTHYIO CTOPOHY

TECTOBOE 3AJAHME 8.6

IMycTb G paBHO OpHEHTHPOBaHHOMY rpagdy, a G*' paBHO KOMHH rpa-
¢a G, B KOTOpPOM Kaxx0e pedpo pa3BepHYTO B 0OpaTHYIO CTOPOHY.
Hackonbko cuiibHO cBA3HbIe KOMMOHEHTBI rpadoB G U G cBsA3aHbI
Mexay coboii? (BbibepuTe Bce noaxoasle BApUaHThI.)
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a) B uenoM oHM He cBs3aHbl MeXAY COOOH.

6) Kaxnas cunbHO cBsi3Hast koMnoHeHTa rpada G Takke ABIAETCS
CHJIbHO CBA3HOMN KOMMOHEHTO#t rpadpa G, U Ha0OOpOT.

B) Kaxcaas MCTOKOBas CHJIbHO CBAi3HAs KOMNOHEHTa rpaga G Tak-
ke ABNAETCS UCTOKOBOW CHUIIBHO CBSI3HOW KOMIOHEHTOH rpa-
¢)a Grev.

r) Kaxpas cTokoBas CHJIbHO CBsi3Has KOMIOHeHTa rpada G cTaHo-
BUTCS MCTOKOBOH CHJILHO CBA3HO! KOMIOHEHTOI rpada G™".

(Pewenue u noscHeHue cM. B paszaene 8.6.7.)

PO B S L e g

Cnenyrouiee nanee cieactsie nepenucbiBaet teopemy 8.10 ans obpaTtHoro rpaga,
MCNONb3ys pelleHHe TECTOBOro 3aaaHus 8.6.

Caeacrsue 8.11. IIlycmo G pagro opuenmuposanHomy pagy, 8eputunbl KOmMo pozo
VRO PAOOYEHbI NPOU3BONbHO, A OA KAXCOOU 8e puiunbl v € V nycme f(v) obosnavaem
nosuyuio v, gbiyucasiemyio aneo pummom TopoSort na obpamnom epaghe G'™. ITycmo
S,, S, obo3nauaiom 0ge cunbHo cea3Hbx Komnonenmel cpaga G, u nycmv G umeem
pebpo (v, w), 20eve S,uwe S, Toeoa

min f(x) > min f(y), (8.1)

B yacTtHocTH, BepluMHa B NEPBOii MO3MLMK Pacnonaraercs B CTOKOBOH CHJIBbHO
CBA3HOI koMnoHeHTe rpada G U sBaseTCs MaealbHOW CTapTOBOW TOYKOM Ans
BTOPOIO MpOX0Ja NOUCKa B IyOUHY.

8.6.4. Ncespokon Ana anroputma Kocapawio

JaBaiiTe cHauana npuBeeM BCe B MOPAAOK: Mbl BbIMOIHAEM OJMH NPOXO/ MOUCKA
B MyOHHY (MOCpeACTBOM ajiropuTMa TopoSort) Ha 06paTHOM rpade, BEIYHCSAIO-
Wit BonwebHOe ynopsaouMBaHUe, B KOTOPOM TpeOyeTcsi MOCETUTb BEPLUUHDI,
1 BTOpOii NpoxoA (MocpeaCTBOM MOANporpaMmbl DFS-Topo), 11 TOro 4Todbl 06-
Hapy>XHTb CHJIbHO CBSI3Hbl€ KOMIIOHEHTbI B 0OpPAaTHOM TOMOJIOTHYECKOM MOPAAKE,
BbIHUMas UX OJHY 3a APYroii, KaK CJIOU C IYKOBHLbI.
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KOSARAJU
Bxoa; opuenTpoBaHHblii rpag G = (V, E), npeacTaBieHHbli B BUe

CMUCKOB cMexHocTH, ¢ V= {1, 2, 3, ..., n}.

IMocTycnoBue: ans kaxaou v, w € V, scc (v) =scc(w) Toraa u ToJIbko
TOrJa, Koraa v, w HaxoasaTcs B OAHOH M TOii e CHIbHOW CBA3HOI
KoMMoHeHTe rpada G.

G™ := G, B KOTOpOM Bce peOpa pa3BepHYTbl B 0OpaTHYIO CTOPOHY
NOMETUTH BCce BepLUMHbI G™ KaK Hepa3BeJaHHble
// nepsbii Npoxoa NOUCKa B rny6unHy
// (BbiuuCnAeT no3uuun f(v), BONwebGHYKH YNOPAAOYEHHOCTb)
TopoSort (G™)
// BTOpOW Npoxoa NOUCKa B rny6uHy
// (HaxoAWT CUNbHO CBA3HbIE KOMMNOHEHTb
// B 06paTHOM TONONOru4yeckoMm nopaake)
NOMETHUTH BCE BepLUMHbl G KaK Hepa3BeJaHHble
numSCC :=0 // rnobanbHas nepeMeHHan
for kaxcnas v € V, B nopsake Bo3pactanus f(v) do
if v He pa3Benana then
numSCC := numSCC + 1
// Ha3HauMTb ScC-3HayYeHnn (NoapobHOCTHU HUxe)

DFS-SCC (G, v)

Tpu neranu peanuzauuu':

1. Haubonee oueBMaHbIi cnoco6 peanusaluu anroputMa — caenatb Oyk-
Ba/IbHYIO BTOPYIO KOMUIO BXOJHOrO rpada, B KOTOpoM Bce pebpa pa3BepHy-

! s TOoro 4yroObl OLUEHUTb UX MO-HACTOALLEMY, JIYHLI€ BCEro pe€ajin3oBarb aJIrOPUTM

CaMOCTOATENBHO (CM. 3a1ady no nporpaMMmHpoBaHHio 8.10).
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Tbl B 00paTHYIO CTOPOHY, M NnepeaaTh ee B noAnporpaMmy TopoSort. bonee
yMHasi peaiu3auus BbIMOIHSET aropuTM TopoSort B 00paTHYIO CTOPOHY Ha
UCXOAHOM rpade nyTeM 3aMeHbl NMPEeAIOKEHUS «Kaxaoe pebpo (s, v) B Hc-
XOJALLEM CNHCKE CMEXHOCTH» B Moanporpamme DFS-Topo pasaena 8.5 Ha
«xaxaoe pedpo (v, s) B UCXOALLEM CITUCKE CMEXKHOCTHY.

2. Jins nonyveHWs HauNyulUUX pe3y/bTaTOB NepBbIii NPOXoa Moucka B ry6u-
Hy JIOJDKEH 3KCMOPTHPOBaTh MacCHB, colepXalluii BepluHbl (TM60 yka-
3areNd Ha HUX) B MOPAAKE MX MO3MLMIA C LENbio, YTOObl BTOPOi MPOXOa
mor o6pabarbiBaTh MX C MOMOLUBIO MPOCTONO CKAHUPOBAaHUS MacCHBa. JTa
pa6ota nobaBnser B GyHKUHIO TopoSort TOJbKO MOCTOSAHHbIE HakNaaHble
pacxofbl (kak Bbl CaMH MOXeTe yOenuThes).

3. MNMoanporpamMma DFS-SCC Takas e, kak U DFS, ¢ OQHOH OOMONHUTENLHOM
cnyxxeGHo# cTpokoii koza:

DFS-SCC

Bxoa: opueHTHpoBaHHblii rpad G = (V, E), npeacTaBieHHbl# B BUae
CNUCKOB CMEXXHOCTH, U BepllMHa s € V.

I]oc1chlonne: Kaxaas BEpLUIHHA, JOCTHUXHUMAS U3 5, TOMEYAECTCA KakK
«pa3Be€aaHHas» U HMEET MNPHCBOCHHOE eil 3Ha4YeHue scc.

NOMETHUTH § KaK pa3BeaHHYIO
sce(s) :=numSCC // npuBeaeHHan Bblwe rnobanbHan nepemeHHan
for xaxaoe pedpo (s, V) B UCXOAALLEM CIIHUCKE CMEXHOCTH s do

if v He pa3BenaHa then

DFS-

A 5 &

scc (G, v)

SR G

R A L W I R S g SN e

8.6.5. Npumep

JlaBaiiTe npoBepUM Ha HallieM paboueM MpUMeEpE, YTO MbI M0JYYaEM TO, YTO Mbl
XOTHM, — YTO BTOpPO# MPOXOJ MOUCKa B IMYyOHHY 00HAPYKHBAET CUIILHO CBA3HbIE
KOMIMOHEHTbI B 00paTHOM TononoruyeckoM nopsake. [peanonoxum, 4to rpad
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Ha puc. 8.16 sBnsercs pa3BepHYTbIM B 00paTHYIO CTOpOHY rpadom G’ BXOJHO-
ro rpaga. B pa3aene 8.6.3 Mbl BbIUMCIIMIIM [Ba COCOOa, KOTOPBIMH AITOPUTM
TopoSort Mor 6bl Ha3HaYaTh BepLUMHAM 3Toro rpada 3HaueHus f, naBaiite npu-
MeHuM nepBbiii. BoT BxoaHoii (He o6parHblii) rpad), B KOTOPOM BepLUMHbI aHHO-
THPOBAHbI 3TUHMH BEPLUHMHHBIMH MO3HLHAMH:

BTopoii npoxon nepebupaeT BepLIMHbI B MOpAAKE BO3pacTaHUA HX No3HLUH. Tem
CaMbIM NepBbIii BbI30OB NOANPOrpaMMbl DFS-SCC HHULIMMPYETCS B BEPLUKUHE B NEp-
BOH NMO3MLIMM (KOTOpasi OKa3biBaeTCs BEPLUKHHO# 1); OH 0OHapy k1BaeT BepLuMHbI 1, 3
M 5 ¥ OTMEYaeT MX KaK BEPLUMHbI NEPBOH CHJIbLHO CBA3HOH KOMIOHEHTbI. AINTOPHTM
NepexoauT K pacCMOTPEHUIO BEPLUMHbI BO BTOPO# No3ULMH (BepluvHa 3); oHa
yxe 6b1n1a pa3BeaHa nepBbIM BbI30BOM MOANPOrpamMMbl DFS-SCC M MponycKaeT-
cq. Bepiuuna B Tpetbeii nosuuuu (BepiurHa 11) ewe He o6HapyxeHa U aBaseTcs
cieayollei CTapToBOH TOUKOM A1 noAnporpammsl DFS-SCC. EAMHCTBEHHOE HC-
xozsLuee pebpo 3Toil BepLUMHbI HaNpaBNsAeTCs B y)ke pa3BelaHHYO BepLUMHY (Bep-
WwKHY 3), no3ToMy 11 sBNseTCs €AMHCTBEHHBIM UJIEHOM BTOPO CUJIbHO CBA3HOM
KOMIMOHEHTBI. ANFTOPUTM MPOIMYCKAET BEPLUMHY B YETBEPTOM MO3ULIUM (BEPLUMHA 5
y>Ke pa3Be/iaHa) U 3aTeM HHULIMMPYET MOANporpaMmy DFS-SCC U3 BEPLUMHBI 7, TO
€CTb BEpLUXHbI B NATOH NO3ULUHUU. DTOT NOMCK OOHApYKUBAET BEPLUHHBI 2, 4, 7
1 9 (ocTanbHble UcxoasLe peGpa HanpaBieHbl B )K€ pa3BeJaHHYI0 BEPLUUHY 5)
1 KJaccuHUMpYET UX Kak TPETbIO CHIIbHO CBA3HYHO KOMITOHEHTY. AINOPUTM Npo-
NycKaeT BEpLUMHY 9, a 3aTeM BEPLUMHY 2 W, HAKOHEL,, BbI3bIBAET MOANPOrpamMMy
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DFS-SCC 13 BepiurHbl 10, 00Hapy»HBas GpHHAILHYIO CHIIBHO CBS3HYIO KOMMOHEH-
Ty (cofiep>kallyto BeplUHHbI 6, 8 1 10).

8.6.6. NMpaBMnNbHOCTb U BPEMS BbINOJSIHEHUSA

Anroputm Kocapaiito sBnsieTcst npaBUIbHBIM M HEBEPOATHO OBICTPBIM 151 KAXKA0M0
OpPHEHTHUPOBAHHOIO rpaga, a He TOMbKO B HALLEM NpUMepe.

Teopema 8.12. (CsoiicTBa aaroputma Kocapaiiw.) Jns xasxcoozo opuenmu-
poeannozo zpagpa, G = (V, E), npedcmagnennozo 6 8ude CRUCKO8 CMeXCHOCMU!

a) no 3agepweruu arzopumma Kocapaiilo ons kaxcoou napel v, w 8epuiuH
scc(v) = scc(w) mozoa u mobko moz20a, Ko20a v u W npuHaoiexcam oo-
HOU U MO Jce CUNLHO CBA3HOU Komnonenme cpagha G;

6) epemsa pabomwvr ancopumma Kocapailo pasvo O(m + n), 20e m = |E|
un=|V|.

MBI yxe pacCMOTpesd Bce MHIPEAMEHTbl, HEOOXO4HMble ANA JOKa3aTe/bCTBa.
JaHHbI{ anropuT™ MoxeT ObITh peain3oBaH ¢ BpeMeHeM O (m + n), ¢ HeOOJbLIUM
CKPbITbIM MMOCTOSHHBIM MHOXHTENEM, N0 0ObIYHBIM NpHuUHaM. Kaxablii U3 aByx
3TanoB MOKCKa B [NyOHHY BbINOIHAET NOCTOSHHOE YHCJIO Onepauuii B pacueTe Ha
BEPLUMHY UM peGpo, ¥ A0NOIHUTENbHAs ciyxebHas paboTa yBelnunBaeT BpeMs
BBIMOJTHEHHUS TOJBKO HA MOCTOSAHHBIA MHOXHTENb.

JlaHHbIi aNrOpUTM TakKe NPaBUIbHO BBIYMCIAET BCE CUIILHO CBSI3HbIE KOMIOHEH-
Thbl: BCAKHH pa3, Koraa OH MHULMHPYET HOBbIii BbI3OB MOANPOrpaMMbl DFS-SCC, 1aH-
HbIH aNropuT™ 0OHAPYKHMBAET POBHO OIHY HOBYIO CHJILHO CBA3HYIO KOMIOHEHTY,
KOTOpast ABJSAETCA CTOKOBOIA CUJIbHO CBA3HO KOMIOHEHTOH OTHOCHTENbHO rpada
elle He pa3BeJaHHbIX BEPLUHH (TO €CTb CUJIBHO CBA3HO KOMIIOHEHTOIA, B KOTOPOIA
BCE HCXOAALLUME pebpa BeoyT K yrke pa3BeJaHHbIM BepLUMHAM)'.

' B uenax 6onee popManbHOIO 10Ka3aTeIbCTBa pACCMOTPHM BbI30B NOANPOrpamMMBbl DFS-

SCC cO CTapTOBOi BEPLUHUHOI v, KOTOpas MPHHALNEKHT CHIIbHO CBA3HOH KOMIOHEHTE S.
U3 cnencteus 8.11 BBITEKAET, 4TO OPHEHTHPOBAHHBIE MYTH H3 V MOy T AOCTHYb TOJILKO
TaKHX CHJIbHO CBA3HbIX KOMIOHEHT, KOTOPbIE COAEPXAT N0 KpaiHEH Mepe OAHY BEPLUHHY
C NPHCBOEHHOIi € No3uLIMEH, 6osiee paHHeid, yem y v. [Tockonbky anroput™ Kocapaiito
06pabatbIBaeT BEPLUHHDI B MOPAAKE HX MO3HLHHA, BCE BEPLUMHDI B CHJIBHO CBA3HBIX KOM-



*8.6. BbluncneHne CUNbHO CBA3HBIX KOMNOHEHT 99

8.6.7. PewweHnsa TecToBbiX 3anaHun 8.5-8.6

PeweHne TecroBoro 3aaaxHus 8.5

IIpaBuiabLHLII oTBeT: (r). B opreHTHpOBaHHOM auuiuiueckoM rpade G = (V, E)
KaXJ1as BEpPLUMHA HAXOJMTCS B CBOEH COOCTBEHHOH CHILHO CBA3HON KOMIMOHEH-
Te (B obLueli # = |V| CUIbHO CBA3HBIX KOMMOHEHT). UTOObI yBHIETD 3TO, 33JaAUM
TomoJiornueckoe ynopsaoueHue rpada G (paszgen 8.5.1), npuueM kaxnoi Bep-
LWIKMHe v € V Ha3HavaeTcs HecoBnajatowas Metka f{v). (Takas cyuiecTByeT no
TeopeMe 8.6.) PeOpa rpada G HanpaBieHbl TOJIbKO OT MEHbLUEro k 6onblieMy
3HAYEHHIO f, MO3TOMY I Kaxcaoi napel v, w € V BepluMH B G MO0 HET NyTH
v ~w (ecnu f(v) > f(w)), 1ub0 HeT nyTH w ~ v (ecau f(w) > f(v)). ITo He aaer
JIBYM BepLUHHAM OOHUTATh B OAHOM U TOi )€ CHJIbHO CBA3HOW KOMIIOHEHTE.

PeweHne Tecrosoro 3afaHma 8.6

IIpaBuJabHbIe OTBETHI: (6), (). [[Be BEpLUUHbBI v, w OPUEHTHPOBAHHOIO rpada Ha-
XOJATCS B TOM )K€ CaMOW CHJIbHO CBA3HOW KOMIIOHEHTE TOr 1a M TOJIbKO TOr1a, Koraa
CYLUECTBYET OPUEHTUPOBAHHDIN MyTb P, U3 V B W U OPUEHTHPOBAHHBIN NyTb P, U3
w B v. JTO CBOWCTBO cobmoaaercs A1 v i w B G Toraa ¥ ToJIbKO TOrAa, KOraa OHO
cobmonaercs B Y — B MOC/EHEM, C HCMO/b30BaHUEM pa3BepPHYTOH B 00paTHYIO
CTOpPOHY BepCHH P, 1151 TOro 4To0bl 100paThCs U3 W B v, U pa3BEPHYTO#H B 0OpaTHYIO
CTOpOHY BEPCHH P, [U1st TOro 4ToObI A06pATHCS M3 v B W. Mbl MOX(EM 3aK/IHOUYHTD, YTO
CHJIbHO CBA3HbIE KOMMOHEHTbI rpadoB G ¥ G ABNAIOTCA COBEPLUEHHO OJUHAKOBbI-
MuU. McToKoBbIE CHITBHO CBA3HbIE KOMMOHEHTHI rpada G (6e3 Bxoaswux pebep) cra-
HOBSTCSl CTOKOBbIMH CHJIbHO CBA3HBIMH KOMMOHEHTaMH rpaga G™ (6e3 ucxoasimx
pebep), ¥ CTOKOBbIE CHJILHO CBA3HbIE KOMIIOHEHTbI CTAHOBATCS MCTOKOBBIMH CHJILHO

NOHEHTaX, JOCTHKHUMBIX M3 v, yXe ObUTH pa3BeaHbl aNrOPHTMOM. (BCoOMHHTE, YTO Kak
TOJILKO aJIFOPHTM HAXOMT OIHY BEPLUHHY W3 CHIIbHO CBA3HOH KOMMOHEHTbI, OH HAXOANT
ux Bce.) Takum 06pazom, pe6pa, BoIXOAALIKE U3 S, JOCTHTAIOT TOJILKO YK€ pa3BedaHHbIX
BEPLUXH. DTOT BbI30B MOANPOrpaMMbl DFS-SCC OGHAPYKHUBAET BEPLUINHHBI KOMIOHEHTHI S
M HHYero 6oJbLue, TaK KaK [Uid HEro HeT JOCTYMHBIX MyTel W11 IPOHUKHOBEHHUA B IpY-
THe CHJILHO CBA3HbIE KOMIMOHEHTbI. [T0CKOJIBKY KaXAblii BLI3OB MOANPOrpaMMbl DFS-SCC
06HapyXHBaeT OHY CWIbHO CBA3HYIO KOMIOHEHTY M KaXK1as BEpPLIHHA B KOHEYHOM
cueTe paccMarpHBaeTcs, anroput™ Kocapaiito npaBuibHO MACHTHOHUMPYET BCe CHIBHO
CBSA3HbIE KOMITOHEHTBI.
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CBSI3HbIMHK KOMNOHeHTaMH. B 6oniee 06L1eM niaHe cyuiectByeT pebpo U3 BepLUIHHbI
B CHJILHO CBSI3HOM KOMMOHEHTE S, B BEPLUMHY CHJILHO CBA3HOW KOMIOHEHTHI S, B G
TOrZIA M TOJIbKO TOTJa, KOTJa CYLIECTBYET COOTBETCTBYIOLLEE PeOpPO M3 BEpLUM HbI
KOMMOHEHTHI S, B BEPILMHY KOMNOHEHTHI S, B G (puc. 8.17)".

ScC ScC SCC

a) UcxoaHoivi rpac 6) ObpatHbii rpad

Puc. 8.17. 'pad 1 ero pa3sopoT B 06paTHyI0 CTOPOHY UMEIOT OAUHAKOBbIE
CUNbHO CBA3HbIE KOMMOHEHTbI

8.7. Ctpyktypa BceMUpPHOW nayTuHbI

Tenepsb Bbl 3HaeTe konJiekLHIO OecniaTHbIX rpadoBbIX MPUMUTUBOB. Eciiu y Bac
ecTb rpad)oBbie AaHHbIE, TO Bbl MOXETE PUMEHHTb 3TH ObICTpPble aAITOPUTMBI, JaXe
eclld He yBepeHbl, kak OyaeTe Ucnosb30BaTh pe3ynbrarsl. Hanpumep, B ciyuae
C OPHEHTHPOBaHHbIM rpagoM, noyemy Obl He BLIYMCIIMThL €0 CHJBLHO CBA3HbBIE
KOMIOHEHTBI, 4TOObI OJy4YHTDb NpeACTARIEHHE O TOM, Kak OH BbIrsauT? [lanee Mbl
pasBeJiaeM 3Ty HI€EI0 B OFPOMHOM H Ype3BbIYaifHO HHTEPECHOM OPUEHTHPOBAHHOM
rpade — rpade BcemupHoii nayTHHbl, Uu geb-2page.

8.7.1. Be6-rpad

B BeG-rpade BepLUHHBI COOTBETCTBYIOT BeO-CcTpaHHLaM, a pebpa — runepccbi-
KaM. DTOT rpad ABnseTCs OPUEHTHPOBAHHBIM, €ro pebpo YKa3bIBaeT CO CTpPaHULIbI,

' lpyrumu cnosamu, Metarpad G** (yTBepxkaeHHe 8.9) MpoCTO-HaMpOCTO ABIAETCA

metarpagom G, B KOTOpOM BCe peGpa pa3BepHYThl B 0OPaTHYIO CTOPOHY.
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coziepxallieii CCbUIKY, Ha CTpaHuLly, Kyaa OyaeT nepeHanpasJieH noJib3oBaTesb Mo-
cne kika. HanpuMep, Most 1oMalliHSS CTpaHMLIa COOTBETCTBYET BEPLUMHE B 3TOM
rpage, a ucxoasie pebpa COOTBETCTBYIOT CChbIIKAM Ha CTPaHHULIbI CO CMTMCKOM
MOMX KHHI, MOMX KYPCOB U Tak aanee. EcTb Takxke BxoasLuue pedbpa, COOTBETCTBY-
IOLLKE CCbUTKAM Ha MOKO JIOMALLHIOK CTPaHHULly, BO3MOXHO, OT MOUX COaBTOPOB
MM CMIUCKOB NpenojasareJieii oHnaiHoBbIX KypcoB (puc. 8.18).

Cnucok
OHNaWH-
KypPCOB

Puc. 8.18. MuaepHas 4acTb Be6-rpada

HcToku BceMupHoii nayTHHbI JaTUpyoTCs npuMepHo 90-MH ronaMH, HO B3pbIBHOM
POCT OHa ucnbITana okoJio natH jet cnycta. K 2000 roay (Bce elue «kaMeHHbIH
BEK» B UHTEPHETOBCKOM JIETOMCUYHCIIEHUH ) BeO-rpad Obln yxe HACTONIbKO BEJHUK,
4TO He MOAJABAJICA NPEACTARNIEHHIO, U UCCIE0BATENM OblIM OUEHb 3aHHTEPECO-
BaHbl B MTOHUMAHHU €ro CTPYKTYpbl'. B 3TOM pa3aene onucbiBaeTcsi H3BECTHOE
McclieJoBaHKe TOro BpeMEHHU, B KOTOPOM M3yyanach CTpYKTypa BeO-rpada nyrem
BbIUMC/IEHHS €ro CUJILHO CBA3HbIX KOMNOHeHT? 'pad umen 6onee 200 MUNIHOHOB

! J1ns TOro 4Tobbl NOCTPOHTH 3TOT rpad, TpeOGyeTCs BbINOIHHTL 06X0A (6O0MBLLIOrO Kycka)

[MayTHHbI, MHOrOKpaTHO Clieays MO rMNepcchiikaM, U 3Ta 3aJaya cama no cebe npen-
CTaB/IA€T 3HAYUTE/NbHbII HHKEHEPHbIIi MOABHT.

3TO MCcCclieIoBaHHE OMUCAHO B O4YeHb yaobouuTaemoit crarbe « Graph Structure in the
Web» («Ctpyktypa rpada B Cetn») Anopes bpooepa, Pasu Kymapa, Papsuna Mazyas,
[Ipabxaxapa Pazxaeana, LL puoxapa Paoscazonanana, Paivmu Cmama, Snopro Tomkunca
u [owcanem Burnep (Computer Networks, 2000). B o BpeMms komnanus Google Tonbko-
TONbLKO MOSBMJIACh, U B JAHHOM HCCJIEOBaHHH HCIOJIb30BANHCH NaHHble Be6-06X010B
NOMCKOBO# CHCTEMO# Alta Vista (KoTOpOii yxe AaBHO HE CYLIECTBYET).
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BepLUMH U 1,5 Munnuapaa pedep, no3ToMy JIMHEHHO-BpEMEHHbIE aJINOPUTMbI ObLIH
a6CcoI0THO HeoOXoaUMBI!'

8.7.2. «fancTyk-6ab6ouka»

B uccnenoBaHun Bponepa u coaBTOpoB ObLTH BBIYHCIIEHbI CUIILHO CBSA3HbIE KOM-
NoHeHTbl Be6-rpada 1 npuBeieHbl OObIACHEHHS MOJYYEHHBIX PE3Y/LTaToB C UC-
Nno/ib30BaHUEM «rayicTyka-6a6ouku», uzobpaxeHHoro Ha puc. 8.19. Y3en «ran-
CTyka-6a004KH» SBNAETCS KPYMHEHLINM CUJIbHO CBA3HBIM KOMMOHEHTOM rpada,
cozepxallyM npumepHo 28 % ero BepLUMH. DTa CUJILHO CBA3Has KOMIOHEHTA Ha-
3bIBAETCSl PTUTAHTCKOM BIOJIHE 3aCIy>€HHO, TaK KaK CeRYyIOLIast Mo BeIM4HHE CUIIbHO
CBfI3HAs KOMITOHEHTa Oblla Ha 1Ba NOpsAKa MeHblue?, [TMraHTckas CHJIbHO CBSI3Has
KOMIOHEHTa MOXET ObITh HCTOJIKOBAHA KaK SJpO CETH, KKAAs CTPaHHLLA KOTOPOro
JIOCTYMNHa ¢ J11000ii Apyroil cTpaHHLbl N0 NOCIEA0BATENbHOCTH MTMNEPCCHUIOK.

TYHHENb

BbIXOA,

rUraHTCKan
CUNbHO
CBA3HAA

Puc. 8.19. Busyanusauus se6-rpada B suae «rancryka-6abouku». MpumepHo
OAVHAKOBOE YMCNO Be6-CTpaHUL, NPUHAANEXWUT MMraHTCKON CUNbHO CBA3HON
KOMMOHEHTe, BXOAY, BbIXOAY U OCTanbHOM YacTu rpada

! JlaHHOe€ HcCie10BaHHE MPEeBOCXHLIAET COBPEMEHHbIE NIAaTGHOPMbl 06PabOTKH MaCCHB-

HbIX NaHHbIX, TakHe kak MapReduce 1 Hadoop, 1 B To BpeMs 310 6bln OTMyrHUBatoLIMit
pa3Mep BBOAHbBIX JaHHbIX.

[ToMHHTE: YTOOBI CIOKHTD ABE CHJIBHO CBA3HBIX KOMIOHEHTHI B OIHY TpeOyeTCs NUILb
OZIHO peOpo B KakAOM HanpasieHHH. HHTyMTHBHO GbUIO Obl JOBONILHO CTPAaHHO, €CIIH
6b1 6110 1BE MACCHBHBIX CHJIBHO CBA3HBIX KOMMOHEHTBI 6€3 MPOXOAALIHX MEXITY HHMH,
Mo KpaiHelH Mepe B OTHOM HanpasieHUH, pebep.
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Bonee Menkue CUIbLHO CBSAI3HbIE KOMIIOHEHTHI MOXXHO OTHECTH K HECKOJIbKHUM
KaTeropusM. M3 HeKoTOpbIX MOXKHO 10OpaTbCA A0 FMFAHTCKOM CHIIbHO CBA3HOM
KOMMNOHEHTHI (HO HE Ha000pOT); 3TO NieBast (BXOAHAA) YACTb «rajcTyka-0aboukuy.
Hanpumep, B 3T0i1 4acTi NOSIBUTCS BHOBb CO3/1aHHAs BeO-CTpaHHULIA CO CChLIKOH Ha
KaKyt0-1M00 CTpaHHLy B THFAHTCKON CUJIbHO CBA3HOI KOMIOHEHTE. AHAJIOTHYHbIM
006pa3oM BbIXOJJHas 4acTb NpeaCTaBNsET cO00ii BCe CUIbHO CBSA3HbIE KOMIOHEH-
Thl, JOCTHXKHUMbIE U3 FTMIAHTCKON CHJIbHO CBA3HON KOMMOHEHTBI, HO HE HA00OpOT.
OHUM U3 MPUMEPOB CUJILHO CBA3HOH KOMIIOHEHTHI B 3TOH YacTH ABNAETCS KOp-
NopaTHBHBII BeO-CaiiT, 1/ KOTOPOro MOJUTHKA KOMMNaHHH NpeanUChIBaET, YTOOLI
BCE TMNEPCCHLUIKK C ero CTpaHUL, OCTaBATUCh B npejenax caiita. Ectb u apyrue
CTpaHHbIE BELUHU: KTYHHENIH), MPOXOAALLHME OT BXOJA K BbIXOZlY, MHHYS THI'aHTCKYIO
CHJIbHO CBSI3HYIO KOMIIOHEHTY; «yChl», KOTOpbI€ AOCTYNHbI U3 BXO/a HJIX KOTOpbIe
MOTYT JOCTHraTh BbIXOAa (HO He NpHHALIexKallie FMraHTCKON CHJIbHO CBA3HOM
KOMIIOHEHTE), U «OCTPOBa» BeO-CTPaHHLL, KOTOPbIE HE MOTYT AOCTHUIaTh UJU ObITh
JOCTHrHYTbI NOYTH U3 Moboit apyroii yactu CeTtu.

8.7.3. OcHOBHbI€e BbIBOAbI

Bo3M0xHO, caMbIM YIMBUTENbHBIM OTKPITHEM JAHHOTO HCCJIE10BaHUS ABIISETCS
TO, YTO BCE OCHOBHbIE YacTH BeO-rpada: ruraHTckas CHbHO CBA3HA KOMIIOHEHTA,
BXO/IHasl YaCTb, BbIXOJHAS YACTb U CTPaHHbIE BELLM MMEIOT NPUMEPHO OJIUHAKOBbIH
pa3mep (= 24-28 % BeplunH kaxaas). J1o 3Toro uccie10BaHUS MHOTHE OXKHIANH,
YTO FMraHTCckas CHJIbHO CBSi3Hast KOMIOHEHTa OyIeT HaMHOrO Gosbllie, YeM NPOCTO
28 % [MayTuHbl. BrOpoii MHTepeCHBIii BbIBO 3aK/HOYAETCSA B TOM, UTO 'MIaHTCKas
CHJIbHO CBfi3Hast KOMMOHEHTA BHYTPEHHE OOHMIIBHO CBs3aHa: OHa MMeEET MpUMep-
HO 56 MUJUTMOHOB BEO-CTPaHML, HO A1 NepeXoAa OT OAHOI CTpPaHHULIbI K APYroi
HY>XHO, KaK MpaBuJIo, nepeidTy He MeHee YeM no 20 runepccbiikam'. OcTanbHas
yacTb BeO-rpada cBs3aHa cnabee, rae A1 nepexona OT OAHOH BEPLUIMHbI K Apyroi
4acTo HEOOXOAMMbI JUIMHHBIE MYTH.

Bbl 661111 6bl MpaBbl, €cu Obl 334aNKUCh BONPOCOM, SABASIOTCA JIM Kakue-1ubo U3
3THUX HAXOA0K NEePEKUTKOM HbIHE JOMCTOPHYECKOrO CHUMKa Be6-rpada, KoTopbli

! Hanuuue KOpOTKHX Be3feCyLUHX MyTell Takke M3BECTHO MO Ha3BaHHUEM «CBOWCTBa

MaJIoro MHpa», KOTOpPOe TECHO CBA3aHO C NOMyNApHON (pa3oil «wecTh cTeneHei pa3-
neneHus» (cM. Teopus wecmu pykonoxcamui).
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Obln 3aaeiicTBOBAaH B 3KCnepUMeHTe. XOTA C TeYeHHEM BpPEMEHH TOUHbIE LHUQPbI
MEHSIUCh, MO Mepe TOro kak Be6-rpag poc U 3BOJIOLMOHHPOBaJ, 6osiee no3aHue
JIONONHHTENbHBIE UCCIE0BaHHUS C NEPEOLIEHKOI €ro CTPYKTYpbl CBUAETENLCTBYIOT
0 TOM, UYTO KaueCTBEHHbIE BbIBOIbl Bpoaepa 1 ero coaBTOpoB OCTAKOTCS TOUHBIMHU'.

BbIBO /bl
[Nouck B wnpuHy (BFS) pa3seapbiBaer rpad oCTOpoXHO, MOCIOMHHO.

[ToKck B LIMPHHY MOXET ObITh peann3oBaH B JMHEHHOM BpeMeHH
C UCMOJb30BaHUEM CTPYKTYPbl 1aHHbIX, MMEHYEMOIi ouepeablo.

% [louck B LUMPUHY MOXET MCMOJIb30BaTbCs AJs BbIYMCIEHUS IJIMH
KpaTyailuuX nyTeil Mex Ay CTapTOBOI BEPLUMHOW U BCEMU APYTHMH
BEPLUMHAMHU 3a JIMHEHOE BpeEMs.

% CBsi3Has KOMMOHEHTa HEOPUEHTUPOBAHHOTO rpada sBISeTCS MaKCH-
MaJlbHbIM NOZAMHOXXECTBOM BEPLUIMH, TAK YTO MEXY KaX A0 napoi
€ro BEPLUMH CyLIECTBYET NYTb.

X DddexTrBHbIi anropuT™M rpad)oBONO NOUCKA, TAKOH Kak MOUCK B LIK-
PHHY, MOXXET UCMOJIb30BATLCS /151 BBIYUCIEHUS CBI3HBIX KOMITOHEHT
HEOpPHUEHTHPOBaHHOTO rpada 3a TuHelHOe BpeMs.

% [louck B rnyouny (DFS) passeapiBaet rpa¢) arpeccMBHO, OTCTynas
Ha3aj TOJIbKO MPU HEOOXOAUMOCTH.

* [louck B riyGuHy MOXeT ObITb peasin30BaH B JMHEHHOM BpeMeHH
C MCMONb30BaHUEM CTPYKTYpbl AaHHbIX, MMEHYEMOIi cTekoM (1160
C MCMOJIb30BAaHUEM PEKYPCHH).

! OtHocuTebHO BeO-rpada M ApYrux HHPOPMALIMOHHBIX CEeTEl NPOAOHKAETCA MHOMO HH-
TePECHBIX HCCIIEA0BaHHIA; HalPUMEP, B OTHOLLIEHHH TOTO, Kak BeG-rpad 3BOMIOLHOHUPYET
C TeYeHHeM BPEMEHH, MO THHAMHKE PacnpocTpaHeHHs HHOpMaLMK Yepe3 Takoii rpad
M B OTHOLIEHHH TOrO, Kak HAEHTHOHUUHPOBATh «COOGILECTBA) HAH APYryl0 3HaYUMYIO
MEJIKO3EPHHCTYIO CTPYKTYPY. B GONBIIMHCTBE 3THX HCC/IE10BaHUI HEBEPOATHO OBbICTPbIE
rpa)oBbie MPUMHTHBBI HIPAKOT PELLIAOLLYIO POJib. B kauecTBe BBEIEHUS B TH TEMbI peKO-
MeHIyeM 03HaKOMHTbCA C YueOHHKoM « Networks, Crowds, and Markets: Reasoning About
a Highly Connected Worldy («CeTH, TOAMbI U PBIHKH: PacCyIEHHA O CHJILHO CBA3HOM
mupe») [seuda Heau v [Ixcona Kneiinbepea (Cambridge University Press, 2010).
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Tononoruyeckoe ynopsA04MBaHHe OPUEHTUPOBAHHONO rpacta Ha3Ha-
yaeT BeplUMHAM pa3Hble YMcia, MpUUYeM Kaxaoe pedpo HanpasieHo
OT MEHbLLEro Yucna k 6oJbLiemy.

OpHeHTHpOBaHHbI# rpad MMeeT TOMoJOrMyeckoe ynopsaoueHue
TOr/Ia U TOJILKO TOr/a, KOr/a OH SIBJISETCS OPUEHTUPOBAHHBIM allu-
KJIM4eCKUM rpadom.

[Tounck B y6uHy MOXeT ObITb UCNONb30BaH AJIS BbIYUCIIEHHUS TOMO-
JIOTHYECKOro YNOpsA04MBAHUS OPUEHTUPOBAHHOINO ALMKIUYECKOro
rpada 3a n1uHeiiHoe Bpemsl.

CunbHO CBsI3HAas KOMMOHEHTa OPUEHTHPOBAHHOIO rpada sBaseTcs
MaKCHMaJlbHbIM MOAMHOXXECTBOM BEpLUHH, TaK YTO CYLIECTBYET
OPHEHTHPOBAHHBIN My Tb U3 11000# BEpLUMHbBI B MHOXECTBE B JTH00YIO
ApYryio BepLUHHY B MHOXECTBE.

[Touck B riyOHMHY MOXET UCMOAb30BATHCS AJIS BBIYUCIEHUS CUIIBHO
CBSI3HbIX KOMIIOHEHT OPUEHTHPOBAHHOIO rpada 3a MuHelHHOe Bpems.

B BeG-rpade ruraHTckas CMJIbHO CBsSi3HAss KOMIOHEHTA COAEPXKHUT
npumepHo 28 % BepLUMH U BHYTpeHHE 00MJIbHO CBsI3aHa.

3apaua 8.1. Kakoe u3 cneayrowux yreepxaeHuii codnmonaercsa? Kak o6bluHo,
n U m 0603HaYalOT YUCI0 BepLMH U pebep rpada coorBeTcTBeHHO. (BBIOEpHTE
BCE MOAXOASALLNE BAPUAHTHI.)

a) [Touck B LUUPHHY MOXET UCNOJIb30BAaTbCA AJ1s1 BBIYUCIIEHUSA CBA3HbIX KOM-

0)

MOHEHT HEOPUEHTUPOBAHHOIO rpaga 3a Bpems O (m + n).

[Touck B LLIMPHHY MOXET HCMOJIL30BATHCS U1 BLIMMCIEHUS UTHH KpaTyaii-
LIKX NyTeil U3 CTapTOBOM BepLUMHbI A0 JIKOOOH Apyroii BepLUMHbI 3a BpeMs

O(m + n), rae «kpar4ailuuii» 03HayaeT HauMeHbLIee YUuciio pebdep.

[Touck B FﬂyGHHy MOXXET HUCMNOJIb30BATbCA AJiA BbIYHCIICHHA CHUJIBHO CBA3-

HbIX KOMIIOHEHT OpUEHTHPOBaHHOrO rpada 3a Bpems O(m + n).

[Mouck B rnyGUHY MOXET MCMONb30BAaThCA U1 BLIYUCIEHHS TONONOrHYe-
CKOTO YNOpSAA04MBaHUA OPHEHTHPOBAHHONO aLMKIIMYeCKOro rpada 3a Bpe-

M O(m + n).
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3anaua 8.2. KakoBo Bpems BbIMOJIHEHUS MOUCKa B IyOUHY kak QYHKLUHMH
n 1 m (Yucna BepLUMH U pedep), ecnn BXxoaHOH rpad npeacraBneH MaTpuuen
CMEXHOCTH (a He CIUCKaMU CMEXHOCTH)? Bbl MOXXeTe HCXOAMTB U3 TOrO, 4TO rpad
He UMeeT napajesibHbix pebep.

a) O@(m+n)

6) ©(m +nlogn)

B) O()

r) ®(mxn)
3apauya 8.3. B naHHo#i 3anaye ucciieyercs cBA3b MeXAY ABYMS Ornpeae/eHUsAMH
paccTosHHii Mexxay rpadamu. B aToii 3anaue paccMaTpUBalOTCS TOJLKO HEOPUEH-
THUPOBaHHbIE U CBA3HbIE rpadbl. Juamemp rpada — 310 MakCMMallbHOE KpaTyaii-
Lllee pacCTOAHME MeX]Y vV U w HaJl BCEMU BapUaHTaMH BepLUMH v u w'. Jlanee, ans
BEPLUHHbI v, 0003Ha4UM yepe3 /(v) MakCUMalIbHOE KpaTuaiilliee pacCTOSHUE MeX Y

V U W HaJl BCEMH BeplUMHaMU w. Paoduyc rpaja — 3T0 MUHUMAIbHOE 3Ha4YeHHe
/(v) Haa BceMH BapHaHTaMH BEPLLUUHBI V.

Kakoe 13 cnenytolinx HepaBeHCTB, CBA3bIBAIOLUMX PaAUYC ¥ C AMAMETPOM d, CO-
JepXXUTCS B KaXK10OM HEOPHUEHTHPOBAHHOM CBs3HOM rpade? (Boibepute Bce noa-
XOJs1LHE BAPHAHTDI.)

a) r<di2

6) r<d

B) r>df2

rn r>d
3anauya 8.4. Korna opueHTHpOBaHHbIi rpad MMeeT yHHKaNbHOE TONOJIOrHyeckoe
ynopsaoyeHue?

a) Korpna oH sABNSeTCs OPUEHTUPOBAHHBIM aLMKIIMYECKHM.

6) Koraa oH HMeeT yHUKaNbHbIH LUK

B) Bcskwmii pa3, koraa oH coaep>XUT OPUEHTHPOBAHHbIA MyTb, KOTOPbI MO-
CellaeT KXY BEPLIMHY POBHO OAMH pas.

l‘) Hu oauH u3 NnpeACTaBJICHHbIX BAPDHAHTOB HE ABJIA€TCS NPaBHJIbHbIM.

' HanoMHHM, 4YTO Kpar4aiiluee pacCTOAHHE MEXY v H W — 3TO HaUMEHbLLEe YKCII0 pebep

B MYTH v-w.
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3anaua 8.5. PaccMoTpuTe BbinosiHeHHe anroputma TopoSort (pa3aen 8.5) Ha opu-
€HTHPOBaHHOM rpade G, KOTOpbIii HE ABNSETCSA OPHEHTUPOBAHHBIM ALUIKIIHYECKHUM.
JaHHblii anroput™ He OyAeT BBIYUCIIATH TOMOJIOrHYECKOE YNopsAAoUMBaHUe (No-
CKOJIbKY OHO OTCYTCTBYeT). BbIYHCHISIET 11 OH YNOpsAA04YMBaHHE, MUHUMHU3HUPY-
toulee yucio pebep, kotopbie HanpasneHbl Hazan (puc. 8.20)? (Bbibepute Bce
noaxoAsiiue BapuaHThl.)

a) Anroput™m TopoSort Bceraa BbIYMC/ISET YNOPSAJOYUBAHHE BEPLUMH, KOTO-
poe MUHUMM3UPYET YHcIIo oOpaTHbIX pedep.

6) Anroput™m TopoSort HMKOrJa He BbIYMCISET YNOpAAOYMBAaHME BEPLUMH,
KOTOpO€ MUHUMH3HPYET YUCIIO 00paTHbIX pebep.

B) CyluecTBYIOT MpUMepbl, B KOTOPbIX IrOPUTM TopoSort BbIYUC/ISET yMNo-
pALOYMBaHHE BEPLUMH, KOTOPOE MUHUMH3UPYET YMCIIO 0OpaTHLIX pebep,
a Tak)e NpuMepsl, B KOTOPBIX OH 3TOrO He Jenaer.

r) Anroput™ TopoSort BbIYMCISET YNOpAAOYMBaHHE BEPLIUH, KOTOPOE MH-
HUMH3UpPYET YUCI0 0OpaTHbIX pebep Toraa U TOJbKO TOrAa, KOria BXOAHOH
rpa¢ npeacrasseT co00i OpUEHTUPOBaHHbIH LIUKI.

Puc. 8.20. Npa¢d 6e3 Tononornyeckoro ynopsaaoymMeanus. B ynopaaoymsanum s, v,
w, t epMHCTBEHHBIM 06paTHBEIM pebpom siBnseTcs (t, S)

3apaua 8.6. Ecnu 106aBuTh 04HO HOBOE pebpo B OpUeHTHpOBaHHbIH rpad G, To
YUCJIO CUJILHO CBA3HBIX KOMMOHEHT... (BbiOepuTe Bce noaxoasiiue BapuaHThl.)

a) ...MOXET MJIM He MOXET OCTaThCs TEM e caMbiM (B 3aBUCUMOCTH OT G
1 HOBOro pebpa).

0) ...He MOXET YMEHbLUUTbCS.
B) ...HE MOXET YBEJUUYUTHCH.

r) ..He MOXET yMeHbLUUThCS OoJiee ueM Ha 1.
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3agaya 8.7. BcnomHuTe anroputM Kosaraju U3 pasaena 8.6, KOTopblii HCnonb3yeT
JlBa Npoxoja noucka B riyOUHY IS BbIYUC/IEHUS CHUJIBHO CBA3HbIX KOMIOHEHT
OpHeHTHpoBaHHOro rpaga. Kakue u3 cneyowux yTBepxIeHUH ABIAIOTCS UC-
TUHHbIMU? (BbiOGepuTe Bce noaxoasilue BApUaHThI.)

a)

6)

B)

r)

Anroput™ octaBaJics 6bl MpaBUJIbHBIM, €CJIH Obl OH UCMOb30BaANl MOUCK
B LUMPUHY BMECTO MOKMCKA B IyOHUHY B 060MX CBOMX MPOXOAAX.

AJIFOPHTM ocTascs Obl npaBUJIbHbIM, €CJIH Obl Mbl MCMONB30BaJIM MOUCK
B LIMPHHY BMECTO NMOHUCKA B l‘J'Iy6HHy B [IEPBOM NpoOxXoae.

Anroput™ octaincs 6bl NpaBUIbHBIM, €CJIM Obl Mbl HCMOJIB30BAH MOUCK
B LUMPUHY BMECTO MOKMCKA B IyOHHY BO BTOPOM NMPOXOJeE.

ANropuT™ He SBIsiETCS NPaBHIbHBIM, EC/IH TOJBLKO OH HE UCNOJIb3YET Mo-
MCK B IIyOHHY B 000MX CBOMX NPOXOAAX.

3apgauya 8.8. HanoMHuM, yTo B anropuTMme Kosaraju nepBblii Npoxo] Noucka
B riiyOMHy paboTaeT Ha pa3BepHYTOH B 0OpaTHYIO CTOPOHY BEPCHHM BXOAHOIO
rpada, 1 BTOpOii NpoxoJ — Ha UCXOAHOM BXoHOM rpade. Kakue u3 cneayrommx
yTBEpXAeHU i ABNAIOTCS UCTMHHBIMU? (BbiOGepuTe Bce noaxonsiuue BapHaHTbI.)

a)

9

B)

Anroput™ octaincs 6bl NpaBUIIbHBIM, i Obl B IEPBOM NPOXOZie EMY NpH-
CBOWJIM NMO3ULMK BepIUHH B BO3pacTalolleM (a He yObiBaloLleM) nopsake,
a BO BTOPOM MPOX0/I€ paccMaTpUBali BepLUHHbI B yObIBalOLLEM (2 HE BO3-
pacTatoLeM) nopsake NO3ULHMI BEpLUKH.

Anroput™ octacs Obl paBUIIbHBIM, €M Obl OH HCMONB30Ba HCXOAHbIH
BXOZIHO# rpad B CBOEM NepBOM Mpoxoje U obpaTHblii rpad B CBOEM BTO-
pOM Npoxoze.

Anroput™ octancs 6bl NpaBUJbHBIM, €CIM Obl OH MCMOJIb30BAJT HCXOA-
Hblii BXOAHO# rpad B 060MX npoxoaax, Npy YCIOBHH UYTO B EPBOM Mpo-
X0J€ OH MPHUCBOMJ MO3ULUMH BEPLUMH B BO3pacTalolleM (a He yObiBalo-
ieM) nopsiake.

Anroputm octascs 6bl NpaBUIIbHBIM, €CH Obl OH HCMONB30BAN UCXOAHbIH
BXOAHOIi rpad B 060MX mMpoxoaax, NpH YCJIOBHUH 4YTO BO BTOPOM MpPOXOAE
OH paccMaTpuBall BepLUMHbI B NOpsKe YObIBaHHS (a HE yBENHYEHHUs) NO-
NOXKEHHs BEPLUUH.
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3aanaya noBbILLEHHOW CNOXHOCTU

3anaua 8.9. B 3anaue 2SAT' 3a1aHO MHOXECTBO BbIpXKEHHUH (IM3bIOHKTHBHBIX
OIHOUJIEHOB), KaXX10€ U3 KOTOPbIX ABASAETCH AU3BIOHKLUHNEH (JIOTMUECKUM KUITNY)
ABYyX nutepanos. (JIutepan — 310 OyneBa nepeMeHHas UM OTpuLaHue OyneBoit
nepeMeHHOM.) Bbl XOTUTE NPUCBOMTHL KaXXA0H NEpeMEHHOMN 3HAYEHUE «UCTHUHA»
Aub0 «JI0XKbY, A7 TOro YToObl Bce BbIpaXKeHHs OblaM y10BIETBOPEHBI MO Kpai-
Heit Mepe OIHUM UCTHHHBIM JIMTEPATIOM B Kax<10M BblpaxkeHUH. HanpuMep, eciu
BXOZHbIE JaHHbIE COJEPXKAT TPH BBIPDKEHHUS X, V X,, ~X, V X3 H 7X, V 7X;, TO OJUH
13 cnoco6oB y0BIETBOPUTB BCE M3 HUX — YCTAHOBHTb X, H X; PABHBIMU «UCTHHA»
M X, PaBHBIM «JIOXKbY»>. 13 ceMH apyrux BO3MOXHBIX IPUCBAUBAHHH HCTHHHOCTHBIX
3HAY€HHUH TOJILKO OHO YOBJIETBOPAET BCEM TPEM BbIPAXKEHUSM.

PaspabotaiiTe anropuTm, KOTOpbiii onpeaesser, MMEeT M JaHHbIH 3K3EMIUIp
3agaun 2SAT xots 6bl OHO YAOBNETBOpSIOLLEE NpUCBanBaHUe. (Baw anroput™
OTBEYAET TOJIbKO 3a NPUHATHE PELUEHUS O TOM, CYLUECTBYET WJIM HET yAOBJET-
BOpSIOLIEE €ro0 MPUCBaUBaHUE; CaMO Takoe NPUCBaMBaHWE JEMOHCTPUPOBATL He
o6s3aTenbHo.) Baw anroput™ ao/keH BbINOMHATLCA 3a BpeMs O (m + n), rae m
M n — 3TO YUCJIO BbIPAKEHUH U MEPEMEHHBIX COOTBETCTBEHHO.

[[Moackaska: nokaxkuTe, Kak PELIMTh 3a/1a4y, BLIYUCIIAS CHIILHO CBSA3HbIE KOMIIO-
HEHTbI HaJJlexaluM o6pa3om onpeaesieHHOro OpHeHTHPOBaHHOTO rpada.]

3aaava no NnporpaMMmupoOBaHuUIO

3anaua 8.10. Peanusyiite Ha cBoeM JIIOOUMOM si3blke NPOrpaMMHUpPOBaHHS aro-
pUTM Kosaraju u3 pazaena 8.6 U ucnonb3yiTe ero 11 BHIYUCIIEHUS pa3MEPOB NATH
cambiX 60NIbLUNX CUBHO CBA3HBIX KOMMOHEHT pa3HblX OPUEHTUPOBAHHbIX rpadoB.
Bb1 MO>eTe peann3oBaTh HTEPaTUBHYIO BEPCHIO NOUCKa B M1yOHHY, pEKypPCUBHYIO
BEPCHUIO (CM. CHOCKY Ha c. 43) nubo u To u apyroe. (OOpaTuTech Kk caliTy www.
algorithmsilluminated.org a1 noay4yeHUs TECTOBLIX Cly4aeB U COBOKYMHOCTEH
JIaHHbIX 1 33/]a4.)

' OrHocutenbHo 3agau 2SAT cM. http://neerc.ifmo.ru/wiki/index.php?title=2SAT. — [Ipu-
Mey. nep.

2 CMMBOJ «v» 0003HaYa€eT JIOTHYECKY IO OMEPALHIO KHITHY, @ «™» — OTpHLAHHE OYJIeBOii
NepEMEHHOM.
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MbI go6panuch 10 ele 0JHOro U3 BelMUaiLMX XMTOB computer science: anro-
puTMa KpaTtyaiiwero nytH JlefikcTpbl'. 3TOT anroput™ pabotaeT B 11060M opH-
€HTUPOBAHHOM rpade ¢ HeOTpHLATENbHBIMU AJTMHAMU pebep U BbIUMCIISET AJTUHBI
KpaTyaiLuux nyTei U3 CTapTOBOH BEPLUMHBI 10 BceX OCTalbHbIX BepLuuH. [Tocne
¢opMmanbHOro onpeneneHus 3aaaud (pasgen 9.1) Mbl jaeM onmucaHHe JAHHOro
anroputMa (pasaen 9.2), n1oka3zaTelbCTBO €ro npaBHJILHOCTH (pa3aen 9.3) v npu-
BOJMM €ro NMpocTylo peanusauuto (pasaen 9.4). B cneaytouleii mase Mbl yBUAUM
HEBEPOATHO ObICTPYIO pealu3aLuio JAHHOIO aaropuT™Ma, B KOTOPOM MCMOJb3YeTCs
NpEeUMYLLECTBO CTPYKTYpbl JaHHbIX, MMEHYEMOH Kyuei.

9.1. 3apaya o KpaTyanwem nyTu
C €AUHCTBEHHbIM UCTOKOM

9.1.1. OnpeaenexHne 3apaum

Anroput™ JIeKCTpbI pellaeT 3aaauy O KparyaillueM MyTH ¢ eAWHCTBEHHBIM HC-
TOKOM?.

3AJAYA: KOPOTKHE NYTHU C EAUHCTBEHHBIM HCTOKOM
Bxoa; opueHTHpoBaHHblii rpad G = (V, E), crapToBas BepluuHas € V
¥ HeoTpuLaTeNbHas JUIMHA [, 11 kaxoro pebpae € E.

Boixoa: dist (s, v) Ans kaxaoi BepLIMHbIV € V.

' O6HapyxeH Dacrepom B. [lefikctpoii B 1956 romy («npUMEPHO 3a ABaaALATL MUHY T,

no €ro cj10BaM B HHTEPBBLIO MHOrO JIET cnycTd). HECKONbKO ApPYTHX HCCienoBaTenei
He3aBHCHMO OOHapY UM aHAJIOTHYHbIE ANropuTMBbI B KoHle 1950 ronos.

TepMHH «MCTOK» B HA3BAHWH 3a1a4M OTHOCHTCSA K 3a1aHHOM CTapTOBOH BEplIMHE. Mbl
y>€ HMCMOJIb30BAIH TEPMHUH (MCTOKOBAs BEPLIMHA» A1 0003HAYEHUA BEPIUHHBI OpH-
€HTHpOBaHHOro rpaga 6e3 Bxoaawux pedep (pasaen 8.5.2). [ns Toro utobbl ocTaThCA
nocJieA0BaTeIbHbIMH C Hallleii TepMHHOJIOrHe#H U3 rMaBbl 8, Mbl OyieM NpHAEPKNBATLCS
TEPMHHA «CTapTOBas BEPLIMHAY.
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HanoMHuM, uto ¢popma 3anucu dist(s, v) 0603Ha4aeT JJIMHY KpaTyaiiluero myTu
n3 s k v. (Ecniv nyTH U3 s B v HeT, TO dist (s, v) paBHO +c0.) [Toa AMHOMN MyTH MbI
noapasyMeBaeM CyMMy AJHH ero pebep. Tak, B rpage, B KOTOpoM kaxaoe pedpo
uMeeT UIHHY 1, A1MHa nyTH — 3TO0 KoaudecTBO pebep B HeM. KpaTyaiiuuii nyTh
M3 BEPLUMHBI V 10 BEPLUMHbI W — 3TO NYTh C MUHMMAJIbHOM 1JIMHO# (cpeau Bcex
nyrei v-w).

Hanpumep, ecnu rpad npeacrasiset A0pOXKHYIO CEThb, a JUIMHA KOKAOMo pebpa
NpecTaBISET 0XKMAAEMOE BPeMs B MYTH OT OAHOIO KOHLA 10 APYroro, To 3aja-
4a 0 KpaTyaiilieM NyTH ¢ eJUHCTBEHHbIM MCTOKOM MNpeiCTaBisieT coboil 3aaauy
BbIYMC/IEHHS BPEMEHH B MYTH U3 MCXOAHOW TOYKHM (CTapTOBOH BEPLUNHBI) BO BCE
BO3MOXHbI€ PUHANbHbIE BEPLUHHDI.

TECTOBOE 3A1AHHME 9.1

PaccmoTpuMm crneayrowuuii BXoaHo# rpag ans 3aa4u o kpaTtyailuem
NyTH C €AMHCTBEHHbIM UCTOKOM, CO CTAPTOBOI BEPLUMHOIA S U B KO-
TOPOM Kaa0e pebpo NoMeueHo ero JUTMHOM:

KakoBbl paccTosiHMs KpaTuaiillero nyTd COOTBETCTBEHHO [0 S, V,
wut?

a) 0,1,2,3
6) 0,1,3,6
B) 0,1,4,6
r) 0,1,4,7

(PeweHue 1 nosicHeHHe cM. B pasaene 9.1.4.)
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9.1.2. Heckonbko AonyuweHUun

JIns KOHKpPETHOCTH B 3TOW rnaBe Mbl MCXOAUM M3 AONYLIEHHUS, YTO BXOAHOM
rpa¢ ABAsETCS OPUEHTUPOBAHHBIM. AJITOPUTM JlefkcTpbl OAMHAKOBO XOpOLIO
NPUMEHUM K HEOPHUEHTHPOBaHHBIM rpad)am mnociie HeOONbIIMX KOCMETHYECKHX
M3MeHEeHU# (Kak Bbl CAMH MOXKETE YOeAUTHCS).

Jpyroe Halue qonylieHHe ABISETCS 3HaYMTENbHbIM M TPO3BYYaJIO OHO YXKe B M0-
CTaHOBKe 3a/1a4M: Mbl NPEANONAraeM, YTo JUTHHA KKA0ro pebpa sBIseTcs HeoTpULia-
TeNbHOW. Bo MHOrMX NpUNOXKEHUSX, TAKUX KaK BbIYMCIIEHHE MApLIPYTOB BUXKEHUS,
JUIMHBI pebep aBTOMaTHYeCKH ABIAIOTCS HEOTPHLATENbHBIMU (32 UCKIIIOUEHHEM
MallMHbl BpeMeHH), U 6ecnokonTbes He 0 4eM. Ho nmoMHuTe, 4To nyTH B rpade
MOrYT NpeACTaBATh aOCTPAKTHbIE MOCJIEA0BATEILHOCTH peLieHUi. Bo3MOXHO, Bbl
3aXOTHTE BbIYUCIIUTD MPUOLLILHYIO M0CIEA0BATENBLHOCTb (PMHAHCOBBIX TPAaH3aKLIMH,
KOTOpas BKJIIOYaeT B ce0s Kak MOKYIKY, TaK ¥ Npojaxy. OTa 3a7a4a COOTBETCTBYET
HaxO0XJEHHUIO KpaTyaiilluero nyTH B rpade ¢ aaMHamMu pebep Kak NoJIOXKUTENbHbIMH,
Tak U OTpULAaTeNIbHbIMU. BaM we cnefyeT ucnonb3oBarh anroput™ J{eikcTpbl B npu-
JIOXKEHUSAX C OTpULATeNbHOM AMuHOMN pebep; cM. Takxke pasaen 9.3.1'.

9.1.3. NMNoyeMy He NOUCK B LUNPUHY?

B pa3nene 8.2 Mbl yBuaeNH, 4TO OAHMM M3 NPEBANUPYIOLUMX NPUMEHEHHH MoKucka
B IUMPHHY SABISETCS BbIYUCIIEHUE PaCCTOAHMI KpaT4yailuero nyTH U3 CTapTOBOH
BEPLUMHbBI. 3a4eM HY)KEH elle OAUH aNrOpHTM KpaTyaiiLiero nyTu?

HanoMHuM, 4TO NOKCK B LUIKPUHY BLIYMCIISET MUHUMAJILHOE YHCIIO pebep B MYTH
OT CTapTOBOIi BEPLIMHBI 10 M000I Apyroii BeplUMHbI. DTO YaCTHBIH clyyaii 3a-
Jlauu O KpaT4yadlueM NyTH C €AUHCTBEHHBIM HCTOKOM, B KOTOPOii Kaxaoe pebpo
uMeeT 1yMHY 1. B TecToBOM 3aaaHuu 9.1 Mbl yBHAENH, YTO NMPH OOLUMX HEOTPH-
uaTeNbHbIX JIMHaxX pebep kpaTyaiuuid ny Tb He 0083aTeNbHO A0KEH ObITH MyTEM
C HaUMEHbLUMM Y1cIoM pebep. MHorue npUMeHeHUs KpaTyaiLuMX nyTe, Takue
KaK BbIYHUCIIEHHE MApLUPYTOB JABHXEHHUS UK NOC/EN0BATENBHOCTH PUHAHCOBBIX
TpPaH3aKLUHH, ¢ HEN36€XHOCTBIO NPEAY CMATPUBAIOT HaNMuKe pebep pasHOi ANHHBI.

' B mpemveii vacmu Hawei cepun Mbl y3HaeM 06 addexTuBHbIX anroputMax ans 6onee

oOuwei 3anauu o KparyaiileM NyTH C EAMHCTBEHHBIM HCTOKOM, B KOTOPO# pa3pelleHbl
OTpHLUarebHble THHBbI pebep, BKouas 3HaMeHUThli anroput™ bennimana—®opaa.
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Ho noctoiite, Bo3pa3uTe Bbl, a AEHCTBUTENBLHO J1M 06LLas npobyemMa Tak oTiIMya-
eTcs OT 3TOro ocoboro ciyyas? Pa3sse Mbl HE MOXXEM MPOCTO NMOAyMarb 0 pedpe
¢ 6onbluei AnMHON Kak o myTH U3 / pebep, kaxx10e U3 KOTOpbIX UMeET ANUHY 17:

O—m = O-0—0—®

U neiicTBUTEIbHO, HET NPUHLUNIMANILHON pa3HULIbI MEX Y PeOPOM C MONOXKUTENb-
HOH MHTErpanbHOW ANMHOI / M nyTeM u3 [ pedep AnuHbI 1. B npuHUMne, Bbl MOXeTe
PELUUTH 3a1a4y O KpaTyaiillieM nyTH ¢ eIMHCTBEHHbIM UCTOKOM, pa3BepHyB pebpa
B NyTb U3 pebep WHHBI | U NPUMEHUB K pacliMpeHHOMY rpady NOUCK B LUKPHUHY.

Bbilue npuBeaeH npuMep pedykyuu OAHOM 3a4auu K Apyroit — B JaHHOM cllyuae
3a/layd O KpaTyailueM NyTH ¢ €AUHCTBEHHbIM HCTOKOM M C MOJOXKHTEIbHBIMU
LieJIOYH ClIEHHBIMU JJTMHAMK pebep K YaCTHOMY CJlydato AaHHOI 3a1auH, B KOTOpOi
Kax0€ pedpo uMeeT ANUHy 1.

['naBHas npobnema c 3Toi peayKUHUei 3aKilOYaeTcss B TOM, UTO OHA NPUBOAMUT
K B3pbIBHOMY pocTy pa3mep rpacda. BapbiBHO# poCT He Tak YK 10X, €CJIH BCE JUTHHbI
pebep ABNAIOTCS MAIbIMK LIEIbIMA YHCIIAMH, HO B PEalIbHbIX MPHIIOKEHUAX ITO HE
Bceraa Tak. J{nuHa pebpa MoxeT ObiTh AaXke HAMHOMO 0OJIbLLE, YEM YUCIIO BEPLUMH
1 pedep B ucxoaHoM rpade! IMouck B WMpHHY OyaeT BbINOMHATLCS BO BPEMEHH,
JIMHEHOM 110 pa3Mepy pa3BepHYTOro rpaga, Ho 3To He 00s3arenbHO Oyaer 6u3ko
K JIMHEHOMY BpPEMEHH N0 pa3mepy MCXOAHOro rpaga. Anroput™ JlekcTpbl MOXKHO
paccMarpuBaTh Kak IM1aIKoe MOJEIMPOBaHUE MOKMCKA B LUMPHHY HA paclUUPEHHOM
rpade, paboTas TOJILKO C HCXOAHBIM BXOAHbIM rpadoM MouTH 3a NHHelHOe Bpemsl.

O PEAYKUHNAX

3anava A cesoamtcsa (unu peagyumpyercs) Kk 3apade b, ecnu anroputm, pewa-
lownin 3anadvy b, MOXHO Nerko nepesecTu B anropuTM, pelaioLwmn aaayy A.
Hanpumep, 3apaya BbIMMCNEHUS MEANAHHOMO 3NEMEHTa Maccuea CBOAUTCS
K 3anaye CopTUPOBKN MaccuBa. Peaykumn sBNsioTCA 0aHUMM M3 Haunbonee
BaXHbIX NMOHATUNA B U3YYEHUN anrOPUTMOB U UX OFPaHUYEHUNA, U OHU MOTyT
MMETb 60NbLUYIO NPaKTUYECKYIO NONb3Y.

Bl Bceraa aonxHb! 6biTb B nOoUcke peaykunin. Bcsikuin pas, koraa Bbl CTankvuea-
eTecbC, ka3anoch 6bl, HOBOW 3aaa4eit, Bceraa cnpaluvBanTe: ABNAETCA N1 3Ta
3afava 3aMackupoBaHHOW BEpCUEel TON, peleHne KOTOPOW Bbl YXe 3HaeTe?
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9.1.4. PeweHue TecTtoBoro 3anavusa 9.1

IIpaBuJabHbIH oTBeT: (0). HeTpyaHo noranarbcs, 4To kpaTyaillee pacCTOSHHE U3
BEpLUKHLI s B caMy cebst paBHO 0 ¥ 13 s B v paBHO 1. BeplunHa w — nHTepecHee.
OauH nyTb S-w ABNSETCS NMPAMbIM pedpoM (s, w), kKoTopoe umeet AnuHy 4. Ho
McnoJb3oBaHue 6obluero Yucia pebep MoXeT YMEHbLUINTb 00LLYI0 JJIMHY: My Thb
s — v — w UMeeT ANMHy Bcero | + 2 = 3 u aBasieTcs KpaTyailuMM NYTEM S-w.
CxoxuM 00pa3oM kaxkablii U3 nyTel ¢ 1ByMs NepexoJaMu U3 s B  UMeeT IJIUHY 7,
B TO BpeMs Kak 3ur3aroo0pasHblii myTb UMeeT AMMHY Bcero | +2 +3 =6.

9.2. Anroputm [leiAkCcTpbl
9.2.1. NceBpokopn

BbicokoypoBHeBasi CTpykTypa anroputma JleikCTpbl HANOMUHAET CTPYKTYpPY
HalIMX anropuTMoB rpadoBoro noucka'. Kaxxaas utepauus ee riaBHOro LUKiIa
oOpabarbiBaeT 0JHy HOBYIO BeplUUHYy. M3011peHHOCTb anropuTMa 3aKkio4aercs
B €ro YMHOM npaBuiie otbopa cieaytoluei BeplurHbl A 06paboTkn — elle He
00paboTaHHO# BepLUKMHbI, KOTOpas BbIIJIAAMT CaMoii 6J1M3K0 pacnoJioxKeHHOMH K Ha-
YanbHoi BeplunHe. CriefyIOLLHUii d/leraHTHbIA NCEBAOKOA MPOACHAET 3Ty HAEH.

DIJKSTRA

Bxoa: opueHTHpoBaHHbl# rpad G = (V, E), npeacTaBiieHHbI# B BHIE
CMHCKOB CMEXHOCTH, BEpLUNHA S € V, mnHal,> 0 ans kaxaoroe € E.

ITocTyca0oBHe: 11 KaX10# BEpLUMHBI v 3HaYeHHe len (V) paBHO Hc-
TUHHOMY KpaTyaiillueMy pacCTOsHUIO dist (s, v).

// vHuumanu3laumn
1) X:={s}
2) len(s) =0, len(v) :=+o0 ang kaxaoro v#s
// rnaBHLIA uKKN
3) while cywectyer pedpo (v, w), rne ve X, w & X do

' KornaBce peGpa MMEIOT IUIHHY 1, 3T0 3IKBUBAIIEHTHO MOKUCKY B LIWPHHY (KaK Bbl MOXETE
yOeauTbcs camu).
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4) (v, w*) :=Ttakoe pebpo, KOTOpoe MUHUMU3HUpYET len(v) + I,
S)  nmob6aButh w* BX

6) len(w*):=len(v*) +1,,.

T T O S S g A B S S e o B S S S sl A 0 € e e Y

MHOXecTBO X COAEPXKUT BEPLUHHbI, C KOTOPIMU AIFOPUTM Yyxe uMen aeno. Us-
HavaJbHO X COAEPXHUT TOJIbKO CTApPTOBYIO BepLUUHY (M, KOHEYHO, len (s) = 0),
M MHOXECTBO pa3byxaeT kak TECTO, 10 TEX MOp NOKa OHO HE OXBATHT BCE BEpLUH-
Hbl, JOCTHXUMbIE U3 . J[aHHbIii aIrOpUTM NPUCBaUBaET KOHEYHOE 3HaYeHue len-
3HaYEHHUIO BEPLUMHBI B TO )K€ BpeMs, koraa oH no0aBnseT BeplunHy B X. Kaxxaas
UTEpaLus MNaBHOro LMKJa HapallMBaeT X Ha OJHY HOBYIO BEpLUHHY, NOJIOBY He-
KoToporo pebpa (v, w), nepexoasuiero u3 X B ¥ — X (puc. 9.1). (Ecnu Takoro pebpa
HeT, TO AITOPUTM OCTaHaBJIUBAETCs, NpuueM len(v) =+ nns Bcex v € X.) Takux
pebep MoxeT ObITb MHOTO; aJIrOpUTM Dijkstra BeIOUpaeT oaHO (v*, w*), koTopoe
MHUHUMM3HUPYET Oelkcmpogy b6aLIbHYIO OYeHKY, ONPENENAEMYIO KaK

len(v) +1,. 9.1

OO6paruTe BHUMaHUe, YTO JeHKCTPOBbI Oal/ibHble OLEHKU OMpeensoTcs Ha
pebpax — BepliMHa w € X MOXeT ObITb roIoBoii MHOTHX pa3HbIX pedep, nepe-
xoaswux u3 X B V' — X, u 3Ti peOpa 00bIYHO MMEIOT pa3Hble 1E€HKCTPOBbI OLEHKH.

obpaboraHHble eule He o6paboTaHHble

oA

kaHauAaTbl
ans (v, w*)

rpaHvua

Puc. 9. 1. Kaxaasa utepaums anroputma [leikctpbl o6pabaTtbiBaeT ogHy HOBYIO
BepLUUHY, ronosy pebpa, nepexoasauweromns Xs V- X
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Bbl MoXeTe cBf3aTh AeWKCTpOBY OLEHKY AJis pebpa (v, w), rae ve Xuw € X,
C FUMNoTe30#, YTO KpaTYaiLUMii MyTb U3 S B W COCTOUT M3 KpaTyaiLliero nyTy 13
S B v (KOTOpBIii, XO4ETCS BEPUTh, UMeET ANUHY len(v)) ¢ pebpoM (v, w) (koTopoe
MMeeT JUIMHY [, ), NprcoeJMHEeHHbIM B KOHUE. TakuM 06pa3oM, anroput™ Dijkstra
pewaeT 106aBUTH elle He 00paboTaHHYIO BEpLUMHY, KOTOpas BHIMAAUT CaMoOn
6113K0# K § B COOTBETCTBHH C YK€ BbIYUCIEHHBIMH PacCTOSHUAMU KpaTyailuero
nyTH U ANMHamu pebep, nepexoasiunx uz X B V' — X. [pu nobaneHun w* B X an-
rOpuUTM HasHauyaet /en (W*) ero runoTeTHYECKOMY KpaTyaiilueMy pacCTOSHHIO U3
S, TO eCTb AeHKCTpOBO#i oueHke len (v¥) + 1, . pebpa (v*, w*). Marus anroput™a
HeiikcTpbl, popmanu3oBaHHas B MPUBEAEHHON HIbke TeopeMe 9.1, 3akitoyaeTcs
B TOM, YTO 3Ta F'MIN0Te3a rapaHTUPOBAaHHO HCTHHHA, JAKE €CJIH ATMOPHUTM A0 3TOro
paccMoTpen TOJbKO KpOLLE4HYIO 4acThb rpada’.

9.2.2. Npumep

IMonpo6Gyem anroputm Dijkstra Ha IpUMepe W3 TECTOBOro 3aaaHus 9.1:

H3HauyanbHO MHOXeCTBO X cOAEpXHT TONbKO s, U len(s) = 0. Ha nepBoii urepauun
MIAaBHOINO LIMKJA CYLIECTBYET ABa pebpa, nepexoaswnx u3s X B ¥V — X (4, cnenosa-
TeNbHO, NpHeMeMble s posiu (v¥, w*)) pebpa (s, v) U (s, w). JleldKcTpoBbI OLIEH-
KH (onpeaeneHHbie B N. 9.1) ang 3TuX AByX pebep paBHbl len(s) + 1, =0+ 1 =1

! J1ns TOro 4To0bl BBIYUCIAHTL CAMH KPaTUYaiiLLMe Ny TH (A HE TOJABKO HX JUTHHBI), CBAXKH-
Te yKa3arelib npedwecmaennuk (v) C Kaxaoii BeplumHoi v € V. Koraa pedpo (v*, w*)
BbIOMPAETCA B UTEPALMU [MABHOTO LMKIA while (CTPOKHM 4—6), Ha3HauUbTE yKa3aTenb
npeAlecTBEHHUK (w*) BepIUHHE v*, TO €CTh BEPLUWHE, OTBETCTBEHHOI 3a BHIOOp w*.
Jn1 Toro 4To6bl BOCCTAHOBUTL KpaTyai Wil NyTh U3 s B BEPLLUMHY v MOC/IE 3aBEPLICHHUSA
IropuTMa, CledyiiTe NO yKa3arejasM NpeAleCTBEHHHKA Ha3al OT v, 0 TeX Nop moka
He JI0CTHTHETE s.



118 FnaBa 9. ANropuT™ KpaTuanwero NyTu [1enKcrpebl

v len(s) +1,=0+ 4 = 4. [lockonbky nepBoe pebpo UMEET MEHbLIYIO OLEHKY,
ero rosioa v 1o6aensercs B X, U len(v) Ha3HaueTcs AeHKCTPOBO# oueHke pebpa
(s, v), kotopas paBHa 1. Ha BTopoii utepaumnu ¢ X = {s, v} umeercs Tp1 pebpa ans
poamn (v¥, w*): (s, w), (v, w) U (v, ). Ux nelikcTpoBbl OLIeHKH paBHbl 0 + 4 = 4,
1+2=3u1+6=7.Tlockoabky (v, w) UMEET HAUMEHbILYIO JEAKCTPOBY OLICHKY,
w BTAruBaercs B X, U AJIMHe len (w) Ha3HayaeTcs 3Ha4eHue 3 (aedKkcTpoBa oLeHka
pebpa (v, w)). Mbl yxke 3HaeM, kakas BepliMHa fobasnsercs B X B GUHaNbHON
uTepauuu (eIMHCTBEHHas elle He 00paboTaHHas BeplUMHA t), HO HAM BCE PaBHO
HYXXHO onpeaenuTb pebpo, KOTOpoe NPUBOAUT K €€ N06aBaeHHIO (BbIYHCIUTD
len(t)). [Mockonbky pebpa (v, ) u (w, ) UMEIOT 1EHKCTPOBbI OLEHKH COOTBETCTBEH-
Ho 1 + 6 =7 u 3 + 3 = 6, nnuHa len(f) ycraHaBauBaeTcs paBHOM Oonee HU3KOM
oLieHke 6. MHOXXeCTBO X Tenepb COAEPHKHUT BCE BEPLUM Hbl, IO3TOMY HHKakHe pebpa
He nepexoasaT u3s X B V' — X, U anroput™ ocraHaBnuBaercs. 3HaueHus len(s) = 0,
len(v) =1, len(w) = 3 u len(f) = 6 COOTBETCTBYIOT HCTUHHbIM KpaTyailUUM pac-
CTOSIHMSIM, KOTOPbIE Mbl OMNpEENIN B TECTOBOM 3aaHuu 9.1.

KoHeuHo, TOT ¢akT, ¥T0 aNropuT™ npaBHibHO paboTaeT Ha KOHKPETHOM NPUMEpE, He
03HAauaeT, 4YTO OH ABNSETCSA NPaBUIIbHBIM B 00LIeM ciiyyae!' [To cyTu aena, anroputm
Dijkstra He 006s13aTeNIbHO BbIUMCIISIET NPABUJIbHBIE PACCTOSAHMSA KpaTyailiero nyTy,
Kora pedpa MOryT UMETb OTpHLATeNbHbIE JNTHHDI (paszaen 9.3.1). Bel nomkHbI H3Ha-
YaJIbHO CKEMTHYECKN OTHOCHTBCS K aNNOpUTMY Dijkstra M TpeOOBaTh J0KA3aTENbCTBA
TOro, YTO, MO KpaiHeii Mepe, B rpagax ¢ HeoTpULATeNbHbIMU peGepHBIMU ANMHAMH
OH NpaBU/IbHO peLlaeT 3a4aqy O KpaT4yailiuem NyTH C € AMHCTBEHHbIM HCTOKOM.

*9.3. NMouemy anroputm [lenkCcTpbl
npaBuneH?

9.3.1. ®dukTuBHaa peaykuma

Bbl, BO3MOXKHO, 3a1aeTech BONPOCOM, O4eMY TaK BaXKHO, UMEIOT UM HeT pebpa
oTpuuarenbHble pebepHble ANMHbI. Pa3Be Mbl HE MOXXEM NPOCTO cAenaTh Tak,
4TOObI Bce pebepHble JNTHHbI b1 HeoTpULAaTeIbHBIMH, 100aBHUB 60/IbLIOE YHCIIO
K JJIMHE Kaxa0ro pedpa?

! Jlaxke cIoOMaHHblEe aHANOroBbIE Yachl BE€pPHBI 1Ba pa3a B CYyTKH.
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3TO OTIMUHBIIi BONPOC — Bbl BCEra AOMXKHbI ObITb HAYEKY, NbITA’ACh PeAy LUPOBATD
3a/1ayM, peLeHHs KOTOpbIX Bbl yXe 3HaeTe. YBbl, TAKUM 00pa3oM Bbl HE MOXeTe
CBECTH 3aj1auy O kpaTyaiLiem NyTH ¢ eIMHCTBEHHBIM HCTOKOM C 0OLLMMH peGepHbI-
MH JJIHHAMH K YaCTHOMY CJly4alo HeoTpULaTeNbHbIX pebepHbix AnuH. [Ipobnema
B TOM, 4TO pa3Hble MyTH U3 OHOH BEPLUIMHBI B APYTYIO0 MOTYT HMETb Pa3HOE YKC-
no pebep. Ecnin 106aBUTL HEKOTOPOE YHCIIO K AJIMHE Kaxaoro pedpa, TO AJMHHbI
pasHbIX MyTel MOryT YBEJMUYHUTbCA Ha pasHble BENWYMHBI, U KpaTHaiLIni myTh
B HOBOM rpade MOXeT OT/IM4aThbCs OT UcxoaHoro rpada. Bot npocTtoii npumep:

CyluecTByeT ABa MyTH M3 § B £: MPAMOiA NyTb (KOTOPbIH UMEET AJIMHY —2) U NyThb
¢ ABYMsl iepexoaamu s — v — ¢ (KOTopblid UMeeT AninHy | + (=5) =—4). [Nocne axwuii
MMeEET MeHbLLYIO (TO eCTb 60Jiee OTpULIATENbHYI0) AJIMHY U ABNAETCS KpaT4aiLum
nyTeMm s-1.

s Toro uro6bl rpad 3auMen HeoTpULarenbHble peGepHbie AJIHHbI, Mbl MOTJIH Obl
106aBUTb 5 K ANKMHE Kaxaoro pebpa:

KpaTuaiiluuii nyTb U3 s B f NOMEHANCS U Tenepb ABASETCA NPAMbIM peOpom s-f
(koTOpblid HMeeT AUHY 3 — nyulle, 4YeM anbTepHaTHBa U3 6). BbinonHeHue an-
ropuT™Ma Kparyailuero nyTd Ha npeoOpa3oBaHHOM rpage He JacT MpaBUJIbHOTO
OTBeTa /11 UCXOOHOro rpada.

9.3.2. Nnoxo# npumep anroputma [lenkcTpbl

UYrto npousoiiaer, ecii Mbl NONpoOyeM BbIMOIHUTb arOPUTM Dijkstra Henocpea-
CTBEHHO Ha rpade ¢ oTpuLaTeNbHbIMU peOEpHBIMH JUIMHaMHU, KaK HAa NPHBEAEHHOM
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Bbille rpade? Kak Bceraa, n3HauyansHo X = {s} U len (s) =0, 1 BCe 3TO NpeKpacHoO.
OnHako Ha nepBOii UTEpaLMH MaBHOTO LMKIA aITOPUTM BbIYHUCIAET AHKCTPOBSI
oueHkH pebep {s, V) u (s, f), Toectb len(s) + [, =0+ 1=1ulen(s)+1,=0+
+ (—2) = —2. [locneaHee pebpo MMEET MEHbLLYIO OLEHKY, U TO3TOMY alrOpUTM
nobaBnseT BepLUMHY ¢ B X U HazHauaeT /en () oueHke —2. Kak Mbl y>xe oTMeYa,
¢dakTHyeckuil kpaT4aiiluMii NyTb U3 S B £ (MYTb § — v — t) UMeeT JUIMHY —4. Mbl
3aK/104aeM, YTo aaroput™m Dijkstra He 00513aTeNbLHO BbIUKUCISAET npaBHJIbHbIE
paccTOSHUA KpaTyaiiero nyTH Npy HAJIMYMK OTPULIATENbHBIX peOepHbIX AJIHH.

9.3.3. MpaBuNbHOCTb C HEOTPULLATEJIbHbIMM
peGepHbIiMM ANUHAMMU

JlokazaTenbcTBa NpaBUILHOCTH MOTYT Ka3aTbCsl JOBOJIbHO 3aHYAHbIMHU. BOT noue-
My 1 YaCTO UX «3aTyLUEBbIBAO» AJ1S AJINOPUTMOB, B OTHOLUEHHUH KOTOPBIX CTYAEHTHI,
KaK NpaBUJIO, UMEIOT CUJbHOE U TOYHOE UHTYUTHBHOE MOHUMAHUE. AJITOPUTM
HeflikcTpbl oTanyaeTcs. Bo-nepBbix, TOT (akT, YTO OH He paboTaeT Ha 4Ype3Bbl-
yaliHO NpOCThIX rpadax ¢ OTpULaTeNbHbIMU pebepHbIMU JNHHaMH (pa3aen 9.3.1),
JIOJKEH 3aCTaBUTb BaC HepBHUYATh. Bo-BTOpBIX, AeHKcTpoBa oueHka (9.1) MoxeT
noKa3aTtbcs 3arajoyHol UM Jake HeO60CHOBaHHOW — YTO B Hel Takoro BaXKHOro?
M3-3a 3TUX COMHEHHIi U NOTOMY, YTO 3TO TaKOH PyHAAMEHTAIbHBIN aINOPUTM, Mbl
crneunanbHO NOTPaTUM BPeEMs Ha To, 4ToObl TLIATENbHO A0Ka3aTbh €ro MpaBUJib-
HOCTb (B rpadhax ¢ HeoTpHLATENbHbIMU PeOEPHBIMU ATMHAMU).

Teopema 9.1. (IIpaBuabLHOCTD aJropuTma Dijkstra.) 4 kaxcoozo opuenmu-
posannozo epaga G = (V, E), kaxcoou cmapmogou 8epututbl S U Kanco020 6apu-
anwma HeompuyamenbHbiX pebepHblx OIUH NO 3a6e puleHuu anzopumma Dijkstra
len(v) = dist (s, v) 0n1 kaxcoot eepwiunbl v € V.

NHAYKUHMOHHOE OTKIOHEHHE

[InaH cocTouT B TOM, 4T0GbI 060CHOBATH PACCTOSHUS KpaTyaiLuero myTH, BbIYKC-
nseMble aNropuTMOM Dijkstra 0HO 3a APYTHUM, O MHAYKLMH HA YKCIIEe UTEpaLUi
€ro rMaBHOro 1UMKIa. HanoMHuM, 4TO A0Ka3aTeNbLCTBA N0 MHAYKLMU MOAYUHSIOTCS
JIOBOJIbHO KECTKOMY LUAGIIOHY, LeNb KOTOPOro — 3aMKCUPOBATb, YTO JIOTMUYECKOE
yTBepxxaeHue P (k) cobmonaeTcs as Mo6oro noioxXUTENbHOrO Lenoro yucna k.
B nokasarenbctBe Teopembl 9.1 Mbl onpenenuM P (k) cneayrowinm ¢hopManbHbIM
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cyxXJeHHeM: 1Jis k- BepluMHbI v, 100aBJIEHHOH B MHOXECTBO X B aJlrOpUTME
Dijkstra, len(v) =dist(s, v).

AHanoruyHo peKypCcUBHOMY aJIrOPUTMY, 10Ka3aTeIbCTBO MO HHIYKLU UK COCTOUT
U3 ABYX 4acTeil: 6a308020 cayuas N uHOYKYUOHHO20 wiaza, Tak Ha3bIBaeMOro
MHAYKUHOHHOro nepexoaa. ba3oBbiii cnyyait npsMo nokasbiBaet, uto P (1) sB-
AseTcsd UCTUHHBIM. Ha MHAYKUMOHHOM Llare Bbl MpUHUMAaETE AOMYLIEHHE, YTO
Bce P(1), .., P (k— 1) ABAAIOTCA HCTUHHBIMH — 3TO Ha3bIBAETCS HHAYKLHOH-
HOM TFUIOTE30ii, — W UCMNOJIb3yeTe 3TO AOMYLUEHHE, AJI TOro 4TOObI J0Ka3aTh,
yto P (k), cnenoBaTesibHO, TOXE ABJSETCA UCTHUHHBIM. ECnu Bbl A0Ka3biBaeTe
1 6a30BbIii cnyyail, ¥ MHAYKUHOHHBIH war, To P (k) neiicTBUTENBHO ABNsSETCS
MCTHHHBIM JJ151 TIOOOro NONOXKHTENLHOIO Lieoro yucia k. P(1) aBnsercs uCTHH-
HbIM N0 6a30BOMY CJ1y4alo, U NPUMEHEHHE WHAYKLIMOHHOIO LIara HeCKoJbKO pa3
noApsAa NokasbiBaeT, 4To P (k) ABAAETCA HCTUHHBIM AJIS CKOJIb YTOAHO 6O0JbLINX
3HauYeHHUi k.

O YTEHUWN AOKA3SATENbLCTB

MartemaTtuyeckune apryMeHTbl BbIBOAAT 3aKN0YeHUS U3 AonylueHui. Mpu yte-
HWK pDokasaTenbCcTea BCeraa creayer yoeauTbCs, YTO Bbl NOHUMAaETe, Kakum
06pa3oM kaxaoe AonyLueHne UCNONb3YETCHA B apryMeHTe, U NoYeMy apryMeHT
HapyLaeTCca Npu OTCYTCTBUN KaXA0ro A0NYLEHUS.

Mmesn 310 B BUAY, BHUMATENBHO CneauvTe 3a ponblo, KOTOPYIO UrpatoT B A0Ka3a-
TenbLCTBe Teopemsbl 9.1 ABa KNIOYEBLIX AONYLLEHUR: 4TO A/IMHbI pebep ABnsioTca
HeoTpuuaTenbHbIMU U 4TO aNrOpUTM BCeraa BbibupaeT pebpo C HaMMeHbLLEN
DEenkKCTpoBOM oueHKon. Jllo6oe NnpeanpUHATOE A0Ka3aTeNbLCTBO Teopembl 9.1,
B KOTOPOM He yaaeTcs ucnonb3oBatb 06a 3aTux 4onyLweHUs, aBToMaTU4ecku
ABNAETCA OWNOOYHDBIM.

Aoxa3aTenbcrso Teopems! 9.1

MbI 6yznem aeiicTBOBaTh N0 HHAYKLMH, € P(k), TO €CTb JIOTHYECKUM YTBEPXKAEHHEM,
4TO aJIrOPUTM Dijkstra NpaBUIbHO BLIYUCISET PACCTOSHUE KpaTyaiLuero ny T k-i
BEpLUKHbI, 100aBIEeHHOH B MHOXKeCTBO X. B 6a30BoM ciiydae (kK = 1) Mbl 3HaeM, 4To
nepsas BeplUuHa, 100aB/ieHHas B X, AB/SETCS CTapTOBO BEPLUUHO# 5. ANIMOPUTM
Dijkstra Ha3zHayaeT 0 anuHe Jen(s). [Tockonbky kaxa0e pedpo MMeeT HEOTpHLIa-
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TENbHYIO JJIMHY, KpaTHaiLinii Ny Th U3 BEPLIHHDI S B caMy ce0sl ABNSETCA NYCTbIM
nyteM ¢ aanHoii 0. CnenoBarensHo, len(s) = 0 = dist (s, s), yTo qokasbiaet P(1).

Ha nHaykunMoHHOM Liare BbiOepeM k> 1 U npuMeM JonylueHue, yro sce P(1), ...,
P (k— 1) aBnst0TCSA UCTUHHBIMM: 4TO len (v) = dist (s, v) ANs NepBbIX K — 1 BEpLLHH v,
A00aBNneHHbIX aNrOpUTMOM Dijkstra B X. [TycTb w* 0603HayaeT k-10 BEpLUHHY,
nobasneHHyto B X, U nyctb (v*, w*) o6o3Hauaet pebpo, BbIOpaHHOE Ha COOT-
BETCTBYIOLLEH UTepauuu (rae obs3atenbHO v* yxke HaxoauTcs B X). ANroput™
Ha3HauaeT Jen (w*) nelKkcTpoBO# oueHke 3Toro pedpa, a UMeHHO len(v*) + [, ..
MbI HaleeMcsl, 4TO 3TO 3Ha4€HHUE ABNAETCS TEM He CaMbIM, YTO U HICTHHHOE pac-
CTOsIHUE KpaTyaiiluero nyTH dist (s, w*), HO Tak 4 3T10?

Mbl yTBepxAaeM B ABYX 4acTsX, YTO 3TO Tak. [Ipexxae Bcero, naBaiiTe A0KaXeM,
YTO UCTHHHOE paccTOssHUE dist (s, w*) MOXeET ObITb TOJIbKO MEHbLIIE, YEM Npearno-
noxxeHue anroputma len(w*), rae dist (s, w*) < len(w*). Ilockonbky v* yxe Ha-
xoaunacs B X, korja 6bu10 BoIOpaHo pebpo (v*, w*), aTa BeplunHa Obina 04HO#M U3
nepBbIX k— 1 BepLuH, 106aBneHHbIX B X. [10 HHAYKLIMOHHOH rMNoTE3€ AIrOPUTM
Dijkstra npaBUbHO BBIYUCUI PAcCTOSIHHE KpaTyaiiluero nyTH BepLUHHbBI V*:
len (v*) =dist (s, v*). B yacTHOCTH, CyLlecTBYeT NyTh P U3 s B v* ¢ JIMHOI POBHO
len (v*). B pe3yabrare npukpenneHus pebpa (v*, w*) B koHue P nonyyaercs nyThb
P* u3 s B w* c nmHoit len(v*) +1,,,. = len(w*) (puc. 9.2). [InuHa kpaTyaiiluero
nyTH s-w* He NpeBbILLAET AJUHY NOTEHLHANbHO BO3MOXHOIO NyTH P*, N03TOMY
dist (s, w*) cocTaBnseT He 6onblue len(w*).

KpaTyanuni s-v* nyto P
(anuHa len(v*))

Y
s-w* nyTb P* (pnuwa len(v*)+l ..)

Puc. 9.2. Npukpennenue pebpa (v*, w*) B KOHUE KpaTyauwero s-v*-nytu P
NPOU3BOAUT S-W*-NYTb P* AnuHbI len(v*) + |..,.

Tenepb paccMOTpUM 00OpaTHOE HEPaBEHCTBO, KOHCTaTHpYloLLee, UTO dist (s, w*) >
> len(w*) (v noatoMy len (w*) = dist (s, w*), kak Toro 66l xoTenocs). Apyrumu
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C/I0BaMM, [1aBaiiTe NMOKKEM, UTO NMyTh P* Ha puC. 9.2 NEACTBUTENLHO ABNAETCS
KpaTyaiiluiMM nyTeM s-w* — N/IMHA K&XA0ro KOHKYpHUpyoLLero fytu s-w* co-
CTaBJsET He MeHblue len (w*).

3aduKcHpyeM KOHKY pUpYIOLLUiA s-w*-nyTb P'. Mbl oueHb Masio 3Haem o P'. Bmecte
C TeM Mbl BCE-TaKM UMEEM MpEeACTaBIEHHE, YTO OH GepeT Hauano B s M 3aKaHUM-
BaeTcs B w* M YTO B Hauale 3TOi UTepauny BEPLUMHA S, a He w*, NpuHaAnexana
MHoxecTBY X. [Tockonbky nyTh P’ HauMHaeTcs B X M 3akaHYMBaeTCs 3a npeaena-
MH X, OH niepecekaeT rpaHuuy Mexay X u V' — X He MeHee oHoro pasa (puc. 9.3);
nycthb (¥, z) 0603HauaeT nepsoe pebpo P’, KOTOpoe nepecekaeT 3Ty rpaH1Ly (MpH-
yeMy € Xuzeg X).

obpaboTaHHble eule He obpaboraHHble

rpaKuua N

Puc. 9.3. Kaxabiin nyTb S-w* nepecekaeT He MeHee 0AHOro pa3a u3 Xs V- X

Jns Toro 4to6bl A0Ka3aTh, YTO ANMHA MyTH P’ cocTaBnseT He MeHee len (W*), Mbl
paccMaTpuBaeM TpH €ro YacTH pa3jiefibHO: NepPBOHAuYalIbHYIO 4acTh P’, koTopas
NPOXOJUT U3 § B y, pebpo (¥, z) ¥ PUHANBHYIO YaCTb, KOTOpPast MPOXOIMT U3 zZ B w*.
[NepBas yacTb He MOXeET ObITb KOpOYE KpaTyaillero MyTd u3 s B y, NO3TOMY €ro
ANIMHA COCTABMAET He MeHee dist (s, y). [inuna pebpa (v, z) paBHa /,,. Mbl He 3HaeM

' He HyHO GECIOKOHTBCS, ECIIU Y = § WIH z = w* — ITOT apryMeHT paboTaeT HopMaIbHO,

B 4EM Bbl MOXETE YGCHMTbCﬂ CaMH.



124 FnaBa 9. AnNropuT™ KpaT4amwero nyTu Jenkcrpel

MHOroro o GpMHanbLHOIi YaCTH My TH, 3aTEPAHHOM Cpe N BEPLUMH, KOTOPbIE AINOPUTM
ewe He mpocMarpuBa. Ho Mbl BbISICHHIIH (TOCKOJbKY BCE [UTMHBI peGep SBIsoTCS
HeoTpHULaTeNbHbIMU!), 4TO ero CyMMapHas JUIMHAa COCTaBJIsIET HE MEHbLUe HYJIA:

AnuvHa 2 dist(s,y) = len(y) 1

A [ ]

anvHa = Iyz

Y

CymmapHas anuHa 2 len(s, y) + 12 (s, v*) +1,.,. = len(w*)

OOBbeANHSAA HALLIM HU)KHKE MPaHKLbl ANMHBI TpeX Yacteil nyTH P’, Mbl MMeeM

pmmea myta P'2 dist(s,y)+ 1, + 0 9.2)
oy peipei ORI

[TocneaHuit NyHKT Ha MOBECTKE — CBA3aTb Hally HIKHIOK rpaHULYy AJHHbI
B (9.2) c 6annbHbIMM AEHKCTPOBBIMU OLEHKAMU, KOTOPbIE HAMPAaBAAIOT PELIEHHS
anroputMa. I[ockonbky y € X, 3Ta BepluMHa Obljla OAHOI U3 nepBbIX k — 1 Bep-
LIKH, 100aBNEHHBIX B X, U U3 UHAYKLUMOHHON rMNOTE3bl BITEKAET, YTO AJITOPUTM
NpaBHJIbHO BBIYUCIIMIT pacCTOSIHHE CBOEro Kparyaiilero nyTu: dist (s, y) = len(y).
TakuM 06pa3oM, HepaBeHCTBO (9.2) TpaHCIUpYyeTCs B

JUMHA yTH P' > len(y)+1, (9.3)

e ——
AerxcTpoBa GanbHas ouctka pebpa (y, 2)

[paBas cropoHa HepaBeHCTBa — 3TO MMEHHO AeHKCTpOBa oLieHKa pebpa (v, z). [To-
CKOJIbKY aJlrOpUTM Bceraa BbioupaeT pebpo ¢ HauMeHbLLEeH 1eKCTPOBOH OLEHKOI,
M MOCKOJIbKY B 9TOM UTEpaLKH OH npeamnoues pebpo (v, w*) pedpy (y, z), nepsoe
U3 IBYX HMEET €llle MEHbLIYIO JeHKCTPOBY OLEHKY: len(v¥) + [, <len(y) + ..
HOCTaHOBKarHepaBeHCTBa 9.3 nact HaMm xxenaeMoe:

JUIMHa yTH P' > len(V¥) +1

vew®

= len(w¥).

AcHKCTpoBa 6aribHan ollerxa pebpa (v*, w®)
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DTUM 3aBepLUaeTCs BTOpPas YacTb MHAYKLUHOHHOrO luara, U Mbl 3aK/I04aeM, 4YTO
len(v) = dist (s, v) ans kaxxa0ii BepLUMHBI v, KOTOpas koraa-1u6o Oyaer nobaBneHa
B MHOXECTBO X.

OuHaNbHBIM aKKOPAOM CTaHET PacCMOTPEHHE BEPLUMHBI v, KOTOpas HU pa3y He
nobasnsnack B .X. Koraa anroput™ 3akoH4un pabory, len(v) =+00, U HU 01HO pebpo
He nepexoauT U3 X B V' — X. DT0 03HauaeT, YTo BO BXOAHOM rpade He CyLIecTByeT
NyTH U3 S B V — TaKo# MyTb B KAaKOH-TO MOMEHT 0JDKeH ObL Obl nepeceyb 3Ty
rpaHuly — M, CJIe10BaTeNbHO, Mbl TaKkxke UMeeM dist (s, v) = +oo. Mbl 3ak/touaem,
4YTO aJIFOPUTM OCTaHaBNIMBaeTcA ¢ len (v) = dist (s, v) Ans KaXK A0 BEPLUHHBI v, He-
3aBMCHUMO OT TOro, Gblna 11 Koraa-nubo nobasneHa BepluKMHa v B X. JTo 3aBepLUaeT
Hawle aokasarenabctBo! Y. m. 0.

9.4. Peanu3auua n BpemMs BbiNONIHEHUS

AnroputMm kpatyaiiero nytv JleikcTpbl HAMOMUHAET HALUKX IMHEHHO-BpEMEHHbIE
anroputMbl rpagoBoro noucka B rnase 8. OCHOBHas NpHUUYKMHA, 0 KOTOPOi MOUCK
B LUMPUHY U B MYOUHY BbINOJHAETCA 3a NUHelHOe BpeMs (Teopemsbl 8.2 u 8.5),
3aKJ1l0YaeTcs B TOM, YTO Ha peLLEHHE, KaKylo BEpPLUMHY pa3BeblBaThb Aajblile, OHHU
TPATAT TOJILKO MOCTOSHHOE KOJMYECTBO BpeMEHHU (yaanss BEpLUMHY M3 Hauana
ouepeau UM cTeka). Bbi3biBaeT 06€CNOKOEHHOCTb, UTO KaXKAas UTepaLHs ajro-
putMma JlefikcTpbl aomkHa HaeHTHdUUMpPOBaTL pebpo, nepecekaollee rpaHuLly
¢ HauMeHbllel NeHKCTpoBoOi OLeHKOH. MoXeM M Mbl pealu30BaTh aJrOpUTM,
KOTOPpbIii paboTan Obl 3a NUHelHOe BpeMs?

TECTOBOE 3A1AHHUE 9.2

Kakoe u3 cneayrolux BpeMeH BbINONHEHH S Ty yllie BCENo ONUChIBAET
NPOCTYIO peanu3auuio aroputma JleikcTpbl Ans rpagos, npeacras-
JIEHHBIX B BUI€ CTUCKOB CMeXXHOCTH? Kak 00bIYHO, 1 1 m 0003HayaloT
COOTBETCTBEHHO YMCJIO BEpLUUH U pebep BXOAHOro rpada.

a) O(m+n)

6) O(mlogn)
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B) O(n?)
r) O(mn)

(PewueHune U NOSCHEHUE CM. HUXE.)

PRGN R R N R G T R R T P AT R B D PR S R Ry

IIpaBuabHbliii oTBeT: (1). [IpocTas peanuzauus oTcnexuBaeT T0, Kakue BEpLUU-
Hbl HAXOAATCS B X, CBA3bIBas OyJieBy NepeMEHHYIO C kaxcaoi BeplunHoi. Kaxaas
MTepaLHUs BBIMOJHAET HCYEPNbIBAIOUIMI NOMCK NO BCeM pebpaM, BbIYUCIAET
NedKCTPOBY OLEHKY AJS KaXAoro pebpa ¢ XBocToM B X U ronoBoii BHe X (3a no-
CTOSIHHOE BpeMs Ha peGpo) M BO3BpalLaeT nepecekatollee pebpo ¢ HauMeHbLuer
OLIEHKO# (/M NpaBUJIbHO UASHTHOULIMPYET, YTO HUKaKHUe Nnepecekaoue pedpa
He cywecTBytoT). [locne He Oonee yeM n — 1 urepauuii anroput™ Dijkstra uc-
4YepnbIBAET BCE HOBbIE BEPLUMHbBI, KOTOpblE 100aBAAIOTCS B €r0 MHOXECTBO X.
[Mockonbky uncno urepauuii paBHo O (n) M kaxaas 3aHumaeTt Bpems O (m), COBO-
KYMHOE BpeMsl BbIONHEHUs paBHseTcs O (mn).

YrBepxaenue 9.2. (Bpems BbinoiHeHHs1 aJropurma Dijkstra (mpocroro).) [
Kaxcoo2o opuenmuposannozo cpaga G = (V, E), kaxcoou cmapmosoti sepusutbl s
U Kaxco020 8apuanma HeompuyameibHolx pebepHbiX ONUH NPOCMAsA pearu3ayus
anzopumma Dijkstra svinonnsiemecs 3a epems O(mn), 20e m = |E|un = |V)|.

BpeMs BbINONHEHHS NPOCTOH peanu3auuM XOTb U ABISAETCA XOPOLUUM, HO HEZO0-
craToyHo. Peanuzauus Oyner 3ameuarenbHo paborath ans rpados, B KOTOPbIX
YKCJIO BEPLUMH UCUUCIISETCS COTHAMH MJIH HECKOJIbKMMH ThICS4aMH, HO 3aITIOXHET
Ha 3HaYMTeNbHO Oonee KpynHbIX rpadax. MoxxeM a1 Mbl 106UTECs Ny4wero? [To-
MCTHHE CBSLLEHHBIM ['paaieM B MPOEKTUPOBAHMH ANFOPUTMOB SIBNSETCS NHUHEH-
HO-BpEMEHHOH anroput™ (MM 6AU3KUH K HEMY), U 3TO TO, YErO Mbl XOTUM AJIA
3a/1a4M O KpaTyaiilieM NyTH ¢ €AMHCTBEHHbIM UCTOKOM. Takoit anropuTm Mor Gbl
obpabarbiBaTh rpadbl ¢ MUIIMOHAMH BEPLUMH Ha HOYTOYKeE.

Ham He HyxeH Oonee ObICTpbIi ancopumm, KOTOpbIA AocTUran O6bl MOYTH JKU-
HelHO-BpeMEHHOro pelleHus 3aaa4d. HaM npocto HyxHa 6onee kauecTBeHHas
peanuszayus anroput™a JledkcTpol. CTpykTypbl AaHHBIX (O4Yepean U CTEKH)
Chirpaiy peLlaLlyo poJib B HalIUX JIMHEHO-BpEMEHHbIX peanu3auusax noumc-
Ka B LINPUHY U B ryOHMHY; CXOKUM 00pa3oM anroputm JleikcTpbl MOXET ObITh
peanu30BaH MOUYTH B JIMHEHHOM BPEMEHH C MOMOLLbIO NPaBUJIbHOM CTPYKTYpbl
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JaHHbIX AN obneryeHus MOBTOPHBIX BLIYUCIEHUH MHHUMYMA B €ro I1aBHOM
uuKie. JTa CTpyKTypa JaHHbIX Ha3bIBa€TCs Kyyel U BNSETCA NPeAMETOM Clie-
AYyIOLLEeH rnasbl.

BbIBO bl

%* B 3agaue o kparuaiilleM nyTH ¢ €AMHCTBEHHLIM HCTOKOM BXOJHbIE
JlaHHble COCTOAT U3 rpada, CTapToBOi BepLUMHbI U JJIMHbI KOXI0M0
pebpa. Llenb coctouT B TOM, 4TOObI BBIYUCINUTH JUTMHY KpaTyaiiluero
MyTH U3 CTApPTOBOM BEPLUMHBI 10 BCEX OCTabHbIX BEPLUWH.

%X AunroputMm JlefikcTpbl oOpabaTbiBaeT BepLUMHbI OAHY 3a APYroH,
Bcerna BblOMpas elle He 06paboTaHHYHO BeplunHy, koTopas Onimxke
OCTaJIbHbIX K CTApPTOBO# BepLUMHE.

* MHaykuuoHHas apryMeHTauust oKa3blBaeT, YTo alropuT™ JlelkeTpbl
MPaBUIIbHO pellaeT 3aJayy O KpaTyaiilueM MyTH ¢ eJUHCTBEHHbIM
MCTOKOM, KOrJa BXOAHOI rpad MMeeT TOJIbKO HeoTpHLaTeNbHble
JUTHHBI pedep.

* Anroputm JledikcTpbl He 00si3aTenbHO NPaBMIILHO peluaeT 3aaaqy
0 KpaTyailleM NMyTH ¢ eAWHCTBEHHbIM UCTOKOM, KOr/la HEKOTOpbIE
pebpa BxoaHOro rpada UMerT OTpULATENbHbIE JJIHHBI.

% [Ipocras peanu3sauus anroputMma JleiKkCTpbl BbIMOAHAETCS 32 Bpems
O(mn), rae m U n 0603Ha4alOT YUCI0 pedep U BepLUMH BXOAHOIO
rpaga COOTBETCTBEHHO.

3apaum Ha 3aKpenneHne marepuana

3apaua 9.1. PaccMoTpuM opueHTHpoOBaHHbIH rpad G ¢ HECOBNAAAIOLIMMH U He-
oTpULaTeNbHbIMU JNIMHaMU pebep. [TycTb s paBHO CTapTOBOIA BepLUHHE, U ! paBHO
¢$uHanbHOM BeplUKHe, U OyeM CUMTaTh, YTO G UMEET Mo kpaiiHei Mepe OfMH MyThb
s-t. Kakue u3 cneayroliux yTeepxaeHuii apnsiorcs ucTiHHbIMU? (BbiGeprTe Bee
NOAXOJSALIME BAPHAHTBI.)

a) Kpartyaiiwuii (To eCTb ¢ MUHUMANILHON ANMHONM) NMyTb S-f MOXET MMEThb
BMJIOTb A0 1 — 1 pebep, rae n — YKCIO BEPLUKH.
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6) CyuiecTByeT kpartyaiiLumii nyTh s-f 6€3 NOBTOPAIOLMXCS BEPLUUH (TO €CThb
6e3 netenb).

B) Kparuyaiilumii nyTh s-f njomkeH BkIO4aThb peOpO MHUHHUMAIbHOW JJIUHbI
B rpage G.

r) Kparuaiiumii nyTeb s-f 10JDKEH UCKIOYaTh peOpO MaKCUMaNbHOW JNHUHbI
B rpage G.

3agaya 9.2. PaccMoTpuM opueHTHpoBaHHbIi rpad G co CTapTOBOH BEpLUMHOIA S,
¢uHanbHOW BEpLUMHOMN ¢ U HEOTpULATENbHBIMU AMHamu pebep. [pu kakux yc-
JIOBUSAX rapaHTUpYeTCs YHUKaNbHOCTb Kparyaiiluero mytH s-¢?

a) Koraa Bce anuHbI pe6ep ABNAIOTCA HECOBMaAalOLIMMHU LCIBIMH MOJIOXKH-
TECJIbHbBIMH YHCJIAMH.

6) Korpa Bce AIMHBI pe6ep ABJISAIOTCSA HECOBMAAAIOLLMMHU CTENEHAMH JABOMKH.

B) Ecnu minHbl Bcex peGep sBNAIOTCA HECOBNAAAIOLMMU MONOXKHTENbHbIMH
yucnamu U rpad G He COAEPKUT OPUEHTUPOBAHHBIX LIMKIIOB.

r) Hu oauH U3 npeacTaBneHHbIX BAPUAHTOB He SABNSETCS MPAaBHIIbHBIM.

3apaua 9.3. PaccMoTpuM opUeHTHpOBaHHbIH rpad G ¢ HEOTpULATENbHBIMU AJTH-
Hamu pedep U ABYMs HECOBNAJAIOIMMH BepLUIMHAMMU, s U L. [1ycTb P 0603HayaeT
KpaTyaiiuuii nyTb u3 s B £. Ecnu Mbl 106aBuM 10 k anuHe kaxaoro pedpa B rpacde,
TO: (BbIOEpPHTE BCE, YTO MPUMEHHMO.)

a) P onpeaeneHHo ocTaeTcs KpaT4ailuUM nyTeM s-£.
6) P onpeneneHHO He OCTAaeTCA KpaTyailkM NyTeMm s-1.

B) P MOXET UM He MOXET OCTaBaTbCA KpaTyailuMM MmyTeMm s-f (B 3aBUCHMO-
CTH OT rpada).

r) Eciu P uMeeT TosbKO 0AHO pedpo, TO P onpeaesieHHO OCTaeTcs kpaTyaii-
UMM MYyTEM §-1.

3agaya 9.4. PaccMoTpuM OpUeHTHPOBaHHbIH rpagd G ¥ CTapTOBYIO BEPLLHHY S CO
CnefyoLWHUMHU CBOHCTBAMH: HU OIHO pebpo He BXOAUT B CTAPTOBYIO BEPLLUHHY S;
pe6pa, BLIXOAALLHKE U3 S, MMEIOT NPOM3BOJIbHYIO (BO3MOXHO, OTPHLIATENBHYIO) IUTH-
HY; BCE OCTa/IbHble peGepHbI€ UTHHbI ABIAIOTCSA HEOTpHLATENbHbIMU. [IpaBHIbLHO
an anroput™ JlefkcTpbl pewaeTt 3aady O kparyaiiiem nyTH ¢ €AMHCTBEHHBIM
MCTOKOM B 3TOM ciiyyae? (BbiGepure Bce noaxoasiuie BApHaHTbl.)



3anaun Ha 3akpenneHue MaTepuana 129

a) Jla, ans BceX TaKMX BXOJOB.
6) Hukoraa, H60 TakMX BXOAOB HET.

B) U 10 M apyroe (B 3aBUCUMOCTH OT KOHKpETHOro Bbibopa G, s U AJIMH pe-
oep).

r) Tonbko ecau Mbl 106aBMM JonylueHHe, 4TO G He CONEPKUT OPUEHTUPO-
BaHHbIX LIMKJIOB C OTPULATEILHOK CyMMapHO#N JHHOM.

3apaua 9.5. PaccMoTpuM opreHTHpoBaHHbIH rpad G ¥ CTapTOBYIO BEPLUMHY S.
[MpeanonoxuM, uto G UMeeT OTpULATENbHbIE AJMHBI pebep, HO HE UMEET OTPH-
LaTeNbHbIX LMKIOB, TO €CTb G HE HMEET OPUEHTHPOBAHHOIO LIMKJIA, B KOTOPOM
CyMMa ero AJuH pebep sBnseTcs oTpuuarensHoi. [peanonoxum, 4To Bbl Bbi-
nonHsere anroput™ JleikcTphbl Ha 3TUX BXOAHBbIX AaHHbIX. Kakue U3 cneayoumx
yTBepXAeHUH ABNAIOTCS UCTUHHBIMU? (BbiGepyTe Bce NnoaXoAsLLHE BapUAHTHI.)

a) Anroputm JIeHKCTpbl MOXET 3aLMKIUTLCS.

6) HeB03MOXHO BBbIMONHUTH anroput™ JleikcTpbl Ha rpade ¢ oTpuLaTeNb-
HbIMH AJIMHaMU pebep.

B) Anroputm JlelKkCTpbl Bceraa OCTaHaBIMBAETCS, HO B HEKOTOPBIX Cllyyasx
paccTossHUs KpaTyalluero nyTH, KOTOpble OH BbluMchseT, He OyayT npa-
BHJIbHbIMU.

r) Anroput™ JleAKCTpbl Bceraa OCTaHABIMBAETCA, U B HEKOTOPBIX Clyvasx
paccTosHUS KpaTyaiLiero nyTd, KOTOpble OH BbIUMCSET, OyAyT NpaBuUb-
HbIMH.

3agaua 9.6. B npopomkeHue npeapiayLlei 3ajaun Tenepb NpeanojokuM, YTo
BX0AHOH rpad G coaepXUT OTpULATENbHBIH LMK, a TaKXXe MyTb U3 CTapTOBOMH
BEPLUMHBI § B 3TOT UMKA. [Ipeanonoxum, Bbl BbiNoaHsAETe aNroput™ JleikcTpbl
Ha 3THX BXOJHbIX JaHHbIX. Kakue u3 cnefylolux yTBepXXAeHUH SABNSAIOTCA UC-
TUHHBIMU? (BbIOepuTe Bce noaxoasLiue BApHAHTHI.)

a) Anroput™ JleAKCTpbl MOXET 3aLMKIUTBCS.

6) HeB03MOXHO BbIMONHUTL anroput™ JledkcTpbl Ha rpage ¢ oTpULaTeb-
HbIM LIKJIOM.

B) Anroputwm JledkcTpbl Bceraa OCTaHaBJIMBAETCS, HO B HEKOTOPBIX Clyuyasx
paccTOsHUS Kparuaiillero nyTH, KOTOpble OH BbIUMCASET, He OyayT npa-
BUJIbHBIMH.
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r) Anroput™ JlelikcTpbl Bceraa ocTaHaBIMBAETCA, U B HEKOTOPBIX Clyyasx
paccTosiHMs KpaTyailluero nyTH, KOTOpble OH BbIYMCISAET, OyAyT MpaBHilb-
HBbIMH.

3anauya NOBbILLEHHOW CNOXHOCTU

3apauya 9.7. PaccMoTpuM opueHTHpoBaHHbIi rpad G = (V, E) ¢ HeoTpULaTenb-
HbIMHU J/IMHAMH pebep U cTapTOBOIi BepLUHHOI 5. OnpeaeniM y3koe MECTO MyTH
KaK MaKCUMaJIbHYIO JIMHY OAHOIO U3 ero pebep (B OTJIMYKME OT CYMMBbI UTHH €ro
pebep). ITokaxwmre, kKak U3MEHUTb ANrOPUTM JleHKCTpbl TaK, YTOOBI BLIYMCIUTD
IS KaXKJ0i BEpIUMHBI v € V HauMeHblliee y3koe MecTo Jodoro nyTH s-v. Bai
ajnropuTM JosmkeH paboraTs 3a BpeMs O (mn), rae m u n 0603HavyaroT Yucio pebep
M BEpPLUMH COOTBETCTBEHHO.

3aAaya no NporpaMmMmUpoOBaHUIO

3agaua 9.8. Peanu3yiite Ha 1OOMMOM A3blke MPOrpaMMHUPOBAHHUS ANrOPUTM
Dijkstra M3 pazaena 9.2 u ucnonb3yiiTe €ro Ans pelleHUs 3aa4Ml O KpaTyailiem
NyTH C €AMHCTBEHHBIM UCTOKOM B Pa3HbIX OPUEHTHPOBaHHbIX rpadax. C yueTom
NpocToii peanu3al My B 3TOM rlaBe KakoB pa3mep caMoii 60MbL1Oo# 3a1a41, KOTOpPYHO
Bbl MOXKETE PELIUTb 3a NATb MHUHYT WJIM MeHbluee BpeMsa? (OOpaTuTech K caifTy
www.algorithmsilluminated.org 15151 N0y 4€HHs TECTOBBIX Clly4aeB U COBOKYMHOCTEH
JlaHHBIX AJ1s 3a7a4.)
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OcTanbHble TpH IMaBbl 3TOM KHUIM MOCBSALIEHBI TPEM Haubonee BaXKHBLIM U MO-
BCEMECTHBbIM CTPYKTYPaM JaHHbIX — KyuaM, epeBbAM MOKCKa U Xelu-Tabnuuam.
Llenb cOCTOMT B TOM, 4TOObI U3y UHTh ONepaLnH, KOTOPble NOAIEPXKUBAIOTCSA STUMH
CTPYKTYpaMH AaHHbIX (BMECTE C UX BpeMeHaMH BbIMOJHEHUs ), Pa3BUThb C OMO-
b0 NPUMEPOB MPUMEHEHHI CBOIO MHTYHLIMIO O TOM, KakKHe CTPYKTYpbl JaHHBIX
none3Hbl 171 KaKWX BUOB 3a/ay, H, BO3MOXKHO, y3HaTh HEMHOIO O TOM, KaK OHH
peanu3yroTcs noa kanoroM'. Mbl Ha4MHAaEM C Kyyu — CTPYKTYpbl JaHHBIX, KOTOpast
cnoco6CcTBYeT GLICTPBIM BbIYUCIEHUAM MUHUMYMa TM60 MakcUMYyMa.

10.1. CTpyKTYpblI AAHHDbIX: KpaTKUii 0630p

10.1.1. BbiGOp NnpaBuNbHON CTPYKTYPbI AAHHbIX

Cmpyxmypbl OaHHbX UCTIONB3YIOTCA MOYTH B KaXKA0H OCHOBHOM 4acTH MpoOrpaMM-
Horo obecrneyeHus, NO3TOMY 3HaHHE TOro, KOrAa U KaK MX NPUMEHATb, ABJSETCS
B)XHBIM HaBbIKOM AJI CEPbE3HOro nporpaMmucta. CMbICA CTPYKTYpPbl AaHHBIX
3aKJIl04aeTcs B OpraHW3alUMu JaHHbIX TakuM 06pa3oM, 4ToObl Bbl MOMIH MOJY-
4aTb K HUM JOCTYN GBICTPO M € NOJb30M. Bbl yike BUAENM HECKOJbKO NPUMEpPOB.
Ouepeodsb, ucnonblyemas B Halled NMHEHHO-BPEMEHHOW peann3auuy noucka
B LIMpPHHY (pa3aen 8.2), mocnenoBaTesibHO OpraHM3yeT AaHHbIE TakK, YTO yAaleHHe
obbexTa B ee Hayano uau nobaBneHne oObekTa B ee KOHLE 3aHHMAET MOCTOSHHOE
Bpems. Cmek B KaueCTBE CTPYKTYpPbl JaHHBIX, KOTOpas MMeia peLatoLlee 3Ha4eHue
B Hallleil UTepaTUBHOW peann3auuu noucka B rayouHy (pasaen 8.4), nossoaser
yaansaTb 00bEKT UM 100aBAATL OOBEKT B €r0 HA4ao 33 MOCTOSHHOE BPEMS.

CyllecTBYeT ellle MHOMO JpYruX CTPYKTYp JaHHbIX — B 3TOM KHUXXHOH cepuu
Mbl YBUJUM KyuH, OUHApHbIE (MM ABOMYHbIE) A€PEBbS MOMCKa, Xel-Tabanupbl,
¢unbTpbl Bnyma u (B mpemveii yacmu) cucTeMy HenepecekaloLMXcs MHOXKECTB
(union-find). [ToueMy Takoii HenoHATHbII NepeveHb? [TOTOMY UTO pasHble cmpyk-
mypbl OAHHBIX NOOOEPICUBAIOM DA3HbBLE MHOJCECMBA ONepayul, Ymo deaaem ux
XOpOWLo NPU200HBIMU 0N PA3HBIX MUNOE 3a0ay npoepammuposarusi. Hanpumep,
MOMCK B LUNPHHY M MOUCK B INyOUHY UMEIOT pa3Hble NOTPeOHOCTH, YTO NPUBOAUT

' HekoTopble NPpOrpaMMHCTBI pe3ePBHUPYIOT CIOBOCOYETAHHE KCMPYKMYPA OAHHBIX) 1A
KOHKPETHOMH pean3alivi U CCbLIAlOTCA Ha CIMMCOK MOAAEPKHBAaEMbIX ONEpaLHii KaK Ha
abcmpakmHblii mun OGHHbIX.
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K ABYM pa3HbIM CTPYKTypaM JaHHbIX. Halua GbicTpas peanu3auus anroputma
kpatyaiilwero nytu Jeiikctpsl (B paszaene 10.4) uMeeT cBOU COOCTBEHHbIE OT-
JAuyaroluecs noTpebHocTH, Tpedyroline 6oee CIOXHON CTPYKTYpPbl AaHHbIX,
MMEHYEMOM Ky4dei.

KakoBbl n110Cbl U MUHYCbI pa3HbIX CTPYKTYP JaHHbIX U KaK BbIOpaTh, KaKyto U3 HUX
ucnonb3oBaTh B nporpamme? Kak npasuno, yem 6oJbLie onepauuii noaaepxusaeT
CTPYKTYpa aHHbIX, TeM MeJUIEHHEe onepaLuu U TeM 6osible 06beM 3aHUMAeMOro
npoctpaHcTea. CreayioLas LMTara, 4acTo npunuceiBaeMas Anboepty DiHLITERHY,
Oyner 31ecb YMECTHOM:

«Bce cnepyer ynpoluarb A0 Tex MOp, MOKa 3TO BO3MOXHO, HO He
6oJiee TOroy.

[pyn peann3auuy NporpaMMbl BaXKHO TLIATENBHO NPOAYMbIBAaTb, KaKHE HMEHHO
ornepauuu Bbl OyzfeTe MCNONbL30BaTh CHOBA M CHOBAa. Hampumep, uHTepecyeT nu
BAC TOJIbKO OTC/IEXXHMBAaHUE TONO, KaKHe OOBEKTbI XPaHATCA B CTPYKTYpe AaHHbIX,
MJIM Bbl TaK)KE XOTHTE, YTOObI OHU ObIIM YNOPAAOUYEH bl ONpeeeHHbIM 00pa3om?
[Tocne Toro kak Bbl NoiiMeTe NOTPEOGHOCTH Balleii MPOrpamMMbl, Bbl CMOXETE NPH-
JIepXXMBATbCA MPUHLUKNA 3KOHOMHOCTH U BbIOpaTh CTPYKTYpPY AaHHbIX, KOTOpas
NOAIEPXHUBAET BCE HYIXKHbIE ONMEepaLy, KpOMe JTHLLHUX.

APUHUMN 3KOHOMWMU

BuiGepuTe NpocTenwylo CTPYKTYPY AaHHbIX, KOTOpas NoaaepxusaeT BCe
onepauun, TpebyemMbie NPUNOXeHNeM.

10.1.2. Nepexon Ha cneayOWMNiA YPOBEHb

KakoB Ball TekyluHii W >xenaemblii YpoBeHb OCBEJOMJIEHHOCTH O CTPYKTYypax
JaHHBIX?

YpoBens 0 «YT0 Takoe CTpPyKTypa JaHHBIX?»

YpoBenb 0 npeacraBiseT coboii NOJHOE AUIETAHTCTBO — TOT, KTO HUKOraa
He CJIbILLIAN O CTPYKTYpe AaHHbIX U He 3HaeT, YTO YMHas OpraHu3alus BalluX
JaHHBIX MOXKET 3HAYUTEIbHO YJy4IUHTb BpeMsi paboThbl MPOrpaMMBbl.
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YpoBenb 1 «CrbiLan MHOMO XOpoLIEro o Xel-rabauuax»

YposeHb | npeactarnset coboii MoOBepXHOCTHYIO OCBEIOMIEHHOCTb, Kak eclii
Obl, OKa3aBILKCh B KPYry CNeLUMaluCTOB Ha BeuepHHKe, Bbl Moaaepxkany Obl
pa3roBOp Ha YpOBHE OCHOBHBIX CTPYKTYP JaHHbIX'. Bbl C/ibILLIAH O HECKONBKHUX
OCHOBHBIX CTPYKTYpaX, TAKHX KaK JiepeBbsi TOUCKA U XeLL-TabULIbl, U, BO3MOXKHO,
3HaeTe O HEKOTOPbIX U3 UX MOIEPXKUBAEMBIX OMepauuii, HO YyBCTBOBAIH Obl
cebs HeyBepEHHO, NbITA’Ch UCIOJIb30BaTh MX B MPOrpamMMe Uik cobece10BaHUH.

YpoBensb 2 «J{ns 3T0i 33a1aun TpebyeTcs Kyda»

C ypoBHeM 2 y Hac yKe YTO-TO NoJly4aeTcs. ITO TOT, KTO 06/1afaeT ConuaHoi
rpaMOTHOCTBIO B OTHOLUEHHH OCHOBHBIX CTPYKTYp JaHHbIX, KOMPOPTHO Hc-
NoNb3yeT UX B KaUeCTBE KJIMEHTA B CBOMX COOCTBEHHbIX MPOrpaMMax U UMeeT
Xopolliee MpeACTaRIeHHE O TOM, KaKHe CTPYKTYPbl JaHHBIX ANA KaKUX THIOB
3aja4 nporpaMMHpPOBAHUSA MOAXOASAT.

YpoBensb 3 «Mcnonb3yo TONBKO T€ CTPYKTYPbl AAHHBIX, YTO HAMKCANl CaM»

YpoBeHb 3, caMblii MPOABUHYTHI YPOBEHb, OTHOCUTCS K BbICOKOKIIACCHBIM
nporpaMMUCTaM M cneuHanucrtaMm B obnact computer science, kKoTopble
He OBOJIbCTBYIOTCS MPOCTO UCMONb30BaHUEM CYLLECTBYIOIUX peau3auuii
CTPYKTYpbI JaHHBIX B KauecTBe KMeHTa. Ha 3ToM ypoBHe y Bac ecTb AeTanbHOe
NOHUMaHHe CYTH OCHOBHBIX CTPYKTYP JAaHHbIX U TOTO, KaK OHH peau3yoTcs.

Camoe 6onbluoe peLiatollee pacliMpeHle BO3MOXHOCTEH NpOUCTEKaeT U3 10-
CTHXXEHUS YPOBHS 2. BonbLIMHCTBO MPOrpaMMHUCTOB B KAKOH-TO MOMEHT JOJKHBI
cTaTh 00pa30BaHHbIMU KJIMEHTaMH OCHOBHBIX CTPYKTYP AaHHBIX, TAKUX KaK KYUH,
JlepeBbs NoUcKa U xew-Tabnauubl. OcHOBHas uenb raas 10—12 — noaHAThH Baly
3HAHWUS 10 ITOM MJAHKH C UCNOb30BAHMEM 3THX CTPYKTYP AAHHBIX, yaAenss ocoboe
BHUMaHHE onepauusiM, KOTOpble OHH MOANEPXKUBAIOT, U UX KAHOHUYECKUM MPH-
MEHEeHHAM. Bce 3TH CTpyKTypbl JaHHbIX JIErkO JOCTYMHbI B CTAHAAPTHbIX OM6AHO-
Tekax 601bLUMHCTBA COBPEMEHHbIX A3bIKOB NPOrpaMMHPOBaHUS, KOTOPbIE TOJIbKO
M KAYT TOro, YTOObI MX JJOBKO pa3BepThIBAIN B CBOUX COOCTBEHHBIX MpOrpamMmax.

VY NpoaBHHYTBIX MPOrpaMMKHCTOB MHOTAA BO3HUKAET NOTPEOHOCTL B peanun3a-
LMH YNPOLIEHHOW BEpCUH OHOMW U3 3TUX CTPYKTYp AaHHbIX ¢ Hyns. Kaxnaas u3

! Kak Bceraa, peyb 0 JOCTATOYHO 3aHYAHbIX QYpLIETHBIX BeuepHHKaXx!
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nocneAyloLUKX r1aB BKIIOYAeT No KpaiHel Mepe OAMH paclUMpeHHbIi pa3aed,
NOCBSLLUEHHbIH TUMUYHBIM pean3aUMsaM 3THX CTPYKTYP AaHHBIX: DTH pa3felibl
npeJHa3zHaueHbl AJIS TeX U3 BacC, KTO XOYeT JOCTHYb MAaKCUMAJIbHOMN BEpLUMHBI.

10.2. NoanepXxunBaembie onepauyum

Kyva — 310 cTpyKTypa JaHHbIX, KOTOpasi OTCJIEXKHMBAET IBONIOLMOHUPYIOLIEE
MHOX€CTBO OOBEKTOB C KIl0YaMu U MOXeET ObICTPO MAEeHTU(PUUUPOBATL OOBEKT
C HaMMeHbLIMM KJTlo4oM'. Hanpumep, 06beKTbl MOTYT COOTBETCTBOBATD 3aMUCAM
0 COTPYAHHMKAX C KJIIOYaMH, PaBHbIMU UX UAEHTH(PHKALHUOHHBIM HOMepaM. OHU
MoryT ObITb peGpamu rpaga, B KOTOPOM K/HOUHM COOTBETCTBYIOT MX ANMHAM. JIubo
OHHM MOTYT COOTBETCTBOBATH 3aljJaHUPOBaHHBIM Ha Oyayluee COOLITUAM, MPHUEM
KaX[blii KJTI0Y yKa3bIBaeT Ha BpeMsl, B KOTOpOe cOObITHE Npon3oiiaeT’.

10.2.1. BcTaBka u ussne4yeHne MMHUMyMa

CaMmble rnaBHble BeLLH, KOTOpbIE ClIeAYeT MOMHHTB O JI060# CTPYKType JaHHbIX, —
3TO OnepaL1H, KOTOpble OHA MOJEPXKUBAET, U BpeMs, HEOOXOAUMOE s Kax 1o
13 HUX. J[Be caMble BaXKHble OnepaunH, NoaaepXUBaeMble Ky4aMu, 3TO OMepaumu
BcTABUTH U UI3BAEYS MUHUMYM?,

KYUYHU: OCHOBHBIE OIIEPALIUH
BcTABUTS: € yueToM H 1 HOBOro o6bekra x 106aButh x B H.

MU 3BNEYS MUHUMYM: C yUETOM Kyl H ynanutb U BepHYTb U3 H 00beKT
C HaUMEHBLUUM KJIIOUOM (160 yka3aTesb Ha HEro).

' He cnemyer nyTarb ¢ Ky4eii B ka4ecTBe JMHAMH4€ECKON namsamu, TO €CTb YacTbIO NaMATH

MpOrpaMMbl, 3ape3epBHPOBAHHON /I ANHAMHYECKOTO BbIAEIEHHS.

Kniouun yacTo BbIpaxkeHbl YMCIAMH, HO MOTYT MPHHAANEKATH JTIO6OMY MONHOCTBIO
yNoOpAA04EHHOMY MHOXECTBY — BaXXHO TO, UTO AJI K&XAO0M Mapbl HEPaBHbIX KITIOUEH
O/IMH MeHbLIE APYroro.

CTpYKTypbl JaHHBIX, OAEPXKH BAIOLLME 3TH ONEPALMH, TAKXKe Ha3bIBAOTCA MPHOPHUTH-
3MPOBAHHBIMH OYEPENAMH, HITH OYEPEOAMU C NPUOPUMEMOM.
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Hanpumep, ecam ansg nodasnenus o6bekToB ¢ kouamu 12, 7, 29 u 15 B nycTyto
Kydy 4eTbIpe pa3a BbI3BaTb METOA BCTABUTD, TO Onepauus U3BIEY> MUHUMYM BEp-
HeT 00bekT ¢ kmo4oM 7. Kntouu He 06s13aTeNIbHO 10KHBI ObITh HECOBMANAIOLLNMM;
€CJIM B KyYe MMEETCS HECKOJIbKO OOBEKTOB C HAMMEHBLUWM KJIIOYOM, OnepaLus
H3BaEYs MHUHMMYM BO3BpaLlLaeT NMPOM3BOJIbHbIIA TaKoH 00BEKT.

Bbiio 6bl Jlerko noaaepxuBaTh TOJILKO ONepaunio BCTABHTE, MOBTOPHO MPHCO-
€IMHAS HOBblE 00BEKTHI B KOHEL, MaCCHBA MJIM CBS3HOIO CMHUCKA (32 MOCTOSHHOE
Bpems). 3arso3/1ka 3akJoyaeTcs B TOM, UTO onepauus U3BIEYb MUHUMYM TpebyeT
JIMHEHHO-BPEMEHHOIO HCYEPIbIBAIOLLETrO MOUCKa N0 BceM 00bekTaM. SICHO Takxke,
KakUM 00pa3oM MoAep>KHBATh TONBKO onepaunto U3BiEYs MUHUMYM — OTCOPTH-
pOBaTh MCXOHOE MHOXKECTBO 1 00BEKTOB M0 KJIIOYY 3apaHee pa3 U HaBceraa (¢ uc-
nosib3oBaHueM BpeMeHu O (n log n) Ha npeao6paboTKy), a 3aTeM NoCie10BaTENbHO
BbI3bIBATh ONepaLunio U3BIEYS MUHUMYM 115 BbIXBaTbIBAHUS OOBEKTOB N0 OHOMY
C Hayana OTCOPTHPOBAaHHOIO CMHCKa (KaXkaas 3a MOCTOSHHOE Bpems). 3arBo3ka
37€Ch B TOM, YTO Jito6as NpocTas peanu3auus onepauuu BctaButh TpeOyeT NUHEN-
HOro BpeMeHH (KaK Bbl CaM1 MOXKeTe yOeAMThCs ). XUTPOCTh KpoeTcs B pa3paboTke
CTPYKTYpbI JaHHbIX, KOTOpas MO3BOJIAET 0Heum ONnepauMrsaM BbIMOIHATHCH OYEHb
6bicTpo. UIMEHHO B 3TOM 3aKJIHOYAETCH CMBICIT CYLLIECTBOBAHUS KYUH.

CraHpapTHble peanu3auuu Ky, Kak Ta, KOTOpas CXeMaTH4HO OMucaHa B pa3jie-
ne 10.5, rapaHTupyloT cieaylouiee.

Teopema 10.1. (Bpemsi BbINoJIHEHHsI OCHOBHBIX onepauuii Ky4u.) B xyue
¢ n obvexmamu onepayuu BcTaBUTb ¥ U3BIEYL MUHUMYM 8bINOIHAIOMC A 3a 8PeMS
O(log n).

B kauectBe 60Hyca B THMMYHBIX pealM3alusAX KOHCTaHTa, CKpbiTas 3a GopMoii
3anuck O-60ib110e, O4€Hb Masla, U MOYTH HET JIMIUHUX MPOCTPAHCTBEHHBIX Ha-
KJIQ{HbIX PaCXO/0B.

CyLuecTByeT Takxke BapMaHT Ky4H, KOTODbIi MoAAepXkKHBaeT onepauut BcTtaBuT
¥ U3BAEYS MUHUMYM 3a Bpems O(log n), rae n — 3710 uncno oobekToB. OaUH
M3 cnocobOB peanu3alUMH 3TONO BapMaHTa COCTOMT B CMEHE HamnpaBleHUs BCEX
HEpaBEeHCTB B peanu3auud u3 pasaena 10.5. Bropoii cnocod — ucnonb3oBarhb
CTaHJapTHYIO Ky4y, HO BBIMOJIHATH OnepaLuio HE ¢ KiouaMu 0ObEKTOB Nepes UxX
BCTaBKo# (B pe3yJjbraTe 3¢p¢ekTHBHO Npeodpa3oBbiBas onepauuio M3Bneus Mu-
HUMYM B onepauuio U3BiEUs MAKCHMYM). HU OMH W3 BApHAHTOB Ky4M He MOA-
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Jlep>KMBaeT onepauny U3Bieub MHUHUMYM U HU3BNEUD MAKCHMYM OIHOBPEMEHHO
3a O(log n) — BbI JOMKHbI BbIOpaTh, KAKYIO U3 HUX Bbl XOTUTE'.

10.2.2. ononHuTenbHbIE onepauun

Kyuu MoryT Takxe noaaepxath psiii MeHee CyLLECTBEHHBIX OnepaLuii.

KY4YH: JONMOJHHUTEJIbHBIE ONNEPALIUU
HANUTH MHHUMYM: € y4eTOM Ky4u H BepHYTb OOBEKT C HAUMEHbLLHUM

K1o4oM (MO0 yKa3zaTesleM Ha HEro).

OBBEAMHUTbL B KYYY: C YY€TOM OOBEKTOB X, ..., X, CO3AaTb Kyuy, CO-
JiepKaLLyO 3TH OObEKTbI.

YaAanuth: ¢ yueToM Kyuu H ¥ ykasatens Ha o0bekT x B H ynanuTb
xus H.

S L R A Y T e S e s N LA,

Bbl MoxeTe cbIMUTHPOBATL onepaumnio HANTH MWUHHMYM, BbI3BaB onepauuio Hs-
BJIEYb MUHUMYM, a 3aTeM NPUMeHUB BCcTABHTH K pe3ynbTaty (3a BpeMms O (log n) no
teopeme 10.1), HO TUNMYHAs peanu3aLus Ky4H MOXKeT n30eraTb 3Toro 06XoaqHOro
pelleHUs W MoAlepXUBaTh onepaunio HANTH MMHMMYM HEMOCPEACTBEHHO 3a
BpeMs O(1). Bbl Mornu 661 peann3oBarb onepauuio OFbEAMHUTDL B KUY, BCTaBISASA
n 06bEKTHI MO OIHOMY B NYCTYIO Kyuy (3a cyMMapHoe BpeMs O (n log n) no teope-
me 10.1), oaHako cyuiecTByet Onectawmii cnocod 106aBATh 0OLEKTHI B MYCTYIO
Ky4y OJHMM MNaKeToM 3a cymMMapHoe Bpems O (n). HakoHel, Kyun MOTyT Takxke
NoAAep>KMBaTh yaaleHHe MPOU3BONbHLIX OObEKTOB, a HE TOJIbKO 0OBEKTOB C Hau-
MeHbLIMM KtouoM 3a BpeMs O(log n) (cM. Taioke nporpammHblii npoekt 10.8).

Teopema 10.2. (BpeMsi BbINOJIHEHHS AONOJIHHTEIbHBIX Ky4YeBbIX ONepaLuii.)
B xyue ¢ n obvexmamu onepayuu Hat MUHUMYM, OBBEAUHUTL B KYYY # Y IANUTD
svinonnsiromes 3a epems O(1), O(n) u O(log n) coomeemcmeenno.

! Ecnu Bbl XOTHTE HMETD 06€, TO MOXKETE HCMOB30BaTh OJIHY Kydy KaXA0ro THMa (CM. Tak-
xe pazaen 10.3.3) nn60 06HOBHTE CBOE NPEACTABIEHHE AAHHBIX A0 COANAHCHPOBAHHOIO
OuHapHoro nepeBa noucka (cM. rmasy 11).
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O0600611K1M U MpUBEEM UTOrOBBIH NepeueHb Nnokasatenei s Kyu.

Ta6nunua 10. 1. Kyun: nogaepxvsaembie onepaunm n BpeMs ux BbiNoNHEeHUs,
rae n o6o3HavaeT Tekyliee Y4Cno 06LEKTOB, XPAHALWMNXCA B Ky4e

Onepauusn Bpems BbINONHEHUNA
BcTaBuTh O(log n)
H3BAEYL MHUHHUMYM O(log n)
PSR on
OBbEAUHUTbL B KYYY O(n)
VYV aAnuThb O(log n)

KOrgA UCnoJib30BATb Ky4y

Ecnn Bawemy NpunoxeHuio Tpe6y|o1'ca 6bICprle BblMUCNEHUA MUHUMYMA
(J'M60 MakKCUMyMa) 4NS AUHAMUYECKU U3MEHSRIOLErOCA MHOXeCTBa 06bekToB,
Ky4ya 06bI4HO sBNsieTCH npeanoYTUTENbHON CTPYKTYPOIN AAHHbIX.

10.3. MNpuMmeHeHusa

CnenyoLuii MyHKT Ha NOBECTKE — MPOWTHUCH 10 HECKOJIbKUM NpHUMepaM NpUMeHe-
HHs M OYYBCTBOBATb BCE NperMyLecTBa Ky 4d. O6Leli TeMOii 3TUX TPpUMEHEHH
ABNAETCS 3aMEHa BbIYUCIEHUH MUHHMYMA, HaUBHO PEAJIM30BAHHBIX C UCMOJb30BA-
HHEM (JMHEHHO-BPEMEHHOMNO) HCYEPIBIBAIOLLErO MOUCKA, 0CIE10BaTENbHOCTBIO
(norapugMuvecku-BpeMeHHbIX) onepauuii U3BnEub MUHUMYM K3 Kyud. Besikuii pas,
KOria Bbl BUAUTE aJNOPHTM WK NPOrpammy ¢ 60/bLIMM KOTHYECTBOM BbIUMCIEHHH
MHHMMYMa W1 MaKCMMyMa METOZIOM MOJIHOro nepedopa, y Bac B rojioBe J0KHO
LLENKHYTb: 0118 Hux mpebyemcs Kyya!

10.3.1. NpumeHeHune: cCOpTUpPOBKa

B Hawem nepsoM NpUMEHEHUH JaBaiite BEPHEMCH K NpaMaTt€pHu BCEX BbIYHCIIHU-
TENbHbIX 3aa4 — copmuposke.
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3A1AYA: COPTUPOBKA
Bxoa: MaccHB M3 n YKcen B MPOM3BOJILHOM MOPsAKE.

Bbixoa: MaccHB TeX ke YHUCEJ, OTCOPTUPOBAHHbBIX OT HAUMEHBLLETO
K HaubonblueMy.

Hanpumep, npu 3a1aHHOM BXOAHOM MaccuBe

[Moxanyi, caMbIM MPOCTBIM AITOPUTMOM COPTHPOBKH ABJIsSiETCS SelectionSort,
HJIM COPTHPOBKA METOJAOM BbIGOpa. DTOT aNropUTM BBINOJIHAET NHHEHHOE
CKaHMpPOBaHHE BXOJHOr0 MaccHBa C LEbl0 WACHTHPHKALNH MUHMUMATLHOIO
3nemMeHTa, 0OMEHUBAET €ro C MEPBLIM 3NIEMEHTOM MacCHBa, BBIMOJIHAET BTOPOE
CKaHUPOBAaHHE OCTABIUMXCA 7 — | JNEMEHTOB C LIENbIO HACHTU(UKALMH U Mepe-
CTaHOBKOW Ha BTOPOE€ MECTO BTOPOr0 HAMMEHBLLUErO JEMEHTA U TaK Janee.
Kaxxpas npoBepka 3aHMMaeT Bpemsl, NPONOPLHOHANBHOE YUCIy OCTaBLUMXCS
3/1EMEHTOB, O3TOMY COBOKYMHOE BpeMs paGoThl paBHo © Z:ﬂ i)=0(n"))". Mo-
CKONIbKY Ka)X</1ast MTEpaLH1s anropuTma SelectionSort BbIUMCASET MUHUMANbHBIH
3JIEMEHT C MOMOLIbIO UCYEPTbIBAIOLIETNO MOUCKA, JaHHbIA aJlfOPUTM MOUCTHHE
B3bIBAET k kyue! Maes npocra: BCTaBUTb BCE 31EMEHTBI BXOAHOIO MacCHBa B Ky4y
M 3aM0JIHATb BLIXOAHOW MaCcCHB CJIEBa HANpaBo MOCJIEA0BATENILHO U3BJIEYEHHBIMU
MHMHHMabHBIMH 3NIEMEHTaMU. [lepBoe U3BNEUEHHE NPOM3BOANT CaMblil Masblil
3JIEMEHT; BTOPOE — CaMblii Masblii OCTaBLUMICS 3NEMEHT (BTOPOi HAUMEHbLUIUH
B COBOKYIHOCTH); M TaK Aajee.

' Cymma Z" i paBHa He 6Gonee n’ (OH DK MBIX, KOT! 6 M
i P n a COIEPXHT n cnarae , KOTOpBIX He Gonee ue

n) ¥ He MeHee n*/4 (oHa UMeeT n/2 cnaraeMbiX, KOTOPBIX B O6LUE#H CIOXKHOCTH HE MeHee
n/2).
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IIpaBuabHblii oTBeT: (6). PaboTa, BbiNonHseMas alropuTMOM HeapSort, CBOAUTCS
K 2n onepauusaM Ha Kyde, coaepxkalueii He 6onee n obbekToB'. [Tockonbky Teo-
pema 10.1 rapaHTUpyeT, UTO KaXxkaas Ky4eBas onepauus Tpebyet Bpems O (log n),

HEAPSORT (KYUEBA A COPTUPOBKA)
Bxoa: MaccuB A U3 n HECOBMAAAIOLIMX LEJIbIX YHUCE.

Bbixoa: MaccuB B ¢ TeMH ke UENbIMU YUCNIAMH, OTCOPTHPOBAHHbBIMH
OT HAUMEHBLLLIECTO K HaHGOJ'lbllleMy.

H = nycras ky4a

fori=1tondo
BctaButh A[i] B H

fori=1tondo

B[i] = HU3Bneub MUHUMYM U3 H

TECTOBOE 3AJAHME 10.1

KakoBo Bpemst paboTbl anroputma HeapSort kak ¢pyHKUWH OT JJIMHbI
n BXOJHOro Maccupa?

a) O(n)

6) O(nlogn)

B) O(n?)

r) O(n?log n)

(PelueHue 1 NosicCHEHUE CM. HUXKeE.)

B A R IS E S Y S S E N

COBOKYMHO€ BpeMs BbIMoJHeHUs paBHO O (n log n).

Euwe Gonee onTUMabHAs peain3aliis 3aMEHHT NepPBbIii LMK 0aHOM onepauneil OBbEAN-
HHTb B KYYY, KOTOpas BbINOJHAETCA 32 BpeMs O(n). OQHAKO BTOPO# UMK MO-TIpEXHEMY

Tpedyer Bpemenu O(n log n).
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Teopema 10.3. (Bpemst paGoTbl aaroputma HeapSort.) Jis kaxc0020 6Xx00H020
Maccusa onunbl n > 1 epems pabomer anco pumma HeapSort pagro O(n log n).

JaBaiiTe caenaem Luar Hasag M OLEHHM, YTO ceiyac npousolno. Mel Hayanu
C HaMMeHee M300peTaTelbHOro aIropMTMa COPTUPOBKH M3 BO3MOXHBIX, KBajipa-
THYHO-BPEMEHHOrO aropuTMa COPTUPOBKH BbIOOPOM SelectionSort. Mel pac-
no3Hany waboH NOBTOPAIOLMXCS BbIYUCIIEHNI T MUHUMYMa, MOACTaBUJIM KYYeBYIO
CTPYKTYpY AaHHbIX U — 6a-6ax! — BbICKOUMN AITOPUTM COPTUPOBKH 3a BpeMs
O(n log n)'. OT0 oTAMYHOE BpeMs paboThl AJis anrOpUTMa COPTHPOBKH — OHO
JlaXe SRISAETCS ONTUMANbHBIM, BIJIOTb O MOCTOSHHbIX MHOXHUTENEH, Cpeau an-
NOPUTMOB COPTHPOBKH Ha OCHOBE cpaBHEHUA2, OAHUM U3 NOGOYHBIX NPOJYKTOB
3TOro HaboaeHHs ABNAETCS JOKA3aTENbCTBO TOMO, YTO HET HUKAKONO OCHOBAHHOIO
Ha cpaBHEHUM cnocoba peanu3oBaTh onepauud BcTaBuTL U U3BJIEYS MUHHMYM
3a BpeMs Oosniee onTHMalbHOE, YeM JlorapudMHuueckoe: Takoe peLieHre Aano Obl
ynpaBiisieMblii CpaBHEHHAMH aJIFOPUTM COPTHPOBKH Jyulue, ueM O (nlogn), u Mbl
3HAeM, YTO 3TO HEBO3MOXKHO.

10.3.2. NpumeHeHne: coObITUAHBIA MeHeaXep

Hawe Bropoe npumeHeHue, XOT U1 HEMHOTO OYEBHHOE, ABJISAETCS U KAHOHHYe-
CKHMM, U npaktuieckuM. [IpeacraBbTe, 4TO BaM MOPYYHJIM HaMUCaTh NPOrpamMmy,

! Jlns HarnsAHOCTH Mbl OMHMCANIM AITOPUTM HeapSort C MCMOB30BAHMEM OTIENbHBIX

BXOJHBIX H BbIXOJHbIX MAaCCHBOB, HO €r0 MOXKHO p€alu30BaTh NMPAMO HA MECTE, Mpak-
THYeckH 6e3 nonoNHUTeNbHON naMaTH. Takas peanu3auus NpaMo Ha MECTE SBJIAETCS
CBEPXNPAKTHYHBIM AITOPUTMOM H B 60JIbLLIMHCTBE MPHI0KEHHH NOYTH TaK Xxe ObicTpa,
Kak 1 ObICTpas COPTHPOBKa QuickSort.

HamoMHuM u3 pa3nena 5.6 kHuru «CoBepLu€HHbIH anropdt™. OCHOBBI», YTO YNpaBs-
€Mblif CPaBHEHHAMH ANITOPUTM COPTUPOBKH 00paLIaeTcs K BXOJAHOMY MacCHBY TONbKO
NOCpPEeACTBOM CPABHEHHIH MEX Iy MapaMH 31IEMEHTOB M HUKOTAa HaNpAMYHO He obpawa-
€TCs K 3HAYEHHIO 3JIEMEHTA. « YHHBEpCAIbHbIE) anrOpPHTMbl COPTHPOBKH, KOTOpPbIE HE
AENaloT AOMYLUEHHH O COPTUPYEMBIX 31IEMEHTAX, 00513aTe/IbHO OCHOBaHbl HA CPABHEHHH.
[MpHMepe! BKIOYAIOT COPTHPOBKY BbIOOPOM SelectionSort, COPTHPOBKY BCTaBKO#
InsertionSort, Ky4eByl0 COPTHPOBKY Heapsort H ObICTpPYIO COPTHPOBKY QuickSort.
He-npuMeps! Bkto4aloT 6104HYI0 COPTHPOBKY BucketSort, COPTHPOBKY MOJACYETOM
CountingSort ¥ nopa3psaaHyl0 COpTHpOBKY RadixSort. Teopema 5.5 U3 nepéoii yacmu
NoKas3blBa€T, YTO HH OJIMH YNpaBJseMblii CPABHEHUAMH aITOPHTM COPTHPOBKH HE HMEET
aCHMNTOTHYECKOTO BPEMEHH paboThI VTS XyALLEro cayuas Jyulue, yem O (n log n).
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KOTOpasi BLINOMHAET CUMYAALHIO Pu3nueckoro MUpa. Bo3aMoxHO, Bbl yuacTByeTe
B pa3pabotke 6ackeTO0nbHOW BuaeoUurpsl. B kauecTBe CUMYNSLUHM Bbl JODKHbI
CJIeIUTh 32 Pa3IMYHbIMU COOLITUAMM U TEM, KOTIa OHH I0JKHBI TPOU30HTH: KOraa
MIPOK NONajgaeT MAYOM MO/ OnpeesIeHHbIM YIJIOM H ¢ onpee/ieHHOM CKOPOCTbIO,
KOTa M4 B pe3y/bTaTe MoNajaeT B 3aJHIOK 4acTb 0001a, KOraa ABa Urpoka
OIHOBPEMEHHO COMEPHUYAIOT 3@ OTCKOK, KOrJia OUH U3 3THX UrPOKOB (ONUT Ha
JpYyroM, CoBeplLuas TONYOK C3a/H, U TaK Janee.

CuMynsiums 10/DKHA MOCTOSHHO ONpeeNATh, YTO NPOM30HAET Aanblie. 3TO CBOAUTCS
K MOBTOPHBIM BbIUHCJIEHUSIM MUHUMYMa Ha MHOXKECTBE 3arJIaHUPOBAaHHBIX COObITHIA,
Nno3ToMy B Balleif roJioBe A0KHO LUEKHYTh: AaHHas 3ajaya Tpedyet kyuu! Ecnm
COOBITHS XpaHATCA B Kye C KJII0YaMH, PaBHbIMU UX 3aMJaHUPOBAHHOMY BPEMEHH,
onepauus U3B1EYS MUHUMYM NPEOCTABUT BaM clieaykollee cobbiTHe Ha Goaeuke
¢ rojy6oii kaemoukoii 3a norapudmuyeckoe BpeMs. HoBble coObITHS MOTYT BCTaB-
JIATbCA B KY4Y M0 Mepe WX BOSHUKHOBEHUS (OMATD e, 3a JlorapupMUueckoe Bpems).

10.3.3. NpumeHeHune: noaaepxKka MeanaHbl

B kauecTBe MeHee 04EBUAHOMNO NPUMEHEHHS KY4 paCCMOTPUM 3aJ1auy 0 HoOOepoicKe
MeduaHnbl. BaM npeanaraeTcs nocjieoBaTeNbHOCTb YUCEJ, OJHO 3a APYTUM; AJis
NPOCTOThI NPEANOJIOKUM, UTO OHH HE COBNajatoT. Beskuii pas, koraa Bbl noJiyyaere
HOBOE YHCJI0, BaLlia 00513aHHOCTb — OTBETHTb MEHMAHHBIM 3JIEMEHTOM BCEX YHUCEl,
KOTOpbIe Bbl BCTpeyan 10 cux nop'. Takum obpa3oM, yBuzes nepssie 11 uncen,
Bbl JOJDKHbI OTBETHTb LIECTbIM HaMMEHbIUUM U3 T€X, KOTOPbIE Bbl BCTPEYAIH;
nocine 12 — 1ecTbIM UJIU CEAbMBIM HAaUMEHbLUUM; nocie 13 — ceabMbIM Hau-
MEHbLIKXM, U TaK Janee.

OnuH U3 NoAX00B K 3TOH 3a7aue, KOTOPbIi A0JDKEH Ka3aThCs U3JULLHUM, 3aKJIH0-
4aeTcs B NepecyeTe MeAMaHbl C Hy 1 Ha KaXkao# uTepauuy. Mbl BUeNH B riaBe 6,
KaK BbIYMCIIATH MEAMAHY MacCHBa JUIMHOM » 3a BpeMs O (n), NO3TOMY JaHHOE pe-
wieHne Tpedyet O (i) BpeMeHH B KX A0M payHJe i. B kauecTBe albTepHaTUBbI Mbl
Morn Obl cofiepXkaTh BCEe BCTPEUABLUNECS PaHee 31eMEHThbI B OTCOPTHPOBAHHOM

! HanOMHMM, 4YTO MeOuaHa MHOXXECTBA YHUCEI ABJIAETCA €ro CP€AHHHBIM 3JICMEHTOM.

B MaccuBe ¢ HeueTHO# anuHOMN 2k — 1 MeauaHa aBnseTcs k-MOPAAKOBOH CTaTHCTHKOMH
(TO ecTb k-M HAaHMEHbLIMM 3JIEMEHTOM). B MaccHBe € YETHOI ANHHO#M 2k k-nopsakoBas
H (k + 1)-nmopsaakKoBas CTATHCTHKH CYUTAIOTCA MEAHAHHBIMH JJIEMEHTAMH.
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maccuBe, 6J1aroaps YeMy JIErkO BbIYMCIIUTb MEAUAHHbIi JJIEMEHT 3a MOCTOSHHOE
Bpems. HenocTaTkoM 31010 sBAseTcs To, 4To 0OHOBNEHHE OTCOPTHPOBAHHOIO Mac-
CHBA NPH NMOCTYIJIEHUU HOBOIO YUCIAa MOXKET NOTPe6OBaTh IMHEHHOIO BPEMEHH.
ModkeM 11 Mbl JOOUTbCS JyuLlero?

HMcnonb3yst Kyuu, Mbl MOXKEM peLuTb 3aady O MOLAEpXKKe MeAHaHbl BCero 3a
nozapugmuueckoe Bpems 3a payHn. S npeanarato B 3TOM MeCTe OTINOXHTb KHUTY
M MOTPATHUTh HECKONBKO MHHYT Ha Pa3MbILLIIEHUS O TOM, KaK 3TO MOXXHO ClIeNaTh.

Kntoueas naes B ToM, 4ToObl NoAAepK1BaTh ABE Ky4u H, u H,, Npx 3TOM y10B-
neTBopsAs ABa MHBapuaHTa'. [lepBblii MHBApHAHT 3aKOYaeTCs B TOM, 4To H, U H,
ABNAIOTCA COQNAHCUPOBAHHBIMU, TO €CTb KaXAas U3 HUX COAEPXKHT OOMHAKOBOE
YUCJIO NIEMEHTOB (MOC/E YETHOMO payHAa) JIMOO 4TO OAHA COAEPXKHUT POBHO HA
OIMH 3JIEMEHT Oobllie, YeM apyras (Nocjie He4eTHOro payHaa). Bropoii nHBapHaHT
COCTOMT B TOM, 4T0 H| U H, ABASIOTCS ynopsaooueHHbimMu, TO €CTb KaxKablii ane-
MEHT B H, MeHbLLUIE, YeM KaxkAablii anemeHT B H ,. Hanpumep, ecim 10 3T0ro unudpsl
Obin 1,2,3,4, 5, Tornakyda H, xpauut 1 v 2, u ky4a H, XpaHut 4 v S; Me AMaHHbIH
371EMEHT 3 MOXET BXOAMTH B JIIOOYIO U3 HUX KaK MAKCUMaJIbHBIH 2NeMEHT Kyuu H|
MJIM MUHHUMaJbHbIi 2nemMeHT Kyuu H,. Ecnu Ham BcTpeuanucb uucna l, 2, 3, 4, 5,
6, To mepBble TpU LUKHGPbI HaxoasTcs B H |, a BTopble TpH — B H,; U MaKCUMaJbHblii
3NeMEHT H|, ® MUHUMANIbHbIH 3NEMEHT H, ABNSIOTCA MEANaHHBIMH 3JIEMEHTAMH.
OaHako 3aMbICJI0BaTOCTb BOT B 4eM: H, OyzeT cTaHAapTHOM Kyueil ¢ noaaep xKon
onepauuit BctaButbh ¥ M3BJIEYL MUHUMYM, TOTAA kKak A, OyaeT MakCMMalbHbIM
BapMaHTOM, ONMUCaHHbIM B pa3aene 10.2.1, c noaaepxxkoii onepauuii BCTABUTD
1 U3BnEUb MAKCHMYM. Bnaroaaps 3ToMy Mbl MOXKEM HU3BJI€Yb MEHAHHBIH 3NEMEHT
C MOMOLLbIO OAHOM Ky4eBoi onepauuu, 6yap To B H, unu B H,.

MeI Bce elle A0KHbI 00BACHUTB, Kak 0OHOBRNATL Kyud H, u H, Bcakuii pas3, koraa
nNpuObIBAET HOBBIH 3NIEMEHT, TaK, YTOObI OHU OCTaBAIUCh cOANaHCUPOBaHHBIMU
M ynops104eHHbIMHU. 1151 TOro 4T0ObI BEIACHUTD, KY/la BCTABUThL HOBbIi 3JIEMEHT X, HE
HapyLuas ynopsii04€HHOCTb Ky, A0CTaTOYHO BbIYUCIIUTh MAKCUMANbHBIN JIEMEHT y
B H, 1 MUHUMabHbIH 3neMeHT z B H,%. Ec/n x MeHblLLe y, TO OH A0/DKeH YHTH B H ;
' Hneapuanm anzopumma — 3T0 CBONCTBO, KOTOPOE BCEraa HCTHHHO B NPEANHCAHHbIX
TOYKAX €ro MCMONHEHHA (KaK M B KOHLE KaXI0i HTepalluy LUHKIA).

310 MOXET ObITb CAENAHO 3a TIOrapHMHUECKOE BPEMS My TeM U3BEYEHHS H MOBTOPHOH
BCTaBKH 3THX [BYX 3NIEMEHTOB. bonee onTHMabHBIM PELLIEHUEM ABISETCA HCIONB30-
BaHHe onepauuit HANTH MMHUMYM 1 HANTH MAKCUMYM, KOTOpbIE BbIMOIHAIOTCS 32
NOCTOHHOE BpeMs (CM. pasaen 10.2.2).
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€cJi1 OH 6onblie z, TO JOMKEH YATH B H,; €CIH OH HAXOAMTCS MeX 1y HUIMH, TO MO-
XeTyHTH B mo0 Yo u3 HUX. OcTalorcs M Kyud H, n H, cOanaHCHpoBaHHbIMU AaXe
nocie BctaBku x? [la, 3a UCKJIIOYEHHEM OZIHOMO CITy4ast: B YETHOM payHje 2Kk, eclii X
BCTaBseTCA B 60bLLYIO Ky4y (C k 3neMeHTaMH), TO 3Ta Ky4a Oyzer coaepxarb k + 1
3JIEMEHTOB, B TO BpEMA Kak Apyras COAEPXKHT TOJbKO k — 1 anemeHToB (puc. 10.1, a).
Ho 310t Anc6anaHc nerko McnpaB1Th: H3BNEYb MAKCHMaTbHBIH IMO0 MUHUMATbHBIi
anemeHT U3 H, ntn60o H, cooTBETCTBEHHO (B 3aBUCUMOCTH OT TOIO, Kakast M3 HUX CO-
JEPXKUT OONbLLE 3/IEMEHTOB) U BCTABUTb 3TOT 3JIEMEHT B APYryto Kyuy (puc. 10.1, 6).
JIBe Ky4H OCTalOTCA YNopsA0YEHHbIMH (Kak Bbl CAMU MOXKeETe YOe ANThCA), a Tenepb
1 cbanaHCMpoBaHHBIMH. KX abli payH B JaHHOM PELIEHUH UCTIONb3YETCs MOCTO-
SHHOE YHCJIO Ky4eBbIX onepaluii 3a Bpems pabotsl O(log i) B payHae i.

Kyda H, nepe6anancuposars Kyya H,

e ®6
®

a) Bcraska moxer Bbi3BaTb gncbanaHc 6) NepebanaHcuposka

Puc. 10.1. Mpu BCTaBKe HOBOro 3NeMeHTa kyya H, CoaepXxvT Ha ABa dNeMeHTa
6onbwe, 4em Ky4a H,, HaMeHbLINA 3neMeHT B H, n3BnekaeTcs n NOBTOPHO
scTasnseTcs 8 H, ana BocctaHoeneHus 6anaHca

10.4. YckopeHue anropurtma lenkcrpbl

HaiumM ¢puHanbHbIM U caMbIM COXKHBIM MPUMEHEHHEM Ky4 OyIeT NouTH JHHeHas
peanu3auus anroputMma JledKkcTpbl AN 33a4M KpaTyaiLuero nyTH ¢ € IMHCTBEH-
HbIM UCTOKOM (r71aBa 9). 3T0 NpHIOKEHHE HAMISIIHO MILTIOCTPUPYET NPEKPacHOe
B3aUMOJEH CTBHE MEXY NMPOEKTUPOBAHHUEM AITOPHTMOB H NPOEKTHPOBaHUEM

CTPYKTYP AaHHbIX.

10.4.1. NoyeMy UMEHHO Ky4n?

B npeanoxxeHuu 9.2 Mbl yBUIENH, YTO NPOCTas peain3auus anroput™a JeikcTpbl
TpebyeT BpeMeHu O (mn), rae m — 4ucio pebep U 1 — YUCIIO BEpLUNH. DTa peanu-
3auMs JOCTaTOYHO ObicTpa A 06paboTkH rpadoB cpeaHero pasmepa (C ThiciUaMU
BEpLUWH U pebep), HO He Oonblunx rpagoB (C MUJIIMOHAMH BEPUWIKH U pedep).
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Mo>xeM it Mbl 106U TbCs yuluero? Ky4uu no3BosisiioT MNOCTPOUTb OCJIENUTENBHO
ObICTpYIO, MOYTH JIMHEHHO-BPEMEHHYIO peai3aumio anroputma Jleikcrpsi.

Teopema 10.4. (Bpemsi BbInoJHeHHsI aJropuTma Dijkstra (Ha OCHOBe Ky4M).)
JIs kaxcdozo opuenmuposannozo zpaga G = (V, E), kaxcooi cmapmosoii sepuiutbl
S U KAX®CO020 8apPUAHMA HEOMPUYAMENbHLIX OIUH pebep Ky4e8as peanu3ayus anzo-
pumma Dijkstra evinonnsemes 3a epems O((m + n) logn), 20em = |E|un = |V|.

Bpems O((m + n) log n), xoTs U He Takoe ObICTpOE, Kak HalUX JTHHEHHO-BpEMEH-
Hble anropuTMbl rpaoBOro Noucka, No-npexHemy sBnsercs GaHTaCTUUECKHM
BpeMeHeM paboThl, CPaBHUMbIM € HALUMMH JYYLIHUMH aINTOPUTMAMHU COPTUPOBKH,
M SBJISETCS JOCTATOYHO XOPOLLUMM, JIs TOro 4To0Obl KBanMduUpoBaThes Kak 6ec-
MUIaTHbIA NPUMHUTHB.

BcnomHuM, kak pabotaer anroputm [edikctpsl (pa3aen 9.2). JlaHHblii anroputm
NOAAEPXKUBAET NOAMHOKECTBO X C V BepLUMH, K KOTOPbIM OH YK€ BbIYMCIIHII pac-
CTOsIHMS Kparyaiilero nyTd. Ha kaxxaoii urepauuu oH onpeaenser pebpo, nepe-
cekalolee rpaHiuy (NpU4eM XBOCT HaXOAUTCs B X, a rojioBa Haxoaurcs B V — X)
C MUHUMAaJIbHOM AeiikcTpoBoi 6anibHON OUEHKOM, rae 1eKCTpOoBa OLEHKa TaKoro
pebpa (v, w) — 3T0 (y>Ke BbIYMCJIEHHOE) pacCTOsIHME KpaTyaiiluero nyTH len(v) u3
CTapTOBOIi BEpLUMHBI B v NIOC ANMHA /,, pebpa. [lpyrumu cioBaMu, Kaxaas ute-
pauus rIaBHOMO LMKNA JeNaeT BbIYUCIEHME MUHUMYMA Ha A€AKCTPOBBIX OLIEHKAX
pebep, KOTopble NepecekaroT rpaHuLly. 11 BbINOMHEHUS 3THX BbIYUCIIEHU N MUHU-
MyMa B NpOCTOM peanu3alMy UCNONb3yeTcs ucuepnbiBatouii nouck. [lockonbky
YCKOpeHHe BbIYUCIIEHHIt MUHUMYMa C JIMHEHHOro BpEMEHH 10 Jorapu(pMUueckoro
ABJISIETCS CMbICJIOM CYLLIECTBOBAHHS Ky4, B 3TOT MOMEHT B Ballleii FOJIOBE AOKHO
LLeNKHYTb: B anroputMe JleiikcTpbl TpebyeTcs Kyuya!

10.4.2. Nnan

Y10 MBI JOJDKHBI XpPaHUTDb B Ky4e M KAKUMH AODKHBI ObITh MX kimouu? Baula nepsas
MbICJIb MOXET 3aKJIHO4YaThCs B TOM, 4YTOObI XpaHUTb pebpa BxoqHOro rpada B Kyue
C LeJIbIO 3aMEeHbI BbIYMCIEHHIE MUHMMYMa (Ha pebpax) B NpoCTo# peaiu3auuu Ha
BbI30BbI Onepaunyu U3BaEUs MUHUMYM. DTy HACIO MOXHO 3aCTaBUTb paboTaThb, HO
6onee Gnectawas 1 ObicTpas peanusauus OyaeT XpaHUTb epuiuHbl B Kyde. JTa
uaes MOXeT Bac yAMBHUTb, TaK Kak AeHKCTPOBbI OLEHKH onpeaesneHbl A pebep,
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a He ang BepwiHH. C Apyro#l CTOpPOHbI, Hac 3a60TUIM NeAKCTPOBbI pedepHbie
OLIEHKH TOJIbKO MOTOMY, YTO OHW HanpaBisJIi Hac K BepLUMHE, KOTopas cTosna
creayouLeii B paay Ha 06paboTky. MoxeM JI1 Mbl NPUMEHHTD Ky4y, YTOOBI cpa3y
nepeiTH K ey U HEMOCPEACTBEHHO BbIYMCIIMTD 3TY BEPLUMHY?

KoHkpeTHbI# NaH cOCTOUT B TOM, YTOObI XpaHHUTB eLle HeoOpaboTaHHbIe BEpLUU-
Hbl (V' — X B nceBnokoae anropurMa Dijkstra) B Kyue, Npy 3TOM MOLAEP>KUBast
HUXEN3JI0KECHHbI HHBapHAHT.

WHBAPUAHT

Kniouom BepinHbl we V- XaBnseTca MMHUManbHasa AeNKCTPoBa OueHKa pe-
6pa c xBOCTOM ve X1 ronosoun w, nbo +w, ecnu takoe pebpo He CyuiecTayer.

To ecTb Mbl XOTHM, 4TOObI ypaBHEHHE

key(W) = (v,wl;reliEI:lvEX w (] 0.1 )

7 6ambnas

P

Bcerga cobnopanoch aAns kaxaoro w € V — X, rae len(v) 0603Hayaet pacctos-
HUe KpaTuaiiliero myTv v, BbIYUCJIEHHOE Ha 6oJjiee paHHEH UTepaulu anropuTMa
(puc. 10.2).

o6paboTaHHble eule He obpaboTaHHble

Puc. 10.2. Knioy BepwuHbl w € V — X onpeaensieTCa kak MUHUManbLHas
AenkcTposa oueHka pebpa c ronosoin w n xBOCTOM B X
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Yro xe TyT nporcxoaut? [IpeAcTaBbTe, YTO Mbl UCMOJb3YEM TY PHHP C BbIObIBAHH-
€M B JIBa payHJa C LeJibIo onpeaeautb pebpo (v, w), raev e Xu w ¢ X, ¢ MUHU-
MaJIbHO# AEHKCTPOBO# OLUEHKOM. [1epBbIii payH COCTOMT M3 JIOKaIBHOIO Ty pHUpa
ANs Kk A0 BepLMHbl w € V — X, rae yyacTHUKaMH sBastoTcsa pebpa (v, w), rae
v € X, ¥ roJioBoii w, U nobeanTeIeM NEpBOro payHaa ABISETCS yYaCTHUK C Hau-
MeHbLuel nelKkcTpoBOii oueHKol (ecnu TakoBas umeercs). [1obeanrent nepsoro
payHza (He 6oJiee 0JHOrO Ha BeplUMHy w € V — X) nepexoasT Bo BTOpO# payH[,
M YEMMHOHOM (PUHANILHOIO payH/a sBNseTCs NoGeAMTENNb NEPBOroO payHAa C Hau-
MeHbLLEeH 1eHKCTPOBOH OLEHKOH. DTOT YEMIHOH ABJISETCS TEM XKE CaMbIM peOpoM,
KoTopoe Obl10 Obl HAEHTU(HLMPOBAHO HCYEPIBIBAIOLLUM MIOUCKOM.

3HauyeHuem kmoya (10.1) BepwnHbl w € V — X ABIsS€TCS UMEHHO BBIUTPbILLIHAS
AefKcTpoBa OLEHKA B JIOKAJIbHOM TY pHHpPE B W, TO3TOMY Halll MHBAPHAHT 3 dek-
TUBHO peajiu3yeT BCe COPEBHOBaHHUS EPBOINO payHAa. 3aTeM U3RJIEUEHHE BEPLUMHBI
C MUHMMAJIbHBIM KJIOYOM peanu3yeT BTOPO# payHI TypHHpa M BO3BpAlLAEeT Ha
6monue c rony6oii kaeMOYKoii clieayIoLLyI0 BEpLUMHY A1 00paboTKH, @ UMEHHO
roJioBy nepecekatoluero pebpa c HaMuMeHblLei AelKCTpoBOi oLeHKOH. Jleso B ToM,
4TO 40 TEX NOP, NOKA MbI NOAJEP)KMBAEM Halll IHBAPHAHT, Mbl MOXKEM peann30BaTh
KKAYI0 HTEpaLMIo aaropuTMa JleikcTphbl ¢ NOMOLLbIO OHOH Ky 4€BOi onepauuu.

[NceBnokon BLIMAAMT ClieayroLUM obpa3om':
DIJKSTRA (HA OCHOBE KYUYH, YACTb 1)
Bxoa; opueHTHpoBaHHbl# rpad G = (V, E), npeacTaBieHHblii B BUeE
CMHMCKOB CMEXHOCTH, BepLunHa s € V, pnHa /,> 0 ans kaxaoro e € E.

IocTycyioBHe: A1 KXA0M BEPLUMHbI v 3HaYeHHe [en (V) paBHO UC-
TUHHOMY KpaT4aiillieMy pacCTOsHHIO dist(s, v).

// WHnunmanu3auma

1) X = nyctoe MHOXecTBO, H = mycras Ky4a

' MHMumManu3auus MHOXeCTBa X 06pabaThiBaeMbIX BEPILHH MyCTHIM MHOXKECTBOM, a He
CTapTOBO# BEPIIHHON MPHBOAMT K Gosiee YHCTOMY nceBaokoay (cp.: pasamen 9.2.1).
[lepBas MTepauus IaBHOrO LMK/IA FAPAHTHPOBAHHO M3BIEKAET CTAPTOBYIO BEPLUHHY
(nMoHHUMaeTe, noueMy?), KOTopas ABIAETCA NEPBOi BEPLUMHOMN, 106ABNAEMOI B X.
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2) key(s) =0

3) for kaxxpas v # s do
4)  key(v) :=+w

5) for kaxnasve Vdo

6) BctaBuTth vB H // nn6o ucnonb3osaTb onepauunio
// «06beauHUTb B Kyuy»

// TnasHbI uUMKN
7) while H snsietcs Henycroii do
8) w* :=H3Bieub MUHUMYM (H)
9) nmo6aBuTh w* B.X
10) len(w*) = key(w*)
// 06HOBUTbL Kyuyy ANA NOAAEPXAHUA WHBAPHAHTA
11) (6yaet npomonxeHo)

Ho ckonbko p

aboTbl noTpebyercs ANs noAaepxkaHUs HHBApUAHTA?

TR N T B A e 5 enintri gy B ¢ U B S R P B T

10.4.3. NoaaepxaHmne nHBapuaHTa

Tenepb npULLIO BPeMs paciulaTUTBCA 32 My3bIKy. Mbl Hacna)caanuch riogamu
Halllero MHBapHaHTa, KOTOPbIi CBOAMT KaXa0€e BblYUCIEHHE MUHUMYMa, Tpebye-
MO€ anropuTMoM JleAKcTpbl, 10 OAHOI KyueBoii onepauui. B3ameH Mbl L0OMKHBI
00BACHHUTD, Kak NOAAEPKHUBATh ero 6e3 upesmepHoit paboTsl.

Kaxxaas urepaums anroputMa nepeMeLLiaeT OJHy BEpLUMHY v U3 V' — X' B X, B pe3yJib-
TaTe U3MeHss rpaHuuy (puc. 10.3). Pebpa u3 BepLUHH B MHOXECTBE X B BEPLUNHHY V
BTArUBaloTCs B X M 6onblie He nepecekatoT rpaHully. bonee npobnemaruyxo To,
yTo pebpa u3 v B Apyrue BepLUMHbI MHOXeCTBA V — X GoJiblle He pacroiaraloTcs
NOJHOCTLIO B V' — X 1 BMecTO 3Toro nepexoaar us X B ¥ — X. [oueMy 3T10 npea-
ctaiser npobnemy? [loromy uro Haw uHBapuaHT (10.1) HacTauBaeT Ha TOM, 4TO
JU1s KaXKAOM BEPLUMHBI W € V'— X KJIIOY W paBeH HaUMEHbLLEH 1eHKCTPOBOH OLIEHKe
nepecekatollero pebpa, 3akaHumatowlerocs B w. Hosble nepecekatouue pebpa
03HaYaloT HOBBIX KAHAWIATOB HA HAUMEHbLUYIO AEHKCTPOBY OLIEHKY, NO3TOMY
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npasas 4acThb (10.1) MOXXeT yMeHbLINTbCS A5 HEKOTOpbIX BepluMH w. Hanpumep,
B MepBblii pa3, koraa BeplidHa v ¢ pebpom (v, w) € E BriaruBaercs B X, 3TO Bbl-
pakeHHe najaer ¢ +oo 10 KOHEUHOro 4ncia (a MMeHHo, len (v) +1.).

o6paboTaHHble euwle He o6paboTaHHble obpaboTaHHbie eule He obpaboTaHHble

I
R\

a) o 6) Mocne

Puc. 10.3. Korpa HoBas BepwuHa v nepemewiaercs ua V- X B X, pebpa,
BbIxOAsLLME U3 v, MOTyT CTaTb Nepecekaowmmm pebpamm

Bcesikuii pa3, koraa Mbl H3BleKaeM BEpPLUMHY w* U3 KyuH, nepeMeluas ee u3 V— X
B X, HaM MOXeT NoTpebOBaTbCA YMEHbLUMTh KJIOY HEKOTOPBIX BEpLUMH, OCTaB-
wuxcs B ¥V — X, ¢ TeM uToObI OTpa3suThL HOBLIE Nepecekatollre pedpa. [ockonbky
BCE HOBbIE Mepecekatolye pedpa HCXOAAT U3 w*, HaM HYXHO TOJbKO nepedpathb
CMMCOK UCXOaaLKX pebep w* M NpOBepUTH BepLUUHbI Y € V' — X ¢ pebpoM (w*, y).
Jnst kaxoii Takoi BEpLUMHBI y CYLLECTBYET ABa KaHAUAaTa Ha nobe AuTeNs nepBoro
payH/a B JJOKaJlbHOM Ty PHHPE BEpLUHHbI y: TMOO OH TaKOM e, Kak U paHbLue, TH60
3TO HOBBIii yyacTHHK (w*, ). TakuM 06pa3oM, HOBOE 3HaYEHHE KJIHoua BEPLUMHBI y
JIOJXHO ObITb MO0 ero cTapbIM 3Ha4eHHEM, MO0 AeliKCTPOBO# OLEHKOI len (w*) +
+ 1,,, HOBOrO nepecekarowlero pebpa, B 3aBUCUMOCTH OT TOTO, Kakoe U3 HUX
MeHbLle.

Kak ymeHbLIMTB KiItou 00bekTa B Kyue? OaMH NpocToii cnocobd — yAaluTh ero,
MCMoJb3ys onepauuto Y JAJ1Tb, OonucaHHyio B paszaene 10.2.2, 06HOBUTD ero Koy
H MCTOJIb30BATh ONepaLmio BCTABUTb, UTOObI 106aBUTb €10 0OpaTHO B Kyuy'. DTHM
3aBepLUAETCs peann3aLus anroputMa Dijkstra Ha OCHOBE KyUH.

! HekoTophie peann3alnm KyuH SKCMOPTHPYIOT ONepauuio YMEHBILMTb KJIIOY, BBINOJ-
Haemy1o 3a Bpems O (log n) ans KyuH u3 n o6bekToB. B 3TOM Ciyyae TpedyeTcs To/bko
O[IHa KyueBas onepauus.
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DIJKSTRA (HA OCHOBE KY4YH, YACTb 2)
// O6HOBUTb Ky4y ANA NOAAEPXAHMA WHBAPWAHTA
12) for kaxxnoe pebpo (w*, y) do
13)  VYaamutby us H
14)  key(y) = min{key(y), len(w*) +1,. }
15) BcrtaButbyB H

10.4.4. BpemMs BbINONIHEHUSA

NouTu Bcs paboTa, BbiNosHsAeMas KyueBoi peanu3auueid anroputmaDijkstra, co-
CTOMT U3 KyUeBbIX onepauuii (kak Bbl caMu MoxceTe yoeauThbcs). Kaxkaas u3 atux
onepauuii 3anumaet Bpems O (log n), rae n — 310 uucno BeplunH. (Kyuya Hukor1a
He coaepxuT 6onee n — 1 06bexToB.)

CKOJIbKO KyueBbIX onepauuii BbINoHAET AaHHbIA anroputM? Cyliectsyer n — |
onepauuii B kaXkaoi U3 CTpok 6 U 8 — 1o oHO# Ha BepLIKHY, OTIMUHYIO OT CTap-
TOBO# BepluuHbI 5. Kak HacueT cTpok 13 u 15?

TECTOBOE 3AJIAHHUE 10.2
CkoJibko pa3 aropuT™ Dijkstra BbinonHseT cTpoku 13 u 15?7 Bol-

OepuTe HaUMEHbLUIYIO MPUMEHUMY O rpaHuuy. (Kak o6bIuHO, n U m
0003Ha4al0T COOTBETCTBEHHO YMCJIO BEPLUUH H pedep.)

a) O(n)
6) O(m)
B) O(n%)
r) O(mn)

(PeuweHue 1 nosicHEHHE CM. HUXKeE.)

IIpaBuabHblii oTBeT: (6). CTpokH 13 1 15 MOryT BbIMSA€Th HEMHOIO NMYraOLLE.
3a ofHY MTepauuio MaBHONO LMKJA 3TH JBE CTPOKH MOTYT ObITh BbIMOJHEHbI
n — 1 pa3 — onuH pa3 Ha ucxonsiuee pedpo w*. CywecTByeT n — 1 utepauui,
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KOTOpbIE, KaXKeTCs, NPUBOJAT K KBaJApaTHYHOMY YUCIY onepauuii ¢ kyued. Ora
OLIeHKa TOYHA AJIS MJIOTHBIX rpadoB, HO B LIE€JIOM Mbl MOXKEM AOOUTHCS JIy4LLETO.
IMpuunna? JlaBaiite caenaem OTBETCTBEHHbIMHU 33 3TH KyueBble onepauuu pebpa,
a He BepLuHHbI. Kaxxaoe pebpo (v, w) rpada uMeeT He Gonee 0OAHOrO NOSABIEHUS
B CcTpoke 12 — korza v BnepBble U3BNEKAETCS U3 Ky4H U nepemewuaercs u3 V- X
B X'. TakuM 006pa3oM, cTpoku 13 U 15 BbIMONHAIOTCA He GoJjiee OJHOro pasa Ha
pedpo, naBas B o6LLEeH COXKHOCTH 2m OnepaLMid, rae m — 3TO KOJIMUYECTBO pebep.

TecToBoe 3anaHue 10.2 noka3blBaeT, YTO KyueBas peaiu3alus anropur™a Dijkstra
ucnonblyer O (m + n) KydeBbIX onepauuii, kaxkaas U3 KOTOPbIX 3aHUMAET BpeMs
O(log n). CoBokynHoe BpeMst paboTbl coctaBiseT O ((m + n) log n), kak oberuaHo
Teopemoii 10.4. Y. m. 0.

*10.5. letann peanusauumn

JaBaiite BbiBe1eM Ballie MTOHUMaHHE Ky4YH Ha CJie 1y oL ypOBEHb, OMKUCAB TO, KaK
BbI Obl €€ peann30Baiy ¢ Hyns. Mbl COCpeJOTOYMMCS Ha ABYX OCHOBHBIX OnepaLu-
X — BCTABUTH ¥ U3BNEYL MHHUMYM — W Ha TOM, Kak o6ecnedyuTb BbIMOJHEHHE
o6eux 3a norapudmuueckoe Bpems.

10.5.1. Kyum B BUAE AepeBbeEB

CyuiecTByeT ABa cnocoba BU3yanu3aluy o0bEKTOB B Kyue: B BUJE AepeBa (Jyulle
BCEro NOAXOAUT s U300pakeHUH U IKCMO3ULMM) UM B BHJE MaccuBa (Jyulue
BCEro NOAXOAUT 4151 peanu3auun). JlaBaiite HauHEM C 1epEBbEB.

Kyumn MoxkHO paccmaTpuBaTh kak KOpHEBOe OMHapHOe AepeBo, rae KaX bl y3en
umeet 0, 1 UM 2 fereid, WM NOTOMKOB, — KOr'la K&Kblii YpOBEHb MaKCHMaJlb-
HO 3anonHeH. Ecny 4ucno XxpaHUMbIX 0OBEKTOB HA OAUH MEHbLIE CTENEHH 2, TO
KaX/blii ypoBeHb sBAseTcs NonHbIM (puc. 10.4, a u 6). Koraa uucno o6bekToB
HaXOAMTCS MEXY ABYMS TAKHUMH YMCIIaMH, TO €ANHCTBEHHBI HEMOMHbIH YPOBEHb
ABJIAETCA NOCJIeHUM, KOTOPbIii 3ano/HsAeTcs ciiea Hanpaso (puc. 10.4, ¢)?.

' Ecnun w n3Bnekaercs nepea v, To pebpo (v, w) HUKOrAa He NOABIAETCH.

Mo KaKo#-TO HEMOHSATHOM MPUYHHE CIEUHANUCTLI B 001acTH computer science CYMTaIoT,
YTO epeBbS PacTyT BHHU3,

2
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Kyua Tak ynpasnsieT 06bekTaMu, aCCOLMMPOBAHHBIMH C KJHO4aMH, YTOObI COO.II0-
Jlanoch cleaykoLee CBOMCTBO KyUH.

2N AR

a) 6) 8)

Puc. 10.4. NonHble 6uHapHbie aepesbs € 7, 15 1 9 yanamum

CBOMACTBO KYUM

Ons kaxaoro o6bekTa x knod 06beKTa X MeHbLUE UKW PaBeH KNlo4aM ero
NOTOMKOB.

[MoBTopstoLMecs ko4l paspelueHbl. Hanpumep, Hike npuBeseHa A0MycTHMas
Kyua, cofieprkaliias AeBiTb 00bekTOB':

JIns KaKaoii napel «pOAMTENIL — MOTOMOK» KJIOY POAUTENS He Gosblue Kioua
noTomka’.

Korna Mbl pucyeM Kyy, To nmoka3biBaeM TOJbKO KmouH o6bekToB. He 3abbiBaiite, uTo
Ky4a Ha CaMOM JeJjie XpaHHT 0OBbEKThbI (MM yKa3aTenu Ha o6bekTbl). Kaxablii 06bekT
aCCOLMHMPOBAH C KJTIOYOM H, BO3MOXCHO, C 0O0JIbILINM KOJIMYECTBOM APYTHX JaHHBIX.

HreparuBHOE NpMMeHEHHe CBOMCTBA Ky4H K TOTOMKaM 00beKTa, NOTOMKaM €ro oTOMKOB
M T. 1. OKa3bIBAET, YTO KJIIOU KaXKA0ro 00bEKTa MEHBLLE HIIH PaBEH KJIIOYY cex €ro npsi-
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CylecTByeT HeCKONbKO Coco60B ynopsa04eHust 0ObeKTOB TakK, 4TOObI CBOHCTBO
Kyuu cobnoaanocs. [1puBeaeM elue oiHy Kyuy € TAKUM JkKe MHOXKECTBOM KJTHOYEii:

VY 06eunx Kyu B KOpHE HMEETCS KITIOY «4», KOTOPbIi Takoke (OrpaHHueH) ABNSETCS
caMbIM MabIM U3 Bcex kitoueil. ITo He Ciy4yaiHOCTb: MOCKOJIbKY 1O Mepe TOro,
Kak Bbl OyieTe BbIMOMHATbL 00X0A Ky4H BBEPX, KIOYH OyAyT TOJIbKO yMEHbLLATbCS,
NPH 3TOM KOPHEBOMW KJIKOY BNSETCA HACTOJNIBKO MANbIM, HACKOJIBKO 3TO MOXET
NOJy4HTbCA. DTO AODKHO 3BY4aTh OOHANEXKMBAIOLLE, YUUTBIBAA, YTO CMbICT CY-
LLECTBOBAHHS KyUd — ObICTpble BBIYUCIEHUS MUHUMYMA.

10.5.2. Kyum B BUae maccuBa

MBbIC/IEHHO Mbl BU3YaJIU3UPYEM Kyuy Kak JAepeBO, HO B pealu3alii Mbl UCTOJIb-
3yeM MaccuB C JIMHOIA, paBHO MaKCUMallbHOMY YHCY 0OBLEKTOB, KOTOPbIE Mbl
HaMepeHb! XpaHUuTb. [TepBblii 35IeMEHT MaccHBa COOTBETCTBYET KOPHIO 1epeBa, Mo-
cneayloLlHe 1Ba 3eMeHTa — ClIelyIOLLEMY YPOBHIO iepeBa (B TOM e NopsaKe),
1 Tak aanee (puc. 10.5).

OTHOLLEHUS «POAUTENb — MOTOMOK» B I€PEBE XOPOLLUO Nnpeobpa3ytoTcs B Mac-
cuB (Tabn. 10.2). Ecnu Takre no3uuun noMeyeHsl 1, 2, ..., n, rae n — 3TO YUCIIO0
00bEKTOB, TO NOTOMKM 00bEKTa B MO3MLUH | COOTBETCTBYIOT 0ObEKTaM B MO3H-
umsx 2i u 2i + 1 (ecnu TakoBble uMetoTcs). Hanpumep, Ha puc. 10.5 noroMkaMu
KOpHs (B mo3uuuu 1) aBasioTcs caeayrowne asa oobekra (B no3uuusx 2 u 3),

MBIX MOTOMKOB. B nprBei€HHOM BbIlLE NPUMEPE NOKA3aHO, YTO CBOWCTBO Ky4H HHYETNO
He noapasyMeBaeT 06 OTHOCHTENLHOM MOPAAKE K/IHOYEH B pa3HbIX NOAAEPEBbAX — TaK
e, KaK 3TO MPOMCXOHMT B pealibHbIX CEMENHbIX ApeBax!
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|4I4|B|9|4|12I9|11I13|

T T

LJ L}
cnod 0 cnod 1 cnon 2 cnoi 3

a) Mpepcraenexue B Buae aepesa 6) NpeacTaeneHve B BuAe Maccuea

Puc. 10.5. Oto6paxeHue apeBOBUAHOro NpeacTaBNeHUs Ky4n
Ha ero npeacTaBneHue B BUAE Maccusa

noromkamu 8 (B no3uuuu 3) ABnsAOTCA 00bEKTbl B MO3ULUMAX 6 U 7 U Tak aalee.
JlBurasce B 0OpaTHYIO CTOPOHY, A5 HEKOPHEBOro 00beKTa (B MO3ULIUM | > 2)
poauTeneM i sBasercs obbekT B no3uunu | i/2 |'. Tak, Ha puc. 10.5 poautenem
nocieaHero oobekra (B Mo3uLUU 9) ABISETCA 00BEKT B MO3ULIUH L9/2J =4,

Ta6nuua 10.2. B3aumocssau mexay nosuvumenie {1, 2, 3, ..., n} obbekTa
B Ky4e U NO3ULMAMM ero poauTens, NeBOro NOTOMKa U NPaBoro NOToMka,
rae n o603HavaeT YuCNo 06HLEKTOB B Kyye

Mo3uums poautens Li/2] (npu ycnosuu, uyto i > 2)
[Mo3uuus nesoro noromka 2i (MpW yCNOBHH, YTO 2i < n)
[Mo3uuus npaBoro noromka 2+ 1 (npu ycnoBuu, yto 2i + 1 < n)

Takue npocTbie GpopMy.ibl A Nepexoa OT MOTOMKA K €ro poauTeNnto U 00paTHO
CYLLECTBYIOT NMOTOMY, YTO MbI HCIIOJIb3YeM TOJIBKO NONHbIe OUHapHbIe AepeBbsZ. Het
HeoOX0MMOCTH XPaHUTb AEPEBO ABHBIM 00pa30M; Clie10BaTeNIbHO, Ky4YeBas CTPYK-
Typa JaHHbIX UMEET MUHUMAJIbHbIE NPOCTPAHCTBEHHbIE HAK/IaHbIE PacXoibi’.

' dopma 3anucH [_xJ o6o3Hauaet ¢pyHkuuto «floory, kOTOpas OKpYIISET CBOI apryMeHT
BHH3 0 Onvkaiiliero uenoro Y1chia.

B kauecTse 60Hyca B A3bIKaX HU3KOTO YPOBHS MOKHO YMHOXAaTh WM AEMHTb Ha 2 10
CMELUHOro OBICTPO, HCMOJBL3Ys TPIOKKH C OUTOBBIMU CIABUraMH.

Hanporus, nepesbs noucka (masa 11) He 0643aresibHO JOMKHBI ObITh MOSHBIMH; OHU
TpeOyIOT AONOJHUTENBHOIO NPOCTPAHCTBA 1 XPaHEHHUs SBHBIX YKa3arene U3 Kakaoro
y3/1a B y3/1bl €70 MOTOMKOB.
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10.5.3. Peanusauua onepauum «<BctaButb»
co spemeHem O (log n)

MBI npounnocTpupyeM peanusaumio onepauuii Bctasutb U MU3BNEYL MUHUMYM
Ha NMpUMepe, a He Ha NCeBOKOe' . 3aaya COCTOMT B TOM, YTOObI MOAAEPKHBATH
JIepeBO NOJNHbIM W NOAAEP>KMBATL CBOMCTBO KYUH nocJie 100aBNeH!s UK yaaneH!s
obbekTa. Mbl Oyem ciienoBaTh OIMHAKOBOH cxeme Ans 06eux onepauuii:

1. HOMCP)KHBaTb A€PEBO MOJIHbIM CaMbIM OY€BHHbBIM cnoco6om 13 BO3MOX-
HbIX.

2. Urpas B urpy «Iloiimaii kpoTa», cUCTeMaTHYECKH MOJABNATH JIIOObIE Bbl-
CKaKMBAIOLLKWE HApYyLUEHUs CBOWCTBA KyuH.

B yacTHOCTH, BCIOMHMTE Onepauuio BCTABUTS:
€ y4yeToM Kyuu H u HoBoro o6bekTa x 106aBuThb x B H.

[Mocne nob6arneHus o6bekTa x B Kyuy H kyua H N0MKHA NO-NMpeXHEMy COOTBET-
CTBOBaTb NMOJHOMY OWHApHOMY JepeBYy (C OAHUM Y3/0M Ooiblie, YeM paHbLie),
KOTOpO€ YAOBJETBOpSAET CBOMCTBY Kyuu. Onepauus AOMKHA 3aHUMAaTb BpeMs
O(log n), rae n — 310 4UCNO OOBLEKTOB B KyUe.

HauHeM ¢ Hawiero npumepa:

[pu BcTaBke HOBOro 00bekTa Hanbonee oYeBHAHbIA CNOCOO NMOAAEPXKUBATD Je-
PEBO MOJIHBIM COCTOMT B IPUCOEAMHEHUH HOBOTO 00BEKTA B KOHELL MaccHBa JH0o

! Mbl npoaomK1M H300paxars Ky4u B BUIE 1€PEBLEB, HO HE 3a0bIBAIITE, YTO OHH XPAHATCS
B BHJ1€ MAacCHBOB. KoOr1a Mbl rOBOPHM O MEPEXO/E OT Y3N1a K NOTOMKY HJIH €10 POAUTENIO,
Mbl MMEEM B BHIy NMPUMEHEHHE NPOCTHIX HHAEKCHBIX ¢popmyJ B Tabn. 10.2.
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paBHbIM 00pa3oM B mociieAHU i ypoBeHb aepeBa. (Eciu nocneHuii ypoBeHb yxe
3aMnoJiHeH, TO 00BEKT CTaHeT NeEpBLIM Ha HOBOM YpoBHe.) Ilpu ycnoBuu, YTo pea-
JM3alus OTCIIEXKHBAET YUCIIO 1 0OBEKTOB (4TO JIErKO CAIeNaTh), 3TOT LAr 3aHUMaeT
nocTosiHHOe BpeMs. Hanpumep, eciiu BCTaBUTb 00BEKT € KJIIOUOM 7 B HalleM
paboueM npuMepe, TO Mbl MOy 4YUM:

0 ®
OO0

Mbl nMeeM nonHoe 6MHapHOE AepeBO, HO cOONIOAAeTCs 1M CBOMCTBO KyuH?
CyLiecTByeT JULIb OJJHO MECTO, IIe OHO MOXeET ObITh HapyllIeHO, — HOBas napa
«poautenb — noToMok» (4 U 7). B 3ToM ciiyyae HaM NoOBe3J0, U HOBas Mapa He
HapylluaeT CBOMCTBO KyuH. Ecnu Hawa cneayiowas BcTaBka ABAsSeTCS 00bEKTOM
¢ kmoyoM 10, TO HaM CHOBa NMOBE3ET, U Mbl Cpa3y MOJyYUM AOMYCTHUMYIO Kyuy:

ONCENO
oJ0

Ho npeanoJioxkuM, UTo Mbl BCTABJIAEM 00bekT ¢ KitouoM 5. [Mocne NPUCOCAUHEHUSA
€ro Jajibli€ B KOHEL HaLll€ A€pEBO 6)’}18’1‘ BbIMIAACTb TaK:
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Tenepb y Hac nosBunace npobsieMa: HoBas napa «poauTesib — noroMok» (12 u 5)
HapyLuaeT cBOMCTBO Ky4u. M uto HaM ¢ 3TuM aenarb? Mbl MOXeM, Mo kpaiiHeii Mepe,

peluMTh 3Ty MpobGJeMy NOKalbHO, MEpPeCcTaBUB MECTAMHU [IBa Y3/a B HapyLualoLuei
nape:

(4 (&)

/s
ya

AN
Hapylwenue
//
B w

3To UcnpaBiseT HapylieHHe napbl «POAUTENb — MOTOMOK». OJHAKO MbI elle
He BBILUIM M3 TPYAHOINO MOJIOXKEHHS, TaK KaK HapylleHHe Ky4H NMepeMecTHIIOCh
BBepX, k 8 v 5. [103TOMY MBI A€naeM 3TO CHOBA U NMEpecTaBisieM MecTaMu Y3Jibl
B HapyLuatoLlei nape, B pe3y/ibTarte nojyyas:
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310 ABHbIM 06pa30oM UCMpaBSET HaPYLIAIOLLY IO Mapy «POAUTENb — MOTOMOKY.
Mbl y6eaunuch, 4To Takas nepecTaHOBKAa MOXET MPOTANKUBaTb HapylueHHe
CBOICTBA Ky4H BBEpX, HO 3/1eCb 3TOr0 He MPOMUCXOAUT — 4 U S y)ke HaxoasTcs
B MPpaBUJILHOM nopsake. Bo3MoxHO, Bbl 6ecnokouTech, YTO NepecTaHOBKa Tak-
’Ke MOXET MpOTa/ikuBaTh HapylleHre BHU3. Ho 3toro He ciyuunoc — 8 u 12
yXe HaXxoJATCs B NpaBUIbHOM nopsijke. [locne BoccTaHOBNEHHs CBOWCTBA KY4H
BCTaBKa 3aBepLUEHa.

B o61eM cnyyae onepauus BCTABHTb NpHUcoeMHSAET HOBbIH 0ObEKT B KOHELl Ky4H
M MHOTOKPATHO NepecTaBiseT MeCcTaMH y3/bl Hapyliaiowleii napel'. B no6oii
MOMEHT BpEMEHH CYLLECTBYET He oJiee O1HO# HapyLualoLLeii napbl « pOAUTENb —
MOTOMOK» — Napbl, B KOTOPO# HOBbII 00beKT ABNseTCA NoTOMKOM?. Kaxkaas nepe-
CTaHOBKa MPOTaJKWBAET HapyLUAOLLYIO Napy «poAMTeb — MOTOMOK)» BBEPX Ha
O/IMH YPOBEHb B AepeBe. DTOT MPOLECC He MOXKET MPOJ0DKATLCA BEYHO — €Cl
HOBBIf 00bEKT NonaaaeT B KOPeHb, TO Y HEro HeT POAMTENS, U He MOXET CyLle-
CTBOBaTb Hapyllaoulei napbl «poAUTENb — MOTOMOKY.

BCTABUTb

1. NpUKpenuTb HOBbIN 06BLEKT B KOHEL, Ky4u U yBeNU4MTb pa3mep Ky4u.

2. MHorokpaTHO NnepecTaBnaTb MecTamm HOBbI 06 BLEKT C poauTenem, Ao Tex
nop Noka CBOMCTBO Ky4u He 6yaeT BOCCTAHOBNEHO.

! Takasa noanporpaMma nepecTaHOBKH MECTaMH B aHIJIOA3bI4HOI IMTEpaType U3BECTHA
noa MHOrMMH UMEHAMH, B TOM YyHce Bubble-Up (BCruibITh BBEpX), Sift-Up (mpocesThb
BBepX), Heapify-Up (06beaHHHTB, paCMPOCTPaHss BBEPX) H MHOTHMMH APYTHMH.

2 Mexay HOBbIM 00BEKTOM H €ro MOTOMKaMH HH pa3sy He NMPOUCXOAMT HapyLUEHHi Ky4u.
H3HayanbHO y HEro HeT MOTOMKOB, U MOCJIE MEPECTAHOBKH €ro MOTOMKH COCTOAT M3
3aMEHEHHOr0 UM y311a (KOTOpbIi HMeeT Oonee KpYMHbIH KJOU, Tak Kak B MPOTHBHOM
cnyydae Mbl Obl HE BbIMOJHAJIM NEPECTAHOBKY ) M MpEAbIAY LLIEr0 NOTOMKA TOro y3a (Ko-
TOpbIH N0 CBOACTBY Ky4H MOXXET HMETb TONBKO ele 6osiee KpynHbli ko). Kaxxaas
napa «poJaMuTesib — MOTOMOK», HE BKJIOYas HOBBIH OOBEKT, MOABNAIACH B HCXOAHOM
Ky4e W, CJIeA0BaTENbHO, HE HapyLlaeT cBOHCTBO KyuH. HanpuMep, nocne asyx nepe-
CTaHOBOK MECTaMH B HalueM npuMepe 8 U 12 CHOBa HAXOAATCA B CBA3H «POAMUTENb —
NMOTOMOKY, KaK U B HICXOAHON Kyye.
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[Mockonbky Ky4a siBnseTcs MOJHBIM OMHApHBIM JepeBOM, OHa umeeT = log, n
YPOBHe#, rie n — 3T0 YKC0 00BEKTOB B Kyue. YHCNI0 NepecTaHOBOK MECTaMH He
NPEBBILLIAET YUCIO YPOBHEH, U Ha NEPECTAHOBKY TPeOyeTCs TONbKO MOCTOSHHBbIH
06bem paboTbl. Mbl 3aKJH04aeM, YTO B XYILLUEM CJy4ae BpeMs BbIMOJHEHHS Ore-
pauuu Bctasuth paBHO O(log 1), kak TOro U XOTenoch.

10.5.4. Peanusauus onepauumn «<M3sneyb MUHUMYM»
co spemeHem O (log n)

Bcnomuure onepauuio U3BnEUs MUHUMYM:

C YYETOM KYyUH Hyuamm; A BEPHYTb U3 H 00bekT ¢ HaMMEHbLLIUM
KJITKO40M.

KopeHb kyuu rapaHTupoBaHHO Oyaer TakuM oObekToM. 3ajaya 3akJjoyaeTcs
B BOCCTAHOBJIEHUH NOJHOr0 OMHAPHOIO JiepeBa U CBOMCTB Ky4H MocJie yaaneHus
KOPHS KyUH.

MbI cHOBa moaaepXXHBaeM JepeBO MOJHbIM CaMbIM O4eBHHBLIM crocobom. Kak
1 onepauus BCcTABUTL B 06paTHYIO CTOPOHY, Mbl 3HaeM, YTO MOCJeHHI y3en fe-
peBa 0/KeH WATH Kyaa-To B Apyroe Mecto. Ho kyna? INockonbky Mbl BCe paBHO
M3BJIEKAEM KOpeHb, 1aBaiiTe nepe3aniLieM CTapblii KOPHEBOI y3en TeM, UTO paHblLe
Ob110 nocneaHMM y3noM. Hanpumep, HauuHas ¢ Kyuu
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PE3YJIbTHPYIOLLEE N€PEBO BLIMNIAAUT CICAYOLHUM 06pa30M:

HapylweHns

Xopolueii HOBOCTbIO ABNSETCA TO, YTO Mbl BOCCTAHOBHJIM CBOMCTBO NMOJNIHOTO
OuHapHoOro aepesa.

[noxas HOBOCTB 3aK/IIOHAETCS B TOM, YTO MaCCOBOE COAEHCTBHUE, MPEAOCTaRIEHHOE
o6bekTy ¢ K1o4oM 13, co31ano aBe HapyLIatoLLKe Napbl «pOAUTEb — MOTOMOKY
(13 1 4 n 13 u 8). HyxHbl 14 HaM 1Be NepecTaHOBKH, YTOObI KX HCTIPABUTbH?

OCHOBHast ujes COCTOMUT B TOM, YTOObI NepecTaBUTL MECTaMH KOPHEBO y3el
M MeHbULe20 U3 €0 IBYX OTOMKOB:

HapyweHus
Kyun!

Hukakux HapyLueHHii Ky4H, CBA3aHHbIX C KOPHEM, 60MbLLIE HET — HOBBIH KOPHEBO#
y3eJ MeHblie 000MX Y3/10B: y3/1a, KOTOPbIi ObL1 UM 3aMeHeH (BOT MOYeMY Mbl Bbl-
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TNOJIHWJIM NEPECTAHOBKY MECTAMM), U €r0 APYroro NOTOMKa (Tak Kak Mbl MOMEHS U
MeHbLUero notoMka)'. HapyuieHus Kyuu MUrpHpYIOT BHU3, CHOBA BOBJleKas 00b-
€KT C KNtouoM 13 u ero AByx (HOBbIX) MOTOMKOB. [103TOMy MbI A€eaem 3TO CHOBa
M nepecTan/iieM MecTaMH 13 M ero MeHbLLUero NoToMKa:

CsoiicTBO KY4YH HaAKOHEL BOCCTAHOBJICHO, H TENEPb U3BJICYECHUE 3aBEPLUECHO.

B o6wem cnyyae onepauus U3BaEY> MHHUMYM NepeMeELLAET NocaeJHUH 00bekT
KY4Hd B KOPHEBO#H y3en (nepe3anucbiBas npeablayLiuii KOpEeHb) U MOBTOPHO nepe-
CTaB/ISeT MECTAMH 3TOT OOBLEKT C €ro MeHbLUUM NOTOMKOM?. B 11060 MOMEHT
BPEMEHH CYLLECTBYET He 0oJiee IBYX Hapy LUAIOLLMX Nap «POAUTEb — NOTOMOK» —
JIBYX 1ap, B KOTOpPbIX paHee nocjeaHui oobekt apnsercs poaurenem’. [lockonbky
KaXkaas nepecTaHoBKa NpOTaIKMBAET 3TOT 0OBEKT BHU3 Ha OJIUH YPOBEHb 1E€PEBA,
3TOT NPOLLECC HE MOXET NMPOAOKATLCSA BEYHO — OH OCTAHABIMBAETCS, KAk TOJIbKO
HOBbI 00BbEKT NPUHAANEKHT NMOCJEAHEMY YPOBHIO, €CJIH HE paHbLUE.

! TepecraHoBke 13 W 8 He ynacTcs W30aBUTH JIeBOE NMOANEPEBO OT HAapyLUEHHH KyuH

(c Hapywatoueit napoi 8 u 4), No3Boss 60NE3HH PacnpOCTPAHHTLCA HA NPaBOE MOA-
ZepeBo (¢ Hapywatowei napo# 13 1 12 1 napoii 13 1 9).

3OTa noanporpaMMa rnepecTaHOBKH MECTaMH, CPeId MPOUEro, B aHIJIOA3bIYHOMH NUTEpa-
Type Ha3blBaeTcs Bubble-Down (BCMIIBITHE BHH3).

Kaxnas napa «poauTesib — NOTOMOK», He BKJIHOYAIOLLAS 3TOT paHee NoC/eAHHH 00bekT,
NOSBAANACL B UCXOJHOMH Kyu€ H, CIEI0BATENLHO, HE Hapy LIAET CBOHCTBO KyuH. Takxke
HET HUKAKHUX HapyLIEHHH, CBA3aHHBIX C 3THM OOBEKTOM H €ro POAHTESIEM, — H3HAYaANb-
HO y Hero He O6bL10 poAMTENS, U BNOCIEACTBHH OH, IBUrasch BHH3, MEHAETCA MECTAMH
¢ 06bEKTaMH, KOTOPblE HMEIOT MEHBLUHE KITIOYH.
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U3BNEYb MUHUMYM

1. NepesanucaTb KOPeHb NOCNeAHUM OGHLEKTOM X B Kyde U YMEHbLUUTL pas-

Mep Ky4u.

2. MHorokpaTHO NepecTaBNaTb MECTaMU X U €r0 MEHbLLEr 0 NOTOMKaA, A,0 Tex

nop Noka CBOMCTBO Ky4n He 6yaeT BOCCTaHOBNEHO.

Yucio nepecTaHOBOK He MPEBbILIAET YHCIIO YPOBHEIA, M Ha KDKAYHO NepecTaHOBKY
TpebyeTcs TOJbKO NOCTOsAHHBIN 00bem paboTbl. [Tockonbky cywecTsyer < log, n
YPOBHEH, Mbl 3aKJIIOYaEM, YTO BPEMS BbINOJIHEHHS onepauny U3BiEYb MUHUMYM

B XyALleM ciydae paBHo O(log n), rae n — 3T0 4KC/I0 0OBEKTOB B Ky4e.

BbIBO /bl

CyLuecTByeT UeJblid pia OTJIMYHbIX APYT OT ApYra CTPYKTYp AaH-
HbBIX, KaX/as U3 KOTOpbIX ONTUMMU3UPOBaHa AJI Pa3HbIX MHOXECTB
onepauui.

[TpHHLKN IKOHOMMHW pEKOMEHAyeT BbIOUpPaTh NPOCTEiLIyIO CTPYK-
TYpY AaHHBIX, KOTOpas MOAEP>KUBAET BCe onepainu, Tpedyembie
BAUIMM MPHIIOKEHHEM.

Ecnu Bauie npunoxeHue TpedyeT ObICTPbIX BbIYHCIEHUH MUHUMY-
ma (MJIM MakCHMyMa) Ha 3BOJIFOLIMOHMPYIOLLLEM MHOXECTBE OO BEKTOB,
TO Ky4a 0OBbIYHO ABIISIETCS MPEANOYTUTENLHOM CTPYKTYPOii AaHHBIX.

JlBe Haubosee BaxcHble KyueBble onepauuu, BcraBiTh W HU3BAEYBL
MHHUMYM, BbINOHAOTCS 3a Bpems O(log n), rae n — 310 YKUCIIO
00bEKTOB.

Kyuu Takxe nopaepxusatoT onepaunu HAHTH MUHHMYM 3a Bpemst
O(1), Yaanuts 3a BpeMs O(log n) n OBBEAMHUTH B KYYY 3a Bpems
O(n).

Anroput™ HeapSort MCrofib3yeT Kydy Ajisi COPTMPOBKM MaccuBa

AnuHbl 11 3a BpeMms O (n log n).

Kyun MoryT 6bITb MCNOAb30BAHBI AN peanu3alnyu airoputMa
kparyaiiiero nyTu Jleiikctpsl 3a Bpems O((m + n) logn),rne mu n
0003Ha4aloT YKcio pebep 1 BepLUMH rpada cooTBETCTBEHHO.
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* Kyup MoryT ObITh BU3yann3u poBaHbl Kak NONHbIE OMHAPHbIE AepeBbs,
HO peaJi30BaHbl B BUJe MAaCCHUBOB.

* CBOMCTBO Ky'H YKa3bIBaeT Ha TO, YTO KJIHOY KaXA0r0o 00bekTa MeHb-
Llie UM paBeH KJIF0YaM ero MOTOMKOB.

* Onepaunu BcTaButh U HM3BIEYL MUHAMYM peanu3yloTcs nmyTem
noJ/iep>kaHus Aepesa nojHbIM HauboJiee 0UeBUAHBIM CTOCOOOM H3
BO3MOXCHbIX W CHCTEMaTHUYECKOTO MOAaBNeHHUs MOObIX HapyUIeHHi
CBOWCTBA Ky4H.

3apaum Ha 3akpenJieHMe marepuvana

3apauya 10.1. Kako# u3 crneayromux Wa6noHOB B KOMIBIOTEPHOH MporpamMme
NpeANnoaraer, YTo Ky4eBas CTPyKTypa JaHHbIX MOXET 00eCevynTh 3HaYNTENbHOE
yckopeHue? (OTMeTbTe BCe MOAXOAALIME BAPUAHTHI.)

a) IloBropHble onepaLHu NOKCKa.
6) MHorokpaTHble BEIYHCIEHUS! MUHUMYMa.
B) MHOrokpaTHble BbIYMCJIEHHS MaKCHMYMa.

r) Hu oauH u3 BapuaHTOB.
3agaua 10.2. [TpeAnonoXuM, YTO Bbl peayv30BaIM QyHKLUHOHATLHOCTbL OYepeay
C MPUOPHUTETOM (TO €CTh onepauuu BctaButh M M3BJIEYS MUHHMYM) C HCHIOJIB30-
BaHHEM MacCHBa, OTCOPTHPOBAHHONO OT HaHOOMbLLIETO k HaMMeHbLIeMy. KakoBo
BpeMs paboThl onepauuii BctaBuTh M U3BIEYS MMHUMYM COOTBETCTBEHHO B XY[-

eM cnyqae? ByneM CUUTATDb, YTO Y BaC UMEETCA JOCTATOYHO 6onbLuoii MacCCHB,
KOTOpblﬁ MO3BOJIACT Pa3MECTUTD BCE BCTABKH.

a) O(1)uB(n)
6) O©(n)uO(1)
B) O(logn)u®(1)
r) O(n)uO(n)

3aaaua 10.3. [Ipeanosoxum, yTo GPyHKLHOHANLHOCTH OYepeaH C MPUOPHUTETOM
(To ectb onepauuy BcTABUTL U M3BJIEYD MHHHMYM) peajiM30BaHa ¢ MOMOLLBIO
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Heomcopmupoganro2o MaccuBa. KakoBo BpeMs BLIMONHEHUS onepauuii BCTABUTH
¥ U3BJNEYS MUHHMYM COOTBETCTBEHHO B XyAlleM ciyyae? Bynem cuuTath, 4TO
y Bac UMeeTcCs JOCTaTOYHO OOJbLIOH MacCHB, KOTOPbIH NO3BOJISET pa3MECTHTD
Bce BCTaBKH.

a) O(Huod(n)

0) O(m)ud(1)

B) ®(1)u O(logn)

r) ®n)u ()
3apaya 10.4. JlaHa kyya ¢ n o6bektamu. Kakue U3 cieayrolux 3ajaq4 MOXHO
PELIMTH C MOMOLUBIO onepauuii BctaBuTh U U3BnEYs MUHUMYM ¢ BpeMeHeM O (1)

M OMONHUTENbHOMH paboThl ¢ BpeMeHeM O(1)? (BbibepuTe Bce noaxoasiuue
BapHaHTbL.)

a) Haiitu o6bekT, xpaHsLuiics B Kyye ¢ MATbIM HAUMEHBLIUM KITIOYOM.
6) Haiitu 00bekT, XpaHsaLLuiics B Kyye ¢ MaKCUMaJIbHbIM KJIIOYOM.
B) HaiiTu 06bekT, XxpaHsauuiics B Kyue ¢ MEAUAHHbIM KJIOYOM.

l') Huuero u3 nepeUYrUCIICHHONO BbILLE.

3aaauv NOBbILLEHHOW CNOXHOCTH

3apgauya 10.5. B npogomkeHue 3agaud 9.7 nokaxure, kak MoAUPHUUUPOBATH
peanu3almio KyyeBoro anropurma Jledkcrpbl, A TOrO 4TOObl BBIYUCIAUTD JJis
KaXK10# BeplUMHbI v € V HauMeHblIee Y3KOe MECTO MyTH s-v. Bam anroputm
no/keH pabotath 3a BpeMs O ((m + n) log n), rae m u n 0603HavYaroT YKco pedep
M BEpLUHH COOTBETCTBEHHO.

3agaua 10.6 (caoxHasn). Mbl MOXXeM J0CTHYbL Oojbluero. [1peanonomkuM, uto
rpad sBnseTCs HEOPUEHTUPOBAHHbIM. [laiiTe NMHEHHO-BpeMEHHOH aNropuTM (TO
ecTb pabotatowuuii 3a BpeMst O(m + n)) 4515 BbIYUCIEHUS MyTH C MUHUMAJIbHBIM
Y3KUM MECTOM MEXAY ABYMS 3aJJaHHbIMU BEpLUMHAMHU.

[[oacka3ka: npuroauTcs TMHEHHO-BpEMEHHOMN aNropuT™ U3 nepBoii yacTu. B pe-
KYPCHH Leb COCTOUT B TOM, YTOObI COKPaTHTb pa3Mep BXOAHbIX AAHHbIX BJBOE
3a NuHelHoe BpeMms. ]
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3apaua 10.7 (caoxHan). Uto aenathb, eciiv rpad ABnseTcs OPUEHTUPOBAHHBIM?
ModkeTe 11 Bbl BBIYUCIIUTD MYTb ¢ MUHUMAJIbHBIM Y3KUM MECTOM MEXAY ABYMs
3alaHHBIMU BEpLLIMHAMK MeHee ueM 3a BpeMst O((m + n) log n)?!

3apaaya no nporpaMmMupoBaHUIO

3anauya 10.8. Peanusyiite Ha cBOeM 1I0OMMOM f13blke NPOrpaMMHUPOBAHHS KYUYEBYIO
BepcHio anroputma [efikctpsol U3 paszaena 10.4 ¥ ucnonb3yiite ee Ans peLieHus
3a/1a4M O KpaTyaiilieM NyTH C EIMHCTBEHHbIM HCTOKOM B pa3HbIX OPUEHTHPOBAH-
Hbix rpadpax. B cnyuae ¢ 3Toit KyueBo#l peann3aunmn kakoB pasmep camoii 60Jib-
WOH 3a1a4M, KOTOPYIO MOXHO PELUTD 3a NATb MUHYT UJIW MEHbLUUH BPEMEHHOM
cpok? (O6paTturech k caiity www.algorithmsilluminated.org a1 TeCTOBbIX ClyyaeB
M COBOKYNHOCTEH AaHHbIX 3a/a4.)

[[Toacka3ska: ans 3Toro notpedyercs onepauus Y 1AIUTb, KOTOpasi MOXKET NOOYAUTH
BAC peasin30BaTb COOCTBEHHYIO KY4€BYIO CTPYKTYPY AaHHbIX C Hyas. lns Toro
4TOOBI YAaNUTh 0ObEKT U3 KyUH B 331aHHOH NO3ULHH, CleayiiTe BbICOKOYpOBHE-
BOMY nojaxoay onepauuii BctaButh U U3BNEUD MHHUMYM, IO Mepe HEOOXOAUMO-
CTH HUCMOBb3YS NOANPOrpaMMbl BCIUIBITHSA BBEPX Bubble-Up MJIM BCIUIBITHS BHU3
Bubble-Down C LEIbIO yCTPAHEHHS HAPYLUEHHIi CBOICTBA Ky4H. Bam Takxke HyXHO
OyaeT OTCNeXXHBATh, KaKas BEpLUMHA HAXOANTCS B Kakoi MO3HUKH KYUH, BO3MOXKHO,
npuMeHss xeww-tTabnuusl (rnasa 12).]

I 1na rmy6oKkoro norpyxeHus B 3Ty 3agady cM. pabory «Algorithms for Two Bottleneck
Optimization Problems» («ANrOPUTMBbI 118 IBYX ONTHMH3ALHOHHBIX 331a4 C y3KHMH
mectammu») [apoavoa X. I'360y u Pobepma Tapvsana (Journal of Algorithms, 1988).
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Hepeso noucka, xak ¥ Kyua, peAcTaBiseT co00i CTPYKTYpy NaHHBIX AJ1s XpaHe-
HHS 3BOTIOLIHOHUPYIOLLENO MHOXKECTBA 00'bEKTOB, aCCOLIMUPOBAHHBIX € KJIHOYaMH
(1, BO3MOXHO, ¢ 60NbLUMM KONHYECTBOM ApPYrUx AaHHbIX). OHA moanep>KuBaeTt
NOJIHOE YNOpsIA0YMBAHUE XPaHUMbIX OOBEKTOB U MOXET NMoAAEpkKUBaTh Gonee
6oraroe MHOXeCTBO ornepauuii, 4eM Kyua, 3a CYET YBEJIMHEHHOIO NMPOCTPAHCTBA
H, B Cllyuae HEKOTOpbIX onepauuii, Heckojbko 60jiee MeJIEHHOrO0 BPEMEHH Bbl-
NoNHEHNUs. Mbl HaYHEM C OTBETA Ha BOMPOC «UTO» (TO €CThb NOAAEPXKUBAEMbIE
onepauuHi) U TONbKO MOCJE 3TOro nepeiieM K OTBETY Ha BOMPOCHI «MOYEMY»
(npuMeHeHHs) K «kak» (AOMOJIHUTENbHbIE AETANU peann3aLuH).

11.1. OTcopTUpOBaHHbIE MAaCCUBbI

Hennoxas uaes npeAcTarnsTh AepeBO NOUCKA Kak MHAMHYECKYHO BEPCHIO OTCOPTH-
POBAaHHOIO MAacCHMBA — OHO MOXKET I€NIaTh TO )K€, YTO U OTCOPTUPOBAHHbIA MaccuB,
a TaKke CnocoOHO ObICTPO NPOM3BOANTH ONEPALIMK BCTABKH M yaaeHus.

11.1.1. OTcopTuUpoBaHHbI€ MAaCCUBbI:
noaaepXuBaemMblie onepauum

C OTCOPTUPOBAHHBIM MAaCCHBOM Bbl MHOINO Y€Iro MOXETE.

OTCOPTUPOBAHHBIE MACCHBbI:
MOAAEP)KUBAEMBIE OINNEPALIUH
OTbICKATb: AN KJIFO4a kK BEPHYTh yKa3aTe/b Ha 00beKT B CTPYKType

JIaHHbIX C KJIOYOM k (1160 cOOOLIMTDb, YTO TaKOro 00beKkTa He Cy-
LLIECTBYET).

MuHuMyM (MAKCHMMYM): BEpHYTb yKa3aTellb Ha OOBEKT B CTPYKTY-
pe JaHHBIX C HAUMEHbLUMM (IO, COOTBETCTBEHHO, HAMOONBLIMM)
KJIFOYOM.

MeeqwecTBEHHNK (TTPEEMHUK): MO YKa3aTeNt0 Ha 00BEKT B CTPYKTYpe
JIlaHHBbIX BEpPHYTb yKa3aTe/lb Ha 00beKT CO CleAyloLUUM HauMEHb-
LIMM (COOTBETCTBEHHO ClEAYIOLUUM HaubonbwuM) knouom. Ecnu
JlaHHbIH 0OBEKT MIMEET MUHUMAJIbHBIH (COOTBETCTBEHHO, MAKCUMaJlb-
HblIii) KJIIOY, TO COOOLUMTL «MYCTO» (MM «noney).
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BBIBECTH B OTCOPTHPOBAHHOM TOPSIKE: BbIBECTH O0OBEKTHI B CTPYK-
Type JaHHbIX 0 OHOMY B MOPAZAKE UX KIIIOYEi.

BbIEPATH: MO 33aA@HHOMY uKcay i Mex Ay | ¥ uMCcI0M 0OBEKTOB Bep-
HYTb yKa3aTeJsb Ha OObEKT B CTPYKTYpE AaHHbIX C /-M HAWMEHbLUUM
KJTIOYOM.

B3sTb PAHT: N0 3aIaHHOMY KJIOUY kK BEPHY Tb YHC/I0 00BEKTOB B CTPYK-
TYpe JaHHBIX C KJIOYOM HE BbILUE k.

PaccMOTpHM Ha cieayloleM npuMepe, Kak peann3oBaTbh KaKAylo M3 3THX ore-
paumii:

3 6 10 11 17 | 23 30 | 36

O B onepaunu OTHICKATh HCNIONBL3YETCS ABOHYHBII MOUCK: CHayana NnpoBEPHUTh,
MMeeT i1 00BbEKT B CpelMHHON MO3ULUMH MaccuBa HyxHbIH kmou. Ecnau ato
Tak, TO BEpHYTb €ro. Ecii HeT, TO BbINONHUTbL PEKYPCHIO B JIEBOH MOJIOBUHE
(ecam k04 cpeaMHHOro 06bekTa — cnuLkoM 6onbLioii) n1Mbo B npaBoii no-
JIOBUHE (€CM OH — CJMLIKOM Manblif)'. Hanpumep, 4ToObl BbIMOAHUTb MO-
MCK KJIoYa 8 B NpWBEIEHHOM Bbillle MAacCHBE, JBOMYHbIH MOMCK MPOBEPUT
4eTBEPThI 00bEKT (C KJIOUOM 11); BIMOAHUT peKypCcHIO Ha JIEBOii NOJIOBH-
He (00bekThl ¢ Kitovamu 3, 6 u 10); npoBepUT BTOPOi 00bEKT (C KKOUYOM 6);
BbIMOJIHUT PEKYpCHIO Ha MPaBOii MONOBHHE OCTaBLUErocs Maccusa (0ObekT
¢ kntouoM 10); 3aKniOUMT, YTO MpaBWiIbHAA MO3MLUMA 00bekTa ¢ KIIoYOM §
Oyner Mexay BTOPbIM U TPETbUM OOBEKTAMHU; U COOOLUMT «mycTo». Tak kak
KaXblii peKypCHBHbIii BbI30B COKpalllaeT pa3Mep MaccuBa B 2 pa3a, Cylle-
CTBYeT He Gonee log, n pekypCHBHbIX BbI30BOB, Iie # — 3TO JJIMHAa MAacCHBA.
[MockonbKy Kaxcablii peKypCHBHbIH BbI30B BbINOJIHAET NOCTOAHHbINA 00beM pa-
60Tbl, NaHHas onepauus BbinonHsercs 3a Bpems O (log n).

O Onepaunn MuUHUMYM U MAKCHMYM JIerko peanu3oBatb co BpemeHeM O(1):
BEPHYTb YKa3aTeslb Ha MEPBbli MM NOCAEAHHUI 00BEKT B MACCUBE COOTBET-
CTBEHHO.

' YuraTenam nocrapiue oH HaBepPHAKAa HaMOMHHUT MOMCK TeslepOHHOro HoMepa B TeJe-
¢$oHHO KHHre. Eciii Bbl €L1e He NPOCMaTpPHBAIH HCXOAHBIN KO 3TOr0O anropuTMa, To
3arIAHHUTE B CBOIO JIIOOMMYIO BBOJHYIO KHHUTY THOO0 Y4EOHHK MO MPOrpaMMHUPOBaHHIO.
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O [Ins Toro utobbl peanu3oBarh onepauni IPEAIECTBEHHUK UM [TPEEMHUK, Clie-

AyeT NPUMEHUTH onepaunio OTHICKATb, KOTOpPass BOCCTAHOBUT MO3ULMIO JaH-
HOro 00beKTa B OTCOPTHPOBAaHHOM MacCHBE, M BEPHYTb 00bEeKT B MpeabULyLuei
MM CrieflytoLIel NO3ULMH COOTBETCTBEHHO. DTH ONepaLH BbINONHAIOTCS TaK
xe ObIcTpo, kak U nouck — 3a BpeMs O (log n), rae n — 310 UIMHA MaccHBa.

Onepauus BLIBECTH B OTCOPTHPOBAHHOM MOPSAKE TPUBHAIbHA A5 JIHHEHHO-
BPEMEHHOI peau3alUid C OTCOPTUPOBAHHLIM MAaCCHBOM: BBIMONHHTbL OAUH
NPOXOA BriepeA-Ha3aj Mo MacCHBY, BLIBOASA KKAbIH 0ObEKT MO ouepeau.

Onepauus BbIPATh JIErko peann3yeTcs 3a NOCTOSHHOE BpeMs: MO 3a1aHHOMY
MHEKCY i BEpHYTb O0BEKT B i-i NO3ULIUK MacCHBa.

Onepauust B3saTb PAHI MOXOoka Ha 0OpaTHyKO omepauuto BeIBPATL U MOXeT

ObITb peann3oBaHa CX0XHUM 00pa3oM, YTo U onepauus OTbHICKATb: eclii OuHap-

HblIH MOMCK HAXOAUT OOBEKT C KJIFOUYOM K B i-i MO3ULIUKM MaccHBa THOO ecii OH*
00Hapy>KUBAET, UTO k HAXOAUTCS MEXAY KitouaMH 00bekToB B i-i U (i + 1)-i

No3uLHsX, TO NPaBUJIbHLIM OTBETOM Oyner i'.

[Toasoas uror, npuBeaeM OKOHYaTe/IbHbIH NnepeyY€Hb nokasarenei ans OTCOPTH-
pOBaHHbLIX MaCCHUBOB.

Ta6bnmua 11.1. OTCOPTUPOBaHHbBIE MacCUBbLI: NOAAEPXUBAaEMbIe onepaLmm
1 BPEMS X BbINONHEHUR, rae n o6o3HavaeT Tekyuiee Yucno o6beKToB,
XPaHALWWUXCH B Maccuse

Onepauyus Bpems sbinonHeHus
OTbICKATb O(log n)
MUHUMYM o)
MAKCHMYM o)
TTPEIIUECTBEHHHK O(log n)
[TPEEMHHK O(log n)
BbIBECTH B OTCOPTHPOBAHHOM MOPSIAKE O(n)
BbIBPATB o)
B3sTb PAHT O(log n)

3T0 yNpoLLEHHOE ONMCAHHE HCXOAUT U3 TONO, YTO MOBTOPSIOLIHECH KITIOYH OTCYTCTBYIOT.
Kakue n3meHeHns HeoOX0OMMMBI LTS pa3MELLIEHH HECKOTBKHX OOBEKTOB C OIHHM KJTIo4OM?
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11.1.2. HenopaaepXxuBaemblie onepauum

Hy>xHo nu meutatb 0 ueM-To 6onblieM? B cnydae co cmamuueckum Habopom
JIaHHbIX, KOTOPbI HE H3MEHSAETCA CO BPEMEHEM, ITOT CMUCOK NOAAEP>KUBAEMbIX
onepauuit Bnevyariser. OQHAKO MHOTHE pealibHble NPUIIOKEHUS OUHAMUYHDL,
a MHOXECTBO PeJIEBaHTHbIX 0OBEKTOB C TEUEHHEM BPEMEHH IBOJIIOLIUOHUPYET.
K npumepy, cOTpyAHUKH NPUXOAAT M YXOISAT, U CTPYKTYpa JaHHbIX, B KOTOPO#
XPaHATCS MX 3aMuCH, AOJXKHA OCTaBaThbCA akTyalabHOW. [1o 3TO# mpuUuMHe Hac
TaKXKe MHTEPECYIOT BCTaBKU U YAANEHHS.

OTCOPTUPOBAHHBIE MACCHBBbI:
HENOAJAEPXUBAEMBIE OIIEPALUH

BCTABUTL: ¢ yueToM HOBOro o6bekTa x 100aBUTb X B CTPYKTYpY
JIaHHBIX.

VY 1AMUTh: A0S KJoYa k yianuTb 0OBEKT C KIOYOM K U3 CTPYKTYPpbl
JIaHHBIX, €CJIH OH CYLLECTBYeT'.

OTH ABE ONepaurH BNOJIHE MOXHO Peann30BaTh C OTCOPTUPOBAHHBIM MAaCCHBOM,
HO OHH TATOCTHO MEAIEHHbIE — BCTaBKa MJIM yAAJIEHHE 3JIEMEHTA MPH COXpaHe-
HHUHM CBOHCTBA OTCOPTMPOBAHHOIO MaccHBa TpebyeT TMHEHHOro BpeMEeHH B CAMOM
HebnaronpusaTHOM ciyuae. CyluecTBYeT M aibTepHaTUBHAA CTPYKTYpa AaHHBIX,
KOTOpas MoBTOpPsET Bce GyHKUHOHANbHbIE BO3MOXHOCTH OTCOPTUPOBAHHOIO
MaccuBa, OIHOBPEMEHHO COOTBETCTBYS JIorapUpMHUECKH-BPEMEHHOMH pe3ybTa-
TUBHOCTH Ky4H /151 onepauuii BctABUTb U Y AANINTB?

! BHMMaTenbHbli YHTaTENb, BO3MOXKHO, 3aMETHI, YTO 3Ta cneundHKauns onepauuu
VY IANUTH (koTOpas Ha BXOAE MPHHMMAET KJII04) OT/IMYAETCA OT TOH XKe And Kyu (KoTopas
Ha BXOJie NPUHUMAET yKa3arenb Ha 06bekT). [IpHuHHa 3aKNIoYaeTCs B TOM, YTO KyUH He
NOANEPKHUBAIOT OBICTPbIH MOUCK. B 0TCOPTHPOBaHHOM MaccuBe (a Takxke B AEpeBbAX
NOMCKa U Xew-Tabnuuax) ykasarenb Ha 0ObeKT JIErko BOCCTAaHABIWBAETCA 110 €ro K-
4y (4epe3 onepaunio OTbICKATD).
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11.2. lepeBbs noucka:
noanepXxusaemsbie onepauuu

CMBbICJ1 IepeBa NOMCKa 3aKJoYaeTes B MOAASPXKKE BCEX onepauuii, noaaepx1pae-
MBIX OTCOPTMPOBaHHbBIM MACCHBOM, a TaKXKe BCTaBOK H ynaneuuii. Bce onepauuu,
KpoMe BBIBECTH B OTCOPTHPOBAHHOM MOPA/IKE, spinonustorcs 3a Bpems O (log n),
rJie 1 — 9TO YKUCIO 0OBEKTOB B 1EPEBE NMOUCKA. Onepauus BbIBECTH B OTCOPTHPO-
BAHHOM MOPSLIKE BbIMONHAETCs 3a Bpems O (n), v Ny4Liero NpocTo He 6biBaeT (TaK
KaK OHa JI0/KHa BbIBOAUTDL 11 OGBEKTOB).

MpuBeaem NepeueHb NokasaTeneH Ais ACpeBLEB MOUCKA B CpaBHEHHHU C OTCOPTH-
POBaHHBIMU MaCCHBaMH.

Ta6nuua 11.2. C6anaHcupoBaHHbie AepeBbs NOUCKA U OTCOPTUPOBaHHLIE
MaccuBebl: NOAAEPXKUBAEMbBIE ONEPaUUN U UX BPEMSA BbINONHEHUS, rAe N
o6o3HavaeT Texkyuiee YNCcNo 06LEKTOB, XPAHALLMXCA B CTPYKTYPE AAHHbBIX

Onepauus OTCOpTUPOBAHHBIA C6anaHcuposaHHoe
maccus Aepeso noucka

OTBICKATb O(log n) O (log n)

MHUHUMYM o(l) O(log n)

MAKCHMYM o) O(log n)

TMPEAIIECTBEHHHUK O(logn) O(logn)

[MPEEMHHUK O(log n) O(log n)

BbIBECTH B OTCOPTUPOBAH- O(n) o(n)

HOM TNOPSIKE

BbLIEPATD o) O(log n)

B34Tb PAHT O(log n) O(log n)

BcTABUTH O(n) O(log n)

VY aAnuThb O(n) O(log n)

BaskHblii HIOAHC: BPEMs BLINONHEHUs B Tabn. 11.2 nocturaloTes cbanancuposau-
HbLM AEPEBOM NMOMCK, TO eCTb Gonee CnoxHo# BepcHeH CTaHAapTHOrO 61HapHOrO
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JlepeBa Noucka', onucaHHoro B pazaene 11.3. HecbanaHcupoBaHHOE AepeBO MOKCKa
He rapaHTUPYET TaKoe BPeMs BbIMOJHEHHS?,

KOI'1IA UCITOJIb3OBATb CBAJIAHCUPOBAHHOE

AEPEBO ITOUCKA

Ecnu Balle npunoxxeHue HyxzaaeTcs B noaaepxke ynopsaoueHHOro
npeACTaRIeHUs AMHAMUYECKH U3MEHSIOLLIENOCsS MHOXECTBA 00bEKTOB,

TO cOanaHCUPOBAHHOE IEPEBO NMOKCKA (MM CTPYKTYpa AaHHbIX Ha €ro
0CHOBE®) 00bI4HO ABNIAETCS NPEANOYTUTENBHOMN CTPYKTYpOid JaHHBIX®.

BcnomHuTe NpUHUMN 3KOHOMUH — BbIOUPATh NPOCTEHLLYIO CTPYKTYPY AaHHbIX,
KOTOpas NMojep>KHBAET BCe onepaluu, TpebyeMble BaliuM npunoxeHuem. Ecnu
BaM HY>XHO MOJEP>KUBATb TOJILKO YNOPAAOYEHHOE NpeACTaBIEHUE CTaTHYECKO#H
COBOKYMHOCTH JaHHbIX (6€3 BCTaBOK U yAaneHui ), ucnonb3yiite BMecTo cbanaH-
CHPOBaHHOIO epeBa NOMCKa OTCOPTUPOBaHHbIii MacCHB; nepBoe ObLTO Obl U3NHULL-
HuUM. Eciu Habop JaHHbIX ABNSETCA JUHAMHUUYECKUM, HO BAC HHTEPECYIOT TOJIbKO
ObicTpble onepauuu B3ATUS MUHMMyMa (1M60 MakcMMyma), TO BMeCTO cbanaH-
CHPOBAHHOTIO iepeBa NOMCKa Ucnonb3yite Kyuy. DT 601€ee npocTbie CTPYKTYPbl
JIaHHbIX JENalOT MEHbLLIE, YeM cOanaHCHPOBaHHOE AEPEBO MOUCKA, HO TO, YTO OHH

BuHapHoe nepeBo noucka (binary search tree) Hepenko euie Ha3bIBaeTCA OTCOPTHPO-
BaHHbIM GMHApPHBIM AEPEBOM M ABJIAETCHA KOPHEBbIM OMHApHLIM AepeBoM. CM. https://
en.wikipedia.org/wiki/Binary_search_tree. — [Ipumeu. nep.

[Npensaputenbhbiit 0630p pasnenos 11.3 v 11.4: kak npaBuo, onepaurdH MOKCKa No
ZIEpEBY BBIMOJHSAIOTCA BO BpPEMEHH, MPONOPLHOHAIBHOM BbICOTE AEpEBa, MMES B BUAY
caMblii JNIMHHBIHA NyTh OT KOPHA J€pEBa 10 OMHOrO U3 ero NMCcTheB. B 6uHapHOM nepese
C n'y31aMH BbICOTa MOXET ObITb Fie yroiHo — oT = log, n (ecnu aepeBo HaeanbHo cba-
JJAHCHpPOBaHO) 10 1 — 1 (ecu y3bl 00pa3yloT eanHyo Lenouky). C6anaHcHpoBaHHbIE
JepeBbs MOMCKA BBIMOMHAIOT CKPOMHbIA 00bEM JOMONHUTENbHON PaboThl, TEM CAMBIM
rapaHTHpYs, YTo BbicoTa Bceraa paBHa O (log n); 3Ta rapaHTHs BLICOTbI 3aT€M NPHBOANT
K FpaHHWLIaM BPEMEHH BBIMOIHEHH, MPUBEACHHLIM B Tabn. 11.2.

Hanpumep, knacc TreeMap B Java H wabioH knacca map B cTaHaapTHoi 6ubanoreke
wabnoHoB C++ nocTpoeHbl NoBepx cOATAHCHPOBAHHbIX 1€PEBLEB MOMCKA.

XopownM MECTOM, rae MOXHO YBHAETh COaTaHCHPOBaHHBIE J€PEBbA MOMCKA B €CTE-
CTBEHHBIX YCIOBHAX, ABNseTcA 4apo Linux. Hanpumep, OHX HCONB3YIOTCS 11 ypaB-
JIEHHS NJIaHUPOBAHHEM MPOLECCOB H OTCJEKHBAHHA 00beMa BUPTyalbHON MaMATH
KaXa0ro npouecca.
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JIeNaloT, yjaeTcs UM nyulle — ObicTpee (Ha NOCTOSHHbIN MK IorapUpMHUUECKHi
MHOXHTEJIb) U C MEHBLINUM NPOCTPAHCTBOM (Ha MOCTOSAHHbI MHOXKHUTEND)' .

*11.3. Aetanu peanusaumm

DTOT pa3zen npeaocTaBiseT BbICOKOYPOBHEBOE OMUCaHHE THMHYHOM peanu3a-
uuM (He o6s3aTeNbHO cOaNaHCUpOBAaHHOIO) GUHAapHOIoO AepeBa noucka. Pasen 11.4
3aTparuBaeT HEKOTOpbIE JONOIHUTENbHbIE HAEH, HeoOX0aUMble 15 cOanaHCUpo-
BaHHbBIX J€pPeBbLEB MOUCKA’,

11.3.1. CBo#CcTBO AepeBa noucka

B 6uHapHOM aepeBe moucka Kaxabli y3ea COOTBETCTBYET 00BEKTY (C K/IHOYOM)
M UIMEET TPH aCCOLIMMPOBAHHbIX C HUM YKasaTens: ykasaresib Ha poAMTeENs, ykasarellb
Ha JIEBOro NoTOMKA M yKasaTesb Ha npaBoro notoMka. JIlo6oii u3 aTux ykasarenei
MOXET ObITb MYCTbIM, TO €CTb UMETb 3HaYeHHe null, ykasbiBatoLee Ha OTCYTCTBHE
poauTens UM noromka. JleBoe noanepeBo y3na x COAEPXKHT y3Jibl, JOCTYMHbIE U3 X
yepe3 ero yka3sareJb Ha JIEBOro N0ToMKa, M CXOHM 00pa3oM 115 NpaBoro nojepesa.
OnpenenstoLum ceoticmeom e pesa noucka ABRIAETCA CleAyloLuee:

CBOWCTBO JEPEBA NOUCKA

1. ns kaxaoro o6bekTa x 00bEKThI B JIEBOM NMoaaepeBe 00bekTa X
MMEIOT KJIFOUH MEHbILLE, YEM Y X.

2. Jlns kaxaoro oobekTa x 00bekThbl B MpaBoM noaaepeBe o0bekTa
X UMEIOT KJIIouH Gonblue, yeM y x°.

! T'maea 12 oxBarbIBaeT xelu-TabHLbl, KOTOpbIE BbIMOJHAIOT €LE MEHbILIE pabOTbI; HO TO,
YTO OHH AENAIOT, OHK AENAIOT ELUE NyyLue (32 NOCTOAHHOE BPEMs LT BCEX NMPAKTHUYECKUX
uesnei).

MbI roBopum 06 y3/1ax U COOTBETCTBYIOLMX OObEKTaX B3aHMO3aMEHAEMO.

370 CBOHCTBO HCXOAMT U3 TOr0, YTO HUKAKKeE ABa 00bEKTa HE MMEIOT OJMHAKOBOIO KJTKOUa.
[na pa3MeleHns NOBTOPAIOLWIMXCS KIIOYEi H3MEHHTE 3HAYEHHE «MEHbLLUE» B NEPBOM
YCJIOBHH Ha «MEHbLUE UJIH PaBHOY.



174 FnaBa 11. [lepeBo nNoucka

CBoiicTBO NepeBa MOMCKa HakJiaablBaeT TpeboBaHHe Ha KaXKIblii y3en nepeBa no-
KCKa, a He TOJIKO Ha KOpEeHb:

f

No HanpasnNeHUto K KOPHIO

BCe KNOYH
> X

BCe KNioun
<X

Hanpumep, nokaxkem aepeBo noucka, coaepxaltiee 00bekTsbl ¢ knouamu {1, 2, 3,4,
5}, ¥ TabnMLYy, NepeyrcIsOLLY O MECTa Ha3HaY€HHs TPeX yKa3aTellel B Kak10M y3ie:

Yaen |Poaurtens|Nesbin | MpaBbiv
1 3 null 2
2 1 null null
3 null 1 5
4 5 null null
5 3 4 null
nmcTbA
a) [lepeso novncka 6) Yka3sarenm

Puc. 11.1. lepeBo noucka n COoTBETCTBYIOLWNE eMy yKa3aTenu
Ha poauTens n NOTOMKOB

B1HapHble fepeBbs NOMCKA U KY4H pa3iHyaloTcs N0 HECKOIbKHM HanpaBieHUAM.
Kyuu MoxHO paccMaTpuBaTh Kak JepeBbsi, HO OHH peali30BaHbl KAk MaCCHBBI, O€3
ABHbIX yka3areneil Mexay obbektaMH. JlepeBo noucka sBHbIM 00pa3oM XpaHUT
TPH yKa3aTels B pacyeTe Ha O0BbeKT H, CJIeA0BaTeNbHO, HCNOJb3YET Oonblie Me-
cTa (C MOCTOAHHBLIM MHOXHTENEM). Kyuam siBHble yka3aTeiM HE HYXHbl, TOTOMY
YTO OHHM BCErAa COOTBETCTBYIOT MONHbLIM OWHAPHLIM J€PEBbLAM, B TO BpPEMs Kak
OMHapHbIe AepeBbs NOMCKA MOTYT HMETb POU3BOJILHYIO CTPYKTYPY.
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JlepeBbs moMcka UMEIOT HHOE NpeiHa3HaYeHHe, YeM Kyuu. [1o aToi npuunHe cBOii-
CTBO JiepeBa MOMCKa HECOMOCTaBUMO CO CBOHCTBOM Ky4H. Kyuu onTUMHU3HPOBaHbI
2st ObICTPBIX BbIYMCIEHHH MHHMMYMa, a CBOWCTBO KyYH — TO, YTO KJIHOY NOTOMKA
6oJbLLE TOJBKO KJTIOYa POAMTENS, — YMPOLLAET NMOUCK 00bEKTa C MHHUMAIbHBIM
KJI04OM (3TO KOpeHb). JlepeBbs NOUCKa ONTUMHU3UPOBaHbl — MPHUrOTOBLTECD, MO-
TOBbI? — /)15 TOUCKA, U CBOICTBO iepeBa MNOHCKa ONpPEAEIEHO COOTBETCTBYHOLLIUM
o6pa3zoM. Hanpumep, ecnu Bbl ULLeTe 00BLEKT € KOYOM 23 B AepeBe MOKUCKA U KJIIO-
4OM KOpHs siBnseTcs 17, To Bbl 3HaeTe, 4TO 0OBEKT MOXKET pacnonararbCs TONbKO
B 1paBOM MNOAEPEBE KOPHS, U MOXKETE HCKITIOYHTh OOBEKTHI B JIEBOM NMOAAEPEBE U3
JaNbHeiLIero pacCMOTpeHUs. OTO JODKHO HallOMHUTb BaM O 1BOMYHOM (OUHap-
HOM) MOMCKE, KaK U Nnoao0aeT CTPYKType AaHHBIX, CMbIC] KOTOPOH 3aK/oyaeTcs
B CUMYJIMPOBAHNUH AHHAMHYECKH M3MEHSIOLIErocs OTCOPTHPOBAHHOIO MAacCHBa.

11.3.2. BoicOoTa AepeBa noucka

Il.ﬂﬂ 3a1aHHOI0 MHOXKECTBA KJIIOUEit CyLLECTBYET MHOXXECTBO pa3HbIX A€PEBLEB
noucka. INokaxem BTOpPO€ A€PEBO MOUCKA, COoAEpKaALLEE 00BEKTBI C KJIIOYaMH
{1,2,3,4,5}:

OG6a ycnoBus B CBOICTBe AepeBa Noucka cobnioaatoTcs, BTopoe — Oeccoaepka-
TeNbHO (TaK Kak HeMyCTbIX NPaBbiX MOJAEPEBbEB HET).

BbicoTa A€pEBa ONpeAcnA€TCs Kak AJIMHA CaMOro JJIMHHOrO nyTu OT KOpHA 10
nucta'. PasHbie ACPEBbA NMNOUCKA, COACPXKALLUME HACHTUYHbIC MHOXECTBA 061>e|<'r03,
MOryT HMETb pa3HYIO BbICOTY, KaK U B NNEPBbLIX ABYX MpUMEpPAX (rne AE€pEBbS UME-

' Takxe UMeHyeTCs 21y6uHOU AepeBa.
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10T BBICOTY COOTBETCTBEHHO 2 U 4). B 0011eM ciyuae GUHapHOe epeBO MOUCKa,
cozepxalliee n 0ObEKTOB, MOXET UMETb KaKylo YTOJHO BBICOTY OT

=log, n zo n-1
OENnoYKA, KAK NOKA3AR0 BRIIC
sepeso it ) (mazcxy umak coeuapii)

OcTanbHas YacTb 3TOMO pa3jesia ONKUCHIBAET TO, KaK pealu3yloTCs BCe Onepauuu
OvHapHOro JepeBa MOMCKa BO BpeMEHH, MPONOPLHUOHAILHOM BbICOTE epeBa (3a
MCKJIIOYEHHEM Onepauuy BLIBECTH B OTCOPTHPOBAHHOM MOPSIKE, KOTOpas BbINoJi-
HseTCs 3a BpeMs, JIMHeliHoe no n). UTo kacaeTcs yTouHeHHii OMHApHBIX 1epeBbeB
NOKUCKa, KOTOpbIE rapaH THPOBaHHO UMetOT BbicoTy O (log n) (cMm. pa3aen 11.4), ato
NPUBOUT K JIOrapupMU4ECKOMY BPEMEHHU BbINONHEHUS, OTPOKEHHOMY B MEpeUHe
nokasaresnei u3 tabn. 11.2.

11.3.3. Peanusauusa onepauumn «OTbiCKaTb»
co BpemeHem O (BbicOoTa)

JlaBaiitTe HauHeM ¢ onepau it OTbICKATb:

no KJo4y k BEpPHYTb yka3aTellb Ha OOBbeKT B CTPYKType NaHHbIX
C KJIIOUOM k (1M60 COOOLLMTD, YTO TaKOro 00bEKTa He CYLLECTBYET).

CBOiCTBO AepeBa MOMCKA yKa3bIBAET, 1€ HMEHHO UCKAaTb OOBEKT C KJIOUOM K.
Ecnu k MeHbLue (1460, COOTBETCTBEHHO, 60JIbLIE) KiHOYa KOPHS, TO TaKoi 0ObEKT
JIO/DKEH pacrnonaraTbCs B JIEBOM MoAAepeBe (B MpaBoM AepeBE COOTBETCTBEHHO)
KopHs. J/is TOro 4To6bl BHINOJIHUTB MOUCK, ClieAyiTe Mo NpAMOii: HAYHUTE C KOp-
HSl M HECKOJIbKO pa3 MpoiiAMTe BJIEBO MJIM BNPaBO (€CJM 3TO HE06X0AUMO), 10 Tex
Nop 1okKa Bbl HE HaiileTe HYXHblit 00bEKT (YyCnelHbli pe3yibTaT NoOMCcKa) UK He
BCTpETUTE NYCTOH yka3aTesib (Oe3ycneLlHblii MOUCK).

Hanpumep, npeanonoxuM, 4To Mbl HLIEM OOBEKT C KJIHOYOM 2 B HallleM NepBOM
6MHapHOM JepeBe MoUcKa:

(1) °
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[Mockonbky Kio4 kopHs (3) — cauwkoM 60MbLIOH, NepBbli War NPOXOIUT Mo
yKa3aTeJlo Ha JIeBoro notoMka. [1ockonbKy K04 Clie1yIOLIEro y3ia — CMLUKOM
man (1), BTOpoi#i Wwar npoXoAUT N0 YKa3aTeNMo Ha NpaBoro MOTOMKa, AOCTUras
Hy>xHOro oobekra. Eciim Mbl vlieM 06bEKT € Kio4oM 6, TO MOMCK MPOXOAHUT MO
yKa3aTeJlio Ha NpaBoro NOTOMKa KOPHs (Tak Kak KJII0Y KOPHS CaMLIkKOM man). Pa3
KJIIOY CEAYIOLIEro y3ia (5) Takxke CIMUIKOM Majl, MOUCK NbITAETCs NOCAe10BaTh
no eule OJHOMY yKa3aTeslo Ha MpaBoro NoTOMKa, BCTpeYaeT MyCTo# ykasaTelb
M ocTaHaBnuBaeTcs (Oe3ycneuiHo).

OTBICKATb
1. HauaTb ¢ kOpHEBOIO y37a.

2. MHOrokpaTHO MpoOWTH MO yKa3aTeJsiM Ha JIEBOro U NpaBoro no-
TOMKa, €CJId 3TO He0OX0AMMO (JIEBBIH, ecliM k MeHblIe KJoua
TEKYLLEro y3Jia; npasblii, eciu k 6onblue).

3. BepHyTb yka3aTeJb Ha 00bEKT C KJIFOUOM k (€CJIM OH HaiiieH ) 160
«nycTo» (MpU AOCTHXKEHHH MYCTOro yKa3artess).

BpeMs BbINONIHEHUS NMPONOPLHUOHANBHO KOJNMUYECTBY MPOMJEHHBIX YKa3aTenei,
KOTOpPOE He NpEeBBILIAET BbICOTY JepeBa noucka (nJoc 1, ecny cuuTaTh nocneaAHu i
NycTOi yka3arelb 6e3ycnelHoro no1cka).

11.3.4. Peanuzauuns onepaums <MmHumMmym»
n «Makcumym» 3a spema O (BbicoTa)

CBoiicTBO AepeBa NOMCKA YMpOLIAET peanu3aumio onepaunii MuHuMyM n Mak-
CHUMYM.

MuHUMYM (MAKCHMYM): BEPHYTb YKka3aTeslb Ha OObeKT B CTPYKTY-
pe AaHHbIX ¢ HaMMEeHbLINM (JIM60, COOTBETCTBEHHO, HAUOOIbLLIKMM)
KJIFOYOM.

Kntoun B neBom noaa€peBe KOpHs MOryT ObITb TOJILKO MEHbLIE KJlOYa KOpHH,
H KJIKOYH B NPaBOM NnoAA€pEBE MOy T ObITb TOJIbKO 6oJbLLE. Eciin neBoe noaaepeBo
ABJIACTCA MYCTbIM, TO KOPEHb JOJDKEH ObITb MUHMMaJIbHBLIM. B NMPOTHBHOM Cllyyae
MHHHUMYM JIEBOINO NnNoAA€CpEBa TAKXKE ABISAETCA MUHUMYMOM BCEINO A€pEBa. 310 Ha-
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BOJIMT Ha MbICJIb O TOM, 4TOOBI CJIe10BaTh MO YKa3aTe/o Ha JIEBONO MOTOMKA KOPHs
A NOBTOPATb JaHHbIA npouecc.

Hanpumep, B nepeBbsix Noucka, KOTOpble Mbl paccCMaTpUBalu paHee:

MUHUMYM

MHOIOKPATHOE CJIEAOBAHHUE MO YKA3aTe/sIM Ha JIEBOIro NOTOMKA NPUBOAUT K 00b-

€KTY C MUHUMaJIbHBIM KJIOUOM.
MHUHHUMYM (MAKCUMYM)
1. Hauatb ¢ kopHeBoro y3na.

2. TlpoiiTn no ykasatensiM Ha JIEBOro NOTOMKa (MO yKa3aTelsiM Ha
NpaBoOro NOTOMKa) Kak MOXHO A0jblie, 1O Te€X MOp Moka He
BCTPETHUTCS MYCTOH yKa3areb.

3. BepHyTb yka3aTesib Ha MOCJIEAHUI NOCELLEHHbIH OOBEKT.

Bpems paGoTbl NponopLUOHANTBHO YUCITY PO AEHHBIX YKa3aTeslei, KOTOpoe paBHO
O (8vicoma).

11.3.5. Peanusauusa onepauum «MpeawecTBeHHNK»
co sBpemeHem O (BbicoTa)

Cnenyioweit uaet onepauus I1PEAWECTBEHHHK; peanu3auus onepauuu [TPEEMHUK
SABJIIETCA MOXOXeH.

TMPEAWECTBEHHHUK: MO YKAa3aTeMo Ha OGBEKT B CTPYKTYpE AaHHbIX
BEPHYTb yKa3aTelb Ha OOBEKT CO CleAYIOLMM HaUMEHbLIUM 3Ha-
yeHueM kioua. (Ecnu oObekT MMeeT MUHMMaNbHBIA KJIIOY, TO CO-
OOLMTB «NYCTOR.)
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Ecnu yuutbiBaTh 00bEKT X, TO rie MOXET pacnoJjiarathcsi NpeaLleCTBEHHHK 00b-
ekta x? He B npaBoM noaaepese o6bekTa x, rae Bce ktoun Gonblile kioya 06b-
ekTa x (1o cBOiCTBY AepeBa noucka). Haw pabounit npumep

N

(2) (o

WJUTIOCTPUpYET 1Ba chyuas. [1pealuecTBEHHUK MOXET NOABUTLCA B JIEBOM MOA-
JepeBe (Kak B cllyyae y3/0B C KatouaM 3 M 5), 160 OH MOXET ObITb NpeAKOM
Janblue BBEpX No aepeBy (Kak B clydae y3JIOB C Kjalo4amu 2 U 4).

O6wuii wabnoH TakoB: €/ JieBoe NoAAepeBo 00bEKTA X HE NYCTOE, TO MaKCH-
Ma/IbHbIM 3IEMEHTOM 3TOrO MOJlepeBa ABNSETCA NpelllecTBEHHUK obbekTa X';
B IPOTHBHOM CJ1y4ag NnpeALIeCTBEeHHMKOM 00beKTa X ABnseTcs OmxaiiLuunii npe 1ok
o0bekTa x, KOTOpbIii UMEeT MeHb LU KoY, 4eM x. PaBHbIM 06pa3oM, npoxoas no
yKa3aTessiM Ha pOAMTEs N0 HanpaBleHHUIO BBEPX OT X, MECTOM Ha3HaYeHus Oyaer
nepBblii JieBblii N0BOpoT . Tak, B NpUBEAEHHOM Bbillle AepeBe NOMCKa TPaCCHPOBKa
yKasaTesieil Ha poaMTeNs MO HanmpaBlEHHIO BBEPX OT y3Ja C K/IO4YOM 4 cHayana
JleNaeT npasblii NOBOPOT (BeAYyLLHiA K Y31y ¢ 60/bLIMM KITIOUOM 5), a 3aTeM JenaeT
JieBblii MOBOPOT, MPUXOAs K MpaBUJibHOMY npeaiiecTBeHHUKY (3). Ecnn x uMeet
NyCTOE JIEBO€ MOAJAEPEBO M HAJl HUM HET JIEBbIX MOBOPOTOB, TO OH SABNAETCA MH-
HMMYMOM B IEpEBE NOKUCKA U HE UMEET MpeaLIEeCTBEHHUKA (KaK y3eJl ¢ KitouoM |
B NPUBEJEHHOM BbILLE AEPEBE MOKUCKA).

! Cpeau kn1oueit, MEHBLIMX X, T€ U3 HUX, YTO HAXOAATCS B JIEBOM OIEPEBE X, ABNAIOTCA

O6nnxai MM K X (Kak Bbl caMu MoxkeTe yoenuTbes). Cpeau kntodei B 3ToM noaaepese
MaKCHMAaJbHbIH HAXOOHTCA 6nMke BCEro K X.

[TpaBble MOBOPOTHI MOTYT BECTH TOMLKO K y31aM ¢ GONbIIMMH KITHOYaMH, KOTOPbIE HE
MoryT 6bITb NpeallecTBEHHHKaMH x. M3 cBOHCTBA iepeBa MOUCKA TAKXKE BLITEKAET, YTO
HH Ooniee OTAAIEHHbIE MPEAKH, HH HE MPEAKH He MOTyT ObITh NpealIeCTBEHHHKAMU X
(KaK Bbl caMH MoXeTe YOeAUTbCA).
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NPEALUECTBEHHUK
1. Ecni neBoe noaaepeBo x He MyCcTOe, TO BEPHYThb Pe3yJbTar omne-
pauuu MAKCHMMYM, NPUMEHEHHOH K 3TOMY NOAAEPEBY.

2. B npoTHBHOM cilyyae MPOMTH MO yKa3aTe/isiM Ha poUTEs BBEPX
Mo HanpaBJieHHUIO K KopHio. Ecnii 06xoa moceulaer nocnenosa-
TeNbHbIE Y3/bl y U Z, TA€ y3€l y ABASETCA MPaBbIM MOTOMKOM
y31a z, TO BEpHYThb yKa3aTeJlb Ha z.

3. B npoTHMBHOM cjlyuae COOOLUMTD «MyCTO».

Bpems paboTbl faHHO# onepauuH SBASeTCs NPONOpLUHOHAIbHBIM YHCIy NPOHAEH-
HbIX yKa3sareJeii, KOTopoe BO Bcex ciyydasx paBHsercs O(sbicoma).

11.3.6. Peann3auusa onepauun «BoiBectun
B OTCOPTUPOBaAHHOM nopsake» co BpemeHem O (n)

HanoMHum onepauuro BBIBECTH B OTCOPTUPOBAHHOM TOPSJIKE:

BbIBECTH 00BEKThI B CTPYKTYpE JaHHbIX 110 OJHOMY B MOpsIKE Clie-
JIOBaHHA UX KJIIOYEiA.

JleHuBblii cnocob peanu3aumm 3Toi onepaurdu COCTOUT B TOM, YTOObI CHauasa npu-
MEHUTb onepaLmrio MUHUMYM 1151 BbIBOJa 00bEKTa ¢ MUHMMANIbHbIM KJIFOUOM, a 3a-
TEM MOBTOPHO BbI3bIBATH OnepauHio [IPEEMHHUK 1151 BbIBOAA OCTaNbHbIX OOBEKTOB
no nopsaaky. OnTUMaibHbIM METOIOM ABJISETCS UCMOJIb30BaHHE TaK Ha3bIBAEMOTO
unguxcrozo obxooa nepeBa Noucka, KOTOpoe peKypcHBHO oOpabaThiBaeT jieBoe
noJiepeBo KOpH$, 3aTeM KOpPeHb, a IOTOM — NPaBOe NOAAEPEBO KOPHS. DTa Haes
MJeaNbHO COYETAETCS CO CBOMCTBOM JepeBa NOUCKa, U3 KOTOPOro BBITEKAET, YTO
onepauus BbIBECTH B OTCOPTUPOBAHHOM MOPSAKE JOJDKHA CHayasa BbIBOAUThL MO
nopsaky oObeKTbl B IEBOM MO AEPEBE KOPHS, 3aTe€M OOBEKT B KOPHE M 3aTEM M0
nopsaky o6beKTbl B IPaBOM MOAJEPEBE KOPHS.

BBIBECTH B OTCOPTHUPOBAHHOM IOPAAKE

1. PekypcHMBHO BbI3bIBATH OMepaLuio BLIBECTH B OTCOPTHPOBAHHOM
TOPS/IKE Ha JIEBOM MOAJEPEBE KOPHS.
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2. BbiBecTH 0OBEKT B KOpHE.

3. PekypcuBHO BbI3bIBaTh ONepaLuto BLIBECTH B OTCOPTUPOBAHHOM
MOPSIKE Ha MPaBOM NojepeBe KOPHS.

Jns nepesa, copepxallero n 00bEKTOB, JaHHask ONepauMs BbIMOJHAET 1 peKyp-
CHBHBIX BbI30BOB (M0 OZIHOMY Ha KaXXAOM Y3Ji€) U BbIMOJIHAET B KaX/J0M U3 HUX
NOCTOAHHBII 00beM paboThl 32 CyMMapHOe BpeMsi BbinoJiHeHUs O(n).

11.3.7. Peanu3auus onepauumn «BctaButb»
co BpemeHem O (BbicOTA)

Hu onHa u3 onepauuii, pacCMOTPEHHbIX A0 CHX MOP, HE H3MEHSET AaHHOE JEPEBO
NOKMCKA, MO3TOMY OHH HE PUCKYIOT UCIOPTUTL KPUTHYECKOE CBOWCTBO J€epeBa No-
ucka. Cneaytowue ase onepaund — BCTABUTL U Y JAIMTL — BHOCSAT U3MEHEHHS
B 1IEPEBO U AOJIKHbI COXPaHATb CBOMCTBO A€peBa MOMCKa.

BCTABHUTB: C YyUeTOM HOBOro o0bekTa x 100aBUTb X B CTPYKTYpY
JIAHHBIX.

Onepauus BCTaBKH Bbl€3XaeT 3a cyeT onepaunu OTbICKATh. besycneuHbli mouck
obbekTa ¢ KJIHOYOM k onpeaesiseT MeCTONONIOKEHHE, Ilie Takoi 0ObeKT A0KeH
6bL1 NOABUTLCSA. 3TO MECTO MOAXOAUT 1711 NPUKPENJIEHHs! HOBOIO 00BEKTA C KO-
YoM k (mepe3anuch CTAporo MycToro ykasatess). B Hauem paGouem npumepe
NpaBUJIbHBIM MECTOMOJIOXKEHHEM HOBOrO 00bEKTA C KJIIOYOM 6 SBNSETCS MECTO,
rze 3aBepuuniics 6e3ycneLiHblii NOUCK:

(2) (2)
(] (5) = (] (5)

OO ONO ®

UYto penath, ecnu B AepeBe Yxke ecTb 00BEKT C KJOUOM k? Eciiu Bbl XOTHUTE U3-
6exaTb 1yOnHpOBaHMsA KiOUYeH, BCTaBKY MOXKHO NPOUrHOpUpoBaTh. B npoTus-
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HOM CJly4yae MOUCK MpOCieAyeT Mo JIEBOMY NMOTOMKY CYLUECTBYIOLLEro o0bekTa
C KJIOYOM k, NpOABHrasch Brepe 10 TeX Mop, noka He 6yaer oOGHapyeH nycroi
ykasarenb.

BCTABUTDb
1. HauaTtb ¢ kopHeBoOro y3sna.

2. MHorokparHo npoiTH NO yKa3aresiM JIEBOro U NpaBoro nNoToM-
KOB, €CJIM 3TO HeoOXoAMMO (JNIEBbIi, eciM kK He OoJiblie Kioya
TEKYLUEro y3na, npaBblif, ecid 6onblle), 10 TeX Mop noka He
BCTPETUTCS NMYCTOH yKa3aTeb.

3. 3ameHHTb NYCTOI yka3aTeb Ha HOBbIi 00bEKT. YCTaHOBUTD yKa-
3aTeslb POAMTEIS HOBOIO y3J1a paBHbIM €ro POAUTESIIO U YKa3aTeNlu
Ha NOTOMKOB, PaBHbIMH «MYCTO», TO €CTb hull.,

S e A S N g

JaHHas onepauus COXpaHseT CBOWCTBO epeBa MOMCKA, MOCKOIbKY OHA NOMELLAET
HOBbII 00BbEKT Tyna, rae OH 10/bKeH Obl HaxoauThbes'. Ee BpeMs BbINOIHEHUs co-
BNaJaeT c BpeMeHeM onepaunu OTbICKATE, KOTOPOe paBHO O (8bicoma).

11.3.8. Peann3auus onepauum «Yaanmrtb»
co BpemeHeM O (BbiCcOTA)

B 6onbLIMHCTBE CTPYKTYp AaHHbIX onepauus Y JAIUTb ABAsSETCS Haubonee Cox-
HOii. JlepeBbsi NOKCKA HE ABNAIOTCH UCKITIOYEHUEM.

VY IANHTb: MO KIoUY K y1anuTh 00BEKT € KIOUOM k U3 iepeBa NOUCKa,
€CJI OH CYLLECTBYET.

! Bonee popMabHO: 0603HAYHM YEPE3 X TONBKO YTO BCTAB/IEHHbII 0OBEKT H PaCCMOTPHM
CyLUECTBYIOLUHI 00bEKT y. EC/M x He ABNAETCA 4IeHOM NoaJepeBa ¢ KOPHEM B y, TO OH
HE MOXET BMEILIMBATLCA B CBOMCTBO JiepeBa NoMcka B y. Ecu oH aBnserca YieHoM noa-
AepeBa C KOPHEM B y, TO y GbL1 OZIHUM M3 Y3/0B, MOCEILEHHBIX BO BpeMs 6e3ycnelHoro
noMcka odbekra x. Kitoun oGbeKTOB x U y ABHbIM 00pa3oM COMOCTABIAINCL B 3TOM
TMOKUCKE, MpHYEM x ObL/I TOMELIEH B JIEBOM MOAACPEBE Y TOra H TOJIbKO TOra, KOraa ero
KJII0Y He 60siblIE, YEM Y 0ObEKTa ).
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[nmaBHYIO TPyAHOCTb MpeACTaBIsEeT UCMpaBIeHHe AepeBa Nocie yaaneHus y3na
C LieNbIO BOCCTAHOBJIEHHs CBOICTBA AepeBa MOUCKa.

[MepBblii Wwar cocToMT B BbI30BE Oonepauuud OTHICKATb, AJIS TOrO 4TOoObI HANTH
00bekT x ¢ Ki1touoM k. (Ecnin Takoro o6bekTa HeT, To onepaumu Y 1AJTUTb He NpH-
meHseTcs.) CyLuecTBYeT TpU cllyyas, B 3aBUCHMOCTH OT TOro, umeet i x 0, 1
1JH 2 NOTOMKOB. Eciu x sIBNsSieTCs IMCTOM HepapXHUecKoro AepeBa, TO ero MOKHO
ynanuthb 6e3 Bpena. Hanpumep, B ciiyuae, ecnu Mbl yaaiuMm y3ell ¢ KJIOUOM 2 U3
Hallero Jto6MMoro aepesa noucka:

(2)
(4] (5) =

yaanuTtb o o

)Iﬂﬂ KaXx0ro octaBLIErocs ysna y y3Jibl B NOAACPEBbIAX y3Jla y OCTAJIUCh, KaK
W paHbllU€, 3a UCKIIKOYEHUEM, BO3MOXHO, YIAJICHHOr0 y3ja x; CBOWCTBO AepeBa
NnorUCKa nNpoaonKacT cobmoaarbcs.

Korpaa y3en x umeeT 0aHOro NMOTOMKa ), Mbl MOXKEM €0 OTCOEAHHUTD. YAaleHue
y3Jla x ocTaBiser y3en y 6e3 poaurens, a cTaporo poaurens z ysna x 6e3 oqHoro
13 ero notoMkoB. OueBUHbIM UCMPABJIEHUEM SBISETCA TO, YTOObI AaTh y3ny y
NPHHATDH NpeAbIAYLLYIO MO3ULIKIO Y3/1a x (B KauecTBe MOTOMKa y3Ja z)'. Hanpumep,
B C/ly4ae, €CJIH Mbl YaIMM y3€J1 C KJIIOYOM 5 U3 Hallero lo6MMoro aepesa noMcka:

G 8 = (0

' MecTo ana Bawei WYTKH Npo NokonexHue Z.
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[o Toit e Nioruke, 4To U B NEpBOM Cliyuae, CBOWCTBO Moucka cobntogaercs.

TpyaHblii cnyyaii BcTpeuaeTcs, KOraa x MMEeT 08yx NMOTOMKOB. YaaneHue y3na
X oCTaBnseT ABa y3na 6e3 poAuTess, U HEACHO, KyJa X MOMECTHTb. B Haluem
paboyeM npuMepe COBEPLUEHHO HE OYEBUIHO, KaK UCMpaBIATh JEPEBO Mocle
YyZaJIeHUs €ro KOpHs.

KntoueBas XUTPOCTb COCTOMUT B TOM, 4TOObI CBECTH TPYAHbIH Cllyyail Kk OAHOMY
u3 nerkux. CHayana npuMeHUTb onepaumio INPEAIWECTBEHHUK AJIS BbIYUCIIEHUS
npeaLlecTByouero ysny x y3aa y'. [lockonbky y3en x MMeeT JByX NOTOMKOB,
€ro npealIecTBEHHUKOM sBnseTcs 0bbekT B ero (HenycTtoM!) 1eBoM noaaepese
€ MaKCMMa/lbHbIM KJIO4OM (CM. paszaen 11.3.5). [Tockonbky MakCUMyM BbIYMCIIS-
eTcs, cielys Mo ykasaTeJssM Ha NpaBoOro NOTOMKAa KaK MOXKHO J0blue (CM. pas-
nen 11.3.4), y3en y He MOXET UMETb NPaBOro NOTOMKA; OH MOXET UMETb IMOO He
MMETb JIEBOrO MOTOMKA.

Cymaclueias uaes: navensms mecmamu y3ibl x U y! B HaleM paboueM npumepe,
B KOTOPOM Y3eJl X BbICTYNaeT B KaYeCTBEe KOPHEBOTO y3a:

npeAawecTBeHHWK

@)

Ota cyMaclueauas uaes BbINIAAUT HUKYIbILUHOM, TaK KaK Mbl Hapy LMW CBOW-
CTBO JepeBa NoucKa (rae y3esn ¢ KJlo4oM 3 HaXoauTCs B JIEBOM NojdepeBe y3na
¢ kmoyom 2). OnHako KaxJoe HapyllieHWe CBOHCTBa JAepeBa MOMCKa CBA3aHO
C Y3710M X, KOTOPBIii Mbl Bce paBHO yaanum?. [lockonbKy y3en x Tenepb 3aHMMaeT

! Tlpw xenaHHH npeeMHHK TOXE OTIHYHO paboTaer.

2 J1n Kaxaoro y3na z, ONIHYHOrO OT y3/1a ), EANHCTBEHHBIM BO3MOXHBIM HOBBIM Y3JI0M
B MOAJEPEBE Y3Na z ABAAETCA y3ea x. Mexay Tem y3en y, kak HeMmoCpeACTBEHHbIH
NpealecTBEHHHK y31a X B OTCOPTHPOBAHHOM YMOPAJOYEHHH BCEX KJIOUYEH, HMeeT
K04 60J1bLIE, YEM TE, KOTOPBIE B CTAPOM JIEBOM MOAAEPEBE Y31 X, H 60JIbILE, UEM TE,
KOTOpbIE B CTapoM MpaBoM noaaepese y3na x. TakuM o6pa3oM, YCIIOBHE AepeBa NOUCKa
coOmoaaeTcs And y3nay B €ro HoBOH MO3HLIMH, KPOME KaK MO OTHOLLEHHIO K Y31y X.
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NnpeAbIAYLILYIO MO3HLMIO Y31ay, OH 60blle He MMEET NPaBOro NOTOMKA. YaaneHue
y3/1a x U3 ero HoBOH MO3HWLUWU NPUBOAUT K OAHOMY M3 BYX MPOCTHIX Cly4aes:
Mbl yJa/IsieM ero, ecJid OH TakXe He MMeeT JIEBOro NOTOMKA, U OTCOEJMHSAEM ero,
€CJIU OH UMeeT JIeBoro notomka. B no6oM cnyuae, koraa y3en x BHIXOAUT U3 UTPbl,
CBOICTBO iepeBa noucka BoccTaHaBiWBaeTcs. BepHeMcs k HalieMy npumepy:

O NO

YIAJIUTb

1. [MpuMeHuTb onepaumio OTHICKATb, 1718 TOMO YTOObI HAHTH 00Db-
eKT x ¢ kitouoM k. (Ecnu Takoit 06bexT He cyliecTByeT, TO OCTa-
HOBMTbCA.)

2. Ecnu x He MMeeT NOTOMKOB, YJAJIMTh X NYTEM YCTaHOBKH COOT-
BETCTBYIOLLErO YKa3aTesisl Ha MOTOMKa B POAMTEJIE y3/a X pas-
HbIM «nycTo». (Ecnu x 6b1 KOPHEM, TO HOBOE J1EPEBO ABJAETCS
NyCTbIM.)

3. Ecau x MMeeT 04HOro NOTOMKA, TO OTCOEAMHHTb X, 3aMEHHB COOT-
BETCTBYIOLUMH yKa3aTeslb MOTOMKOM B POJHTENE Y3/1a X C NOTOM-
KOM y3J1a X, @ yKa3areb Ha pOAUTENs MOTOMKA y3/1a X POAHTENEM
y3nax. (Ecnu x 6b11 KOpHEM, TO €ro MOTOMOK CTAHOBHUTCS HOBbIM
KOpHEM.)

4. B npoTHBHOM cllyyae 3aMEHUTb X OObEKTOM B €ro JIEBOM MOJ-
JiepeBe, KOTOpblii MMeET caMblii O0NbLIONH KIIHOY, U YAQTUTD X U3
ero HOBO# Mo3uuuM (rae OH UMeeT He GoJsiee OIHONo NOTOMKA).

JlaHHas onepauus BbINOJHAET NOCTOSAHHbIN 06bEM paboTbI B 1ONONHEHHE K OAHON
onepauuu OTbICKATb U OAHOM onepauui INPEALIECTBEHHHK, TO3TOMY OHa BbINOJ-
HseTcd 3a BpeMms O (gvicoma).
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11.3.9. PacwumpeHHbie aepeBbsa NOUCKa
Ana onepauun «BbiopaTb»

HakoHeu, onepauus BbisPATb:

no yucny i ot 1 1o uucna 06beKTOB BEPHYTh yka3aTesb Ha 00BbeKT
B CTPYKTYpE AAHHbIX C i-M HAUMEHbLLUHM KJIFOHYOM.

Ins Toro 4To6bl onepauus BbisPATb BbINONHANACH ObICTPO, Mbl ycuaum AEpeBO
NOKMCKa TeM, YTO KaXaAbli y3en Oyaer oTcnexuBaTb MHGOPMAUHUIO 0 cmpykmy pe
camozo Oepesa, a He ToJIbko 00 oObekTe'. JlepeBbs MOMCKa MOTYT ObITh yCHIIEHbI
MHOrMMH crnoco6amMu; 31ecb Mbl Oy1eM XpaHHTb B KaX<10M y3Jie X LeJIOYUCIEHHbIH
pa3Mep size (x), ykasbiBaloLIHii HA YMCO Y3NOB B MOAAEPEBE C KOPHEM B y3Je X
(Bk/oyas cam y3en x). B HaiieM pabouem npumepe

size(3)=5

size(1)=2 size(5)=2

(4

Ml uMeeM size (1) =2, size(2) = 1, size(3) =5, size(4) = | u size(5) =2.

size(2)=1 size(4)=1

TECTOBOE 3AJIAHHME 11.1

[Mpeanonoxum, 4To y3es x B AepeBe MNOUCKA UMEET MOTOMKOB ' U Z.
KakoBa cBs3b Mexay size(x), size (y) u size(z)?

a) size(x) =max{size(y), size(2)} + 1.

6) size(x) =size(y) + size(z).

! DTa naes Takke MOXKeET GbITb HCMONBb30BAHA [T PeaiM3auMy onepaunH B3sTb PAHT co
BpeMmeHeM O (6bicoma) (KaK Bbl CaMHM MOXeTe YOeauThCs).
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B) size(x) =size(y) + size(z) + 1.
r) OO6was cBs3b OTCYTCTBYET.

(Pewenue u noscHenue cM. B pazaene 11.3.10.)

Yem nonesHa 3ta aononHutenbHas MHdopMauusa? [peacraBbTe, YTO Bbl MLIETE
00bekT ¢ 17-M HaMMeHbLUIKUM KJT04OM (TO ecTb i = 17) B AepeBe noucka co 100 06b-
ekrtamu. HaunHas ¢ kOpHs, Bbl MOXETE 3a MOCTOSIHHOE BPEMS BbIUUCIIUTb pa3Mepbl
€ro JIeBOro ¥ npasoro noaaepesbes. [10 cBOMCTBY AepeBa MOMCKA KaXAblHd KO
B JIEBOM MOAJEPEBE MEHbLLE, YEM B KOPHE M B NpaBoM noaaepese. Ecnu nonyns-
LM JIEBOrO NMOAJEpeBa paBHa 25, TO 3TUMH KJIIOYaMH SBJIAIOTCA 25 HAMMEHbLINUX
KJIoueil B aepese, Bkioyas 17-i HaumeHbLlumii kmou. Eciv ero nonynsuus co-
CTaB/AET TOJILKO 12, TO MpaBoe NOAAEPEBO COAEPXKHUT BCE KIIIOUH, Kpome 13 Hau-
MEHBbLUMX KtoueH, U 17-H HaMMEeHbLLUWiA K104 sBnseTcs 4-M HAMMEHbLLIUM Cpeau
ero 87 kioueil. B no6oM ciyuae, 471 TOro 4To6bl HARTH PaCNoNOKEHHE HYXKHOIO
00bekTa, Mbl MOXEM BbI3bIBaTb ONMEPALHIO BbIEPATH PEKYPCHBHO.

BbIBPATDb

1. HauaTtb ¢ kOpHS, U NYCTb j paBHO pa3Mepy €ro JIEBOro noaaepesa.
(Ecnun oH He MMeeT yka3areis Ha JIeBOro noTomka, Toj = 0.)

2. Ecaui=j+ 1, To BEpHYyTb yKa3aTenb Ha KOPEHb.

3. Ecnu i <j + 1, TO peKypCMBHO BBbIYUCIUTH i-i HAUMEHbLUHH
KJIOY B JIEBOM MOJJEPEBE.

4. Ecnu i > j + 1, TO pekypcMBHO BbIYUCAUTL (I — j — 1)-i Hau-
MeHBbLLMIA KJII0Y B MpaBOM nojaepese’.

[MockonbKy Kaxxablii y3en AepeBa MOMCKa XPaHUT pa3Mep CBOEro MoAjaepena,
KaX bl peKypCHBHBIH BbI30B BbIMOJIHAET TOJbKO MOCTOSAHHbIH 00beM paboThl.
Kaxiablit pekypcHBHBIii BbI30B NPOABUraeTcs Jajiblie BHU3 M0 JepeBY, NOITOMY
cyMmapHblii 06beM paboTbl paBeH O (gbicoma).

' CTpyKkTypa peKypcHH MOXET HallOMHHTh BaM O HalUMX alropuT™Max otoopa B riase 6
hep6oii yacmu, Te KOPHEBO# y3€J1 HrpaeT posib OMOPHOrO 3/EMEHTA.
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3a Bce HaI0 NJIATHTB. Mbl BCE €LLE J0JKHbI PAClIaTUTLCS 3@ 3aKa3aHHYIO MY3bIKY.
MbI 106aBUK B AepeBO MOKUCKA METAAHHbIE MU MX JKCIMJyaTHPOBAJIH, U KKAas
MoauduuHUpylollas AepeBo onepauus A0MKHA MOAAEPXKUBATb 3Ty HHPopMaLHIO
B aKTyaJIbHOM COCTOSIHWH, @ Takke CJIeJUThb 3a COOJI0IeHHEM CBOICTBA AepeBa No-
ucka. Bbl 10/mDKHBI NpoAyMaTh, Kak M0-HOBOMY peali30BaTh onepauui BcTaBuTh
u Y IAJIMTb, MO-NpexkHeMY paboTatouiue ¢ BpeMeHeM O (8bicoma), TakuM 00pa3oM,
4TOOBI BCE pa3Mepbl NOAAEPEBbEB OCTABATUCH TOUHBIMH' .

11.3.10. PeweHnue TectoBoro 3aganHma 11.1

IIpaBuabHbIi oTBeT: (B). Kaxkablii y3en B noaaepeBe C KOPHEM B y3Ji€ X BISETCS
1160 y3710M X, TM60 y3/10M B JIEBOM NMOLAEPEBE Y314 X, IM60 Y3JI0M B IPaBOM NOA-
nepese y3na x. CnenoBaresibHO, Mbl HMEEM

size(x)=  size(y) + size(z) +1.
—— — x

YATL! B TeBOM OAACPEBE  YAIM B ITPaBOM DOAAEPEBE

*11.4. COanaHcMpoOBaHHbIe AepeBba NOUCKa

11.4.1. Bonee HanpsXeHHble YCUNUN
Ana ynyyqweHnusa 6anaHca

Bpems BbinoNHeHUs kaxcaoi onepaui OMHApPHOro AepeBa no1cka (3a Uckioue-
HHEM onepauuH BbIBECTH B OTCOPTUPOBAHHOM MOPSIIKE) ABISETCS NPONOPLHO-
HaJIbHbIM BbICOTE 1epeBa, KOTOpPast MOXKET BAPbUPOBATLCS OT CLIEHAPHS B JIyULLEM
cnyuae = log, n (a5 uaeanbHO cOaNaHCUPOBAHHOrO JepeBa) [0 CLEHapHs B XyA-
weM ciyyae n — 1 (A1 Lenovku), rae n — 3TO YUCo 00bekToB B aepeBe. [110xo
cOanaHcHMpoBaHHbIe JepeBbs MOUCKA MOTY T AEHCTBUTENILHO BOZHUKATh, HaNpuMep,
KOra 00bEKThbI BCTARIAIOTCS B OTCOPTHPOBAHHOM UJIM 00paTHO OTCOPTUPOBAHHOM
nopsake:

! Hanpumep, ana onepauuu BCTABUTb yBeNHUHTh pa3Mep NofiepeBa A1 KOKAOTO y3na
Ha MyTH MEXAY KOPHEM H TOJIbKO YTO BCTAB/IEHHBIM OGBHEKTOM.
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Pa3nuua mexay norapupMudeckum v nUHeHHbIM BpeMeHeM paboTbl OrpoMHa,
MO3TOMY He rpex MOTPaTUThb YyTb GoJbLue ycuiuii B onepaumnsx BctaButb U Y 1a-
JIMTb — No-npexHeMy co BpemeHeM O (gbicoma), Ho ¢ 6onee KpynHbIM NOCTOSH-
HbIM MHOXHTEJIeM, — JJI TOro 4ToObl BLICOTA JepeBa rapaHTHPOBaHHO Bceraa
paBHsnacs O(log n).

Heckonbko pa3HbiX TUMOB cOanaHCMPOBAaHHBIX JEPEBbEB MOMCKA rapaHTHPYIOT
Bbicoty O (log n), a cnefpoBartesibHO, AOCTHralOT BpEMEHH BbIMOJHEHHS ONepaLuii,
3asB/IEHHBIX B MepeyvHe nokasarteneid u3 Tabn. 11.2'. JIbsaBon KpoeTcs B Meao4Yax
peanu3auuu, U 11 cO6aNaHCUPOBAHHbIX AEPEBLEB MOUCKA OHU MOTYT CTAHOBUTHLCS
JIOBOJIbHO XUTPOYMHbIMH. K cyacTbio, 3TH peanu3auuu JerkoA0CTy MHbl, U Maslo-
BEPOATHO, YTO BaM korja-HuOyb NOHaq0OUTCS KOAUPOBaTb CBOIO COOCTBEHHYIO
BEPCHIO C HyJs. 51 npu3bIBalo uMTaTenei, 3aMHTEPECOBAHHbIX B TOM, YTO HMEHHO
HaxoJAMTCs NMOJ KanoToM cb6anaHCHpPOBaHHOIO AepeBa NOUCKa, 06paTHTbLCS K H3J0-
YKEHHIO JaHHOIO MaTepHana B yueOHuke MO0 pa3BeaaTh peau3aUly ¢ OTKPbITHIM
MCXOJHbIM KOJIOM M BU3YyaJlbHbl€ JEMOHCTPALIUH, KOTOpblE HAXOAATCS B CBOOOJHOM
noctyne B MHTepHete?. Jlns Toro 4toObl paseub Ball MHTEPEC K AalbHeHLIeMy
M3y4€eHHI0, 1aBaiiTe 3aBEPLUMM JAaHHYIO [71aBY ONHOIi U3 CaMbIX PacrnpOCTPaHEHHbIX
uaei B cbaaHCMpOBaHHbIX peanu3auMsx AepeBa NouckKa.

' TMomynspHele peanu3auuy BKIIOYAIOT KpaCHO-YepHble AepeBbi, 2—3-nepeBbs, ABJI-

nepeBbi, Kocble (splay) aepeBbs U B-aepesbs u B+-aepeBbs.

CTraHaapTHOE Y4€OHOE U3JI0)KEHHE aHHON TEMbl COACPXKHTCA B rmase 13 kHUru Tama-
ca X. Kopmena, Yapavsa 3. Jletizepcona, Ponarwoa JI. Pueecma u Knugpgpopoa Cmeiina
«Introduction to Algorithms» («BBeaeHHe B aIrOPUTMBI» ), TpeTbe u3nanue (MIT Press,
2009), v pa3aene 3.3 kHuru Pobepma Cedxceuxa u Kesuna Ysiina «Algorithmsy («An-
rOpUTMbI»), YeTBEpPTOE U3AaHUe (Addison-Wesley, 2011). CMm. Takke 60HYCHblE BUAEO
Ha www.algorithmsilluminated.org OTHOCHTEILHO OCHOB KPaCHO-YEPHBIX AECPEBLEB.
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11.4.2. NoBOpPOTHI

Bo Bcex Haubonee pacnpocTpaHeHHbIX peanu3aluusax cobanaHcHpOBaHHbIX aepe-
BbEB MMOUCKA HCNONB3YIOTCS HOB0 pOmybl — ONEpalH ¢ MOCTOSAHHBIM BPEMEHEM,
BBINOJIHAIOLLME HEOObILYIO JIOKaJIbHYIO nepebaaHCUpOBKY NpPU COXpaHEHUH
cBoiicTBa aepeBa novcka. HanpuMep, Mbl MOXkeM npeacTaBuTh cebe npeod-
pa3oBaHKe NpUBEEHHO Bbillle LENOYKH U3 NATH 00beKTOB B 60siee LMBUIIH30-
BaHHOE 1epeBO MOUCKA, COCTABMB KOMMO3HLIMIO U3 [BYX JIOKAJIbHBIX Onepauui
nepe6anaHCUpPOBKHU:

(4 (3)
noBepHyTb nosepHyTbL
(2) O O,
O

[ToBopoT GepeT napy «poauTenb — MOTOMOK» M pa3BOpPauMBaeT MUX CBA3b B 00-
paTtHyto cTopoHy (puc. 11.2). IIpaseiit nosopom npuMeHsieTcs, Koraa noToMoK y
ABJISIETCS JIEBbIM NOTOMKOM CBOENo POAMTENS X (M 3HAYUT, y UMEET MEHbLUMI
KJIIOY, Y€M X); NocJie MOBOPOTA Y3€Jl X CTAHOBUTCS MPaBbIM MOTOMKOM Y3J1a y.
Koraa y3en y srnsiercs npaBbIM MOTOMKOM Y3J1a X, J1€€bitl HOGOpom NeNaeT y3en x
JIeBbIM IOTOMKOM Y311a y.

CaoiicTBO fepeBa noKcka 00ycnaBIMBaeT OCTallbHblE AeTaH. PaccMOTpUM neBblii
NOBOPOT, I'ie Y3€J y ABJseTCs NpaBbiM MOTOMKOM y31a x. U3 cBoiicTBa nepeBa
NOKCKA BBITEKAET, YTO KJIIOU y3/1a X MEHbLIE, YeM KJIOY Yy3J1a y; YTO BCE KJIKOUH
JieBoro noaaepena B y3Jie x (A4 Ha puc. 11.2) MeHblLe, 4eM KoY y3na x (M y3nay);
4TO BCE KJIIOYM B NpaBoM noaaepese y3na y («C» Ha puc. 11.2) 6onbLue, yem ko4
y3hay (M y3J1a x); 4 4TO BCe KJIIOUYM B JIEBOM noaaepese y3na y (B Ha puc. 11.2)
HaxoasaTcs Mexay kimoyamu x U y. [locse moBopoTa y3en y HacleayeT CTaporo
POAUTENS Y3J1a X U MMEET y3€eJl X B KaueCTBE CBOEro HOBOrO J1eBOro noroMka. Cy-
LLECTBYET YHHUKaNbHbIH cnocob cobpaThk Bce 4aCTH BOEAMHO, COXPAHSS MPH 3TOM
CBOCTBO iepeBa NOMCKA, MO3TOMY AaBaiTe MPOCTO OyAeM CleA0BaTh MO NPAMOH.
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! I

NO HANPABNBHWIO K KOPHIO NO HaNPABNEHIKIO K KOPHIO

Bace
KoM
<x

BCO
BCe KMo4n Ll
Mexay X u y >y

a) flo nosopoTta 6) Mocne nosopoTa

Puc. 11.2. JleBblii NOBOPOT B A€ACTBUN

CywiecTByeT TpH cBoOOAHbIE AUEHKH 11 noanepeBbeB A, B v C: ykazatenb Ha
NpaBoro NoToMKa y3na y u oba ykasaTens Ha NOTOMKOB y31a x. CBOHCTBO aepeBa
noucka 3acTaBiseT Hac MPUKPENUTb HauMeHbllee noaiaepeso (4) B kayecTse
JIEBOrO MOTOMKA y3J1a X U HaubonbLiee noaaepeso (C) — B kauecTBe NPaBoro no-
TOMKa y35a y. B pesynbrare octaeTcs oqHa sueiika ns noaaepesa B (ykasartens
Ha MpaBoro NOTOMKa y37a X), U, K c4acTbio, cpabaTbhiBaeT CBOHCTBO epeBa Mouc-
Ka: BCE KJIOYHM MOAAEPEBA BKIMHHBAIOTCA MEXAY KJIOYaMHU X U y, U NOAAEPEBO
3aBepLUAETCA C JIEBbIM MOLAEPEBOM Yy3.a y (T€ OHO U JOJDKHO ObITb) U NpPaBbIM
NoAAEPEBOM Y3Ja X (TO e caMoe).

[TpaBblii NOBOPOT TOrAa ABASETCS JIEBLIM NOBOPOTOM, TOJLKO B 0OpPaTHYIO CTOPO-
Hy (puc. 11.3).

t

N0 HANPABNEHNIO K KOPHIO

f

O HaNPaBNEHNIO K KOPHIO

ace
KNouv

<y

a) flo nosopora 6) NMocne nosopoTta

Puc. 11.3. Mpasbiit NOBOPOT B AENCTBUN
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TMockosIbKy NOBOPOT MPOCTO-HANPOCTO 3aMEHUT HECKOJILKO yKasaTeliei, OH MOXeT
BBIMOJIHATHCSA € MOCTOSHHBIM YKCJIOM onepaLHii. [To KOHCTPYKLIMH OH COXpaHseT
CBOICTBO JiepeBa MOUCKa.

Onepauuu, KoTopbie MOAUGULIMPYIOT AepeBo Noucka — BCTABUTL U Y IATUTS, —
ABNSAIOTCA UMEHHO TEMH OMepalHsIMH, B KOTOPbIX JOJIKHBI 3a[€iiCTBOBAaThCA
noBopoThl. be3 HuX Takas onepauus Moria Obl NpUAaTh AepeBy YyTh Gosiee He-
cbanancupoBaHHy0 ¢opMy. [TockobKy 0J1Ha BCTaBKa HIIH yAIEHHE MOXKET CeATh
Xa0C TONBKO B TaKO# CTENEHH, BIOJIHE BEPOATHO, YTO HEGOJIbLLIOE NOCTOSHHOE HITH,
BO3MOXXHO, JIorapu(pMHYECKOe YUCJIO MOBOPOTOB MOXKET UCIIPABHTh JII00Oi BHOBD
co3aaHHbIi Auc6ananc. IMEHHO 3TO U JEnaloT NPHBEJCHHBIE BbILLE PeaTH3aLHH
cbanaHcHpoBaHHOIO iepeBa noucka. JlonoJHuTeNbHas paboTa 3a CYeT NOBOPOTOB
npubarnset O (log n) HaKIaJHBIX PacXOAO0B K onepauusaM BCTABUTL U Y IANUTS,
OCTaB/Iss UX COBOKYMHOE BpeMs paboTsl Ha ypoBHe O (log n).

BbIBOIbI

% Ecau BalieMy MpUIOXEHHIO TpeOyeTcs noaaepxkka MoJHOCTbIO
YNOPsAI04YEHHOTO NPEACTARIEHHS 3BOJIFOLLMOHN PYOLIEN0 MHOXECTBa
00beKTOB, TO cOANaHCUPOBAaHHOE AEPEBO MOUCKA OObIYHO SBASETCS
NPEANOYTUTENILHON CTPYKTYpPOM JaHHBbIX.

% CoOanaHcUpOBaHHbIE AepeBbs MOMCKA MOAAEPXKUBAIOT Onepaluu
OTbICKATh, MUHUMYM, MAKCUMYM, TTPEAIIECTBEHHUK, [TPEEMHUK,
BhisPATh, B3siTh PAHT, BCTABUTE M YV aanuTh co BpemeHneM O(log n),
rae 1 — 3TO YUCJI0 OOBEKTOB.

%X BHHapHOe epeBo NnoKcka UMeeT Mo OHOMY Y3J1y Ha 00beKT, KaXAbli
13 KOTOPbIX COIEPXKHMT yKa3are/Ib Ha poauTes, yka3aresb Ha JIeBOro
MOTOMKA M yKa3aTe/b Ha MpaBoro noToMkKa.

% CBoiicTBO fepeBa Moncka KOHCTaTUPYET, YTO B KaX 10M y3Jie X iepeBa
KJIIO4H B JIEBOM MOJIAEPEBE y371aX MEHbLIE, YeM KITFOY y371ax, U KITHOUH
B MPaBOM MojuiepeBe y3ia x Oobllie, YeM KoY y3/a X.

* Buicoma fepeBa noucka sBiseTcs ATHHOI caMoro AJAMHHONO MyTH
OT KOpH# 10 iucTa. BuHapHoe nepeBo noucka ¢ n 00beKTaMu MOXET
MMETb BbICOTY OT = log, n jon — 1.
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* B 6a30BoM OMHapHOM epeBe MoKcKa Bce NOAAEpIKHUBaeMble Bblille
ornepatmn1 MOryT ObITh peain3oBaHbl ¢ BpeMeHeM O (gvicoma). (One-
paunu OTbICKATb M B35iTh PAHI' — TOJIbKO MOCJIE YCHJIEHHUS €peBa Ui
nojAepxaHusi pa3MepoB MNOUIEPEBLEB Ha KaX10M y3ie.)

% CoOanaHcupoBaHHble OMHapHbIE AepeBbs MOMCKA BbIMOJHAKOT AO-
NoJIHUTENbHYI0 paboTy B onepauusx BCTABUTL U Y AT — MO-
npexxHemy co BpemeHeM O (8bicomay), HO ¢ 6051€e€ KpyMHbIM MOCTOSIH-
HbIM MHOXMHTEJEM, — AJ1s1 TOr0o YTOObl rapaHTUPOBaTh, YTO BbICOTA
nepea Bceraa pasHa O (log n).

3afnaum Ha 3akpenneHme marepuana

3agauya 11.1. Kakue u3 cnenyroumx yTeep>xAeHHit aBastoTcst HCTUHHBIMU? (OT-
MeTbTe BCE MOAXOASLLNE BAPHAHTBI.)

a) BbicoTa 6MHapHOro aepeBa NoMCKa € 1 y3jaMH HE MOXET ObITb MEHbLlIE
O (log n).

6) Bce onepauuu, nopaepxuBaeMble OUHApHBIM 1epeBOM Moucka (kpome
onepauuu BbIBECTH B OTCOPTHPOBAHHOM MOPSI/IKE ), BBINOJHAIOTCS 32 BpeMst
O(log n).

B) CBOICTBO Ky4H sIBIS€TCS YACTHBIM CJly4aeM CBOICTBA AepeBa MoucKa.

r) CbanaHcupoBaHHble OUHApHBbIE AepeBbs MOMUCKA BCEraa MpeAnoyTUTEb-
Hee OTCOPTUPOBAHHbIX MACCHBOB.

3apaua 11.2. JlaHo 6MHapHOe AepeBo C n BepLUMHAaMH (4epe3 yKasaTelsb Ha ero
KopeHb ). Kaxxblii y3en nepeBa UMeET noJie ¢ pa3MepoM size, kak B pa3aene 11.3.9,
HO 3TH Mo eule He 3anosHeHbl. CKoNbKO BpeMEHH HE00X0AUMO M 0CTaTOuHO
I BBIYUCIIEHUS MPABUJILHOTO 3HAYEHUS i BCex noeid size?

a) O (svicoma)
6) ©(n)
B) ®(nlogn)
r) ()
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3aaa4ya no NporpaMMMUpOBaHMIO

3agaya 11.3. DTa 3agaya Mcnonb3yeT 3a4ayy O NOAAEPXKKE MeAWaHbl U3 pasje-
na 10.3.3 ans pa3sBeabIBAHMS OTHOCHTENBHOMN pe3ylbTaTUBHOCTH KY4Y M 1€pEBbEB
noMcka.

a) Peanusyiite Ha BaueMm 06UMOM si3blke NMPOrpaMMHUPOBAHUS peLLUEHHUE
€ MCnosib30BaHUEM KyuH 13 pasaena 10.3.3 3agaud o noaaepxke MeaHaHbl.

6) Peanusyiite pelueHHe NaHHOI 3a1ayM, UCMOJb3YIOLLEE €UHCTBEHHOE Ae-
pEBO NOUCKA U €ro onepaudud BCTABUTL U Y NANHTS.

Kakas peanu3sauus 6bictpee?

Bbl MOXeETE UCMONB30BATh CYLUECTBYIOLME PEATH3aLUHU KYyU H AEpEBbEB MO-
ucka 1160 peanu3oBaTb cOOCTBEHHbIe ¢ Hyns. (O6paTutech K caiTy www.
algorithmsilluminated.org as1s nony4YeHUs TECTOBbIX ClyyaeB U HaOOPOB JAHHBIX
[J1s 3a7a4.)



Xewt-mabnuybwl
u punompuol bryma
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Mbl 3aBepluaeM BTOpPYIO YacTb KHMIM HEBEPOSATHO NOJE3HON U pacnpocTpa-
HEHHOH CTPYKTYpOW AaHHbIX MOJ Ha3BaHWEM Xell-Tabnuua (Mnu xew-tabnuua
cootBeTcTBHA, hash map). Xelw-Tabnuupl, nogo0HO Ky4yaM U JAepeBbAM MOUCKa,
NoJAJEeP>KMBAIOT 3BOIOLMOHUPYIOLIEE MHOXKECTBO 0OBLEKTOB, aCCOLIMMPOBAHHBIX
C KJII0YaMH (M, BO3MOXHO, OOJIbLLINM KOJIMYECTBOM APYrHX AaHHbIX). B oTnnume
OT Ky4d W AepeBbEB MOUCKA, OHU HE MOAAEP>KHBAIOT HUKaKoi HHpopmaLuu 06
ynopsaaoueHuu BooOuue. CMbIC/ CyLIECTBOBAHHSA Xel-TabJnLbl COCTOUT B TOM,
4T00bl 06N1ErYMTh CBEPXOBICTPBI MOUCK, KOTOPbIH TaKke B 3ITOM KOHTEKCTE Ha-
3biBaeTcs npocMoTpoM (lookup). Xew-rabnuua MoxeT cka3aTh BaM, YTO B Heil
€CTb, @ YEro HeT, U MOXET CAEJaTh 3TO OYEHb U O4YEHb ObICTPO (HAaMHOIO GbICTpEE,
yeM Kyda Wiu aepeBo noucka). Kak oGbl4HO, Mbl HAYHEM C NMOAAEPXKHBAEMbIX
onepauuii (pazaen 12.1), ¥ To/IbkO NOTOM NepeiaeM k npUMeHeHUsM (pasaen 12.2)
M HEKOTOPbIM JOMOJIHUTENbHBIM AeTaliAM peanu3auuu (pasaenst 12.3 u 12.4).
Paspensl 12.5 n 12.6 oxBatbiBatoT ¢puisTpel biyma, 61u3kux poaCTBEHHHKOB
Xel-Tabunu, KOTopble HCNOMb3YIOT MEHbLIE MECTA 3a CYET ClyYaiHbIX OLUMOOK.

12.1. Noanepxusaemsbie onepauvu

CMbICJI CYLLIECTBOBaHH S X€LU-Tab ML bl 3aKJIHOYAETCS B OTCIIEXMBAHUH 3BOJIIOLIUO-
HUPYIOLLEr0 MHOXKECTBA 0OBEKTOB C K/IOYAMH, PH 3TOM NOLAEPXKUBas ObICTPbIii
nouck (Mo kiouy), 6naroaaps Uemy Jierko NpOBEPHTH, YTO B HEl €CThb M YETO HET.
HanpuMep, ecin Balia koMnaHus ynpapisieT CaWTOM 3JIEKTPOHHOI TOProBiu,
TO Bbl MOXKETE MCMOJIb30BAaTh OAHY XeLU-TabauLy AJIs OTCIEXKMBAHUS COTPYAHH-
KOB (BO3MOXCHO, C UMEHAMH B Ka4eCTBe KJItoueit), Apyryo AN XpaHEeHHs NPOLLIbIX
TpaH3akumii (¢ uaeHTU(HUKATOPAMH TPAH3AKLIMI B KaUeCcTBe KIIO4eit) U TPEThIO 11
3anoOMUHAHUsA MoceTuTeNei Balero caiira (c IP-agpecamu B kauecTBe kJouei).

KoHuenTtyanbHo xew-Tabnuiy MOXXHO paccMaTpUBaTh kak MacCUB. EQUHCTBEHHO,
4YeM XOpOLUH MacCHBbI, — 3TO HEMEJIEHHBIM Cly4aiHbIM K HUM focTynoM. HyxHo
y3HaTb, YTO HAXOAUTCA B No3uLUU HoMmep 17 maccusa? Ipocto o6paruTech K 3TOM
NO3ULIHUM HAMpPAMYIO, 33 NOCTOSHHOE BpeMs. XOTUTE U3MEHUTb COAEPKHUMOE B N10-
3uuuu 23? OnATh Xe JIErko, 3a NOCTOSHHOE BpeMS.

[Mpeanonoxum, BaM Hy>XHa CTPYKTYpa JaHHBIX 1/ 3aNlOMHHaHUA Tene(OHHBIX
HOMepOB BaLuKX Apy3eil. Ec noBe3eT, Bce BaLuy Apy3bs HMEIOT HEOOBIYHO «Mpo3a-
MYHBIX) POAUTeNel, KOTOpble Ha3BaJK CBOMX JeTel B 4eCTb MOJIOKUTENbHBIX LieJbIX



12.1. NopaepxuneaeMbie onepaymm 197

ynce, ckakem, ot 1 1o 10 000. B 3ToM ciiyuae Bbl MOXXETE XpaHUTh TeNleOHHbIE
HoMepa B MaccuBe utHo#t 10 000 (To ectb He Takom GonbluomM). Ecim Bawero nyy-
wiero apyra 30ByT 173, coxpanute ero HoMep TeniedoHa B no3uuuu 173 Maccusa. s
TOro 4ToObl 3a0bITb 0 CBOEM ObiBLLEM Apyre 548, 3aMeHHUTE NO3ULHIO 548 3HaYUeHHEM
N0 YMO/4aHHI0. DTO pellieHHe Ha OCHOBE MaccHBa paboTaeT XOpoLLo, Jaxe eciu
BalLIM APY3bsi CO BPEMEHEM MEHSIOTCS — NPOCTPAHCTBEHHbIE TPEOOBAHUS CKPOMHBI,
a onepauuy BCTaBKH, yIaJleHHUs M MOWUCKA BbIMOHAIOTCA 332 MOCTOAHHOE BPEMS.

BeposiTHo, y Bawuux apy3eii ecTb 6oJiee HHTEpeCHbIE, HO MeHee Y100HbIe UMEHa,
TakHe kak Anuca, bo6, Kapon u tak nanee. MoxeM i Mbl No-npexHeMy HCMOMb-
30BaThb peLLeHUE HAa OCHOBe MaccuBa? B npuHUHMNE, Bbl MOXETE MOANEPKUBATH
MacCHB C 3aMUCAMH, HHAEKCUPOBAHHBIMH MO KaXAOMY BO3MOXHOMY MMEHH,
KOTOpOe Bbl Koraa-nubo Buaenu (He Gosiee, ckaxeM, 25 6ykB). s TOro YyToOb!
NOCMOTpETh HoMep TenedoHa ANIUChI, TO MOXKHO 3aMISHYTb B NO3ULMU «AJUCay
maccusa (puc. 12.1).

—>+1-415-555-5555
—>+1-212-999-9999

—> null
—> null

(TTITLT

Puc. 12.1. B npuHuune, Bbl MOXETE XpaHuTb TenedoHHbIE HOMepa Balnx Apy3en
B Maccuse, UHAEKCUPOBAHHOM CTPOKOBbLIMU 3HAYEHUAMU OANIMHOW He 6Gonee
25 cnmBonos

_‘

‘Aaaa”

TECTOBOE 3AIAHME 12.1

Ckonbko CYLLECTBYET CTPOKOBbIX 3Ha4eHUH MNHHOK 25 cUMBO-
noB? (BeibepuTe camoe CHIbHOE HCTMHHOE YTBEPXEHHE.)

a) bonblue, yeM KONHMYECTBO BOJIOC Ha IOJIOBE.

6) Bonblue, 4eM YMCNO CYLLECTBYIOLMX BEO-CTPaHHLL.
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B) Bonblue, yeM o6uiuit 06beM XpaHUIMLLA, JOCTYTHOrO Ha 3emne
(B 6uTaXx).

r) Bonblue, 4yeM yucso atomoB BO BeeneHHOM.

(Pewenue u noscHeHue cM. B pasaene 12.1.1.)

CyTb TE€CTOBOIO 3aaHus 12.1 B TOM, 4TO MaccuB, HEOOXOAUMBIH 1715 3TOro peLue-
Hus, CJIMIIKOM BEJIHK. CywiectByeT M anbTepHaTUBHAsA CTPYKTYpa AAHHBIX,
KOTOpas NOBTOPSET BCHO PyHKLMOHALHOCTb MAaCCHBA C MOCTOSHHO-BPEMEHHBIMH
onepauusiMU BCTaBKH, YIANEHUs U NOUCKA, a TAKXKE UCMOJb3YET POCTPAHCTBO,
NponoOpLUHOHATILHOE YHCTYy XPaHHMbIX 00bekTOB? Xell-Tabn1ua s BIsSeTcsi HMEHHO
TaKoW CTPYKTYpO# JaHHbIX.

XEW-TABJINLUBI: NOAAEP)XUBAEMBIE ONNEPALUUU
MpocMoTPETH (lookup, Takxke UMeHyemast OTBICKATb): MO KUY k

BEPHYTb yKa3aTelb Ha OOBbEKT B Xell-Tabnuue ¢ kiouoM k (1n6o
COOOLIHTD, YTO TAKONO 0OBEKTA HE CYLLECTBYET).

BCTABUTb: ¢ yueTOM HOBOIo 06bekTa X 106aBUTD X B XeLU-TabuLy.

VIANNTB: MO KJIKOYY K yIaJIUTh 00BEKT C KJIKOUOM k U3 XeLl-TabuLbl,
€CJIM OH CYLLECTBYET.

R N SR TN

B xew-tabnuue Bce 3TH onepaunu 0ObIYHO BbINOIHSAIOTCS € MOCTOAHHBIM Bpe-
MeHeM, COOTBETCTBYIOLMM HaUBHOMY peLUeHHIO Ha OCHOBE MacCHBa, B paMKax
HECKOJIbKHX AONYLIeHHH, KOTOpble 00bIYHO COOMOAAIOTCA Ha NpaKTUke (Onu-
caHHbIX B pa3zene 12.3). Xew-tabnuua ucnonb3yer NpocTpaHCTBO, JIMHEHHOE
N0 YHUCIYy XpaHUMbIX 00BEKTOB. DTO paJuKalbHO MEHbLLE, YeM NPOCTPaHCTBO,
Heo0XxoAMMOe A1 HAUBHOIO PELLIEHHs HA OCHOBE MacCHBa, PONOPLHOHANbHOE
YUCIly BCEX MBICIIMMbIX 00BbEKTOB, KOTOpble MOTYT KOraa-jiubo noHaaoouTbes
nns xpaHeHus. COOTBETCTBYIOLLIMI NepeueHb NokasaTeieil BbIMIAAUT Clieaylo-
LM 06pa30M.'
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Ta6nuua 12.1. Xew-t1abnuubl: NnoaaepXxvBaeMbie onepaunm n Ux TUNUYHOE Bpe-
Ms BbINONHEHUS. 3Be3a404Ka (*) 0603Ha4aeT, 4To rpaHuLa BPEMEHWN BbINOTHEHUS
cobnionaeTcs Toraa U TObKo Toraa, koraa xew-tabnuua peanvaoBaHa A0MKHBIM
obpazom (C xopolueit xew-GyHKUNER U COOTBETCTBYIOLWMM Pa3Mepom Tabnmubl)
1 AaHHbIe He ABNSII0TCA NaTONorM4eckuMu; CM. pasaen 12.3 no nosoay noapo6-
HOCTen

Onepauus TunuyHoe BPeMs BbINONHEHUR
[TPOCMOTPETH o*
BCTABHUTB o(l)
VY IAIUTD o()*

MonBoas uTor, Xew-TabauUbl He NOAJAEPKUBAIOT MHOIO ONepauuii, HO TO, 4TO
OHH JIeNaloT, UM YAaeTcs OUYeHb U oueHb XOpoluo. Beskuii pas, koraa onepaunu
NPOCMOTpa COCTABJISIOT 3HAYUTENbHbII 00beM paboThI Balleii NporpaMMmsl, y Bac
B MO3rYy JIOJDKHO LUENKHYTb: MporpamMMe Tpebyercs xel-tabauua!

KOraA MCnosib30BATb XELL-TABNULY

Ecnn npunoxennio Tpebyetcs GbICTPbLIA NOUCK C AUHAMUYECKN N3MEHSIO-
LWMMCSH MHOXEeCTBOM 061beKTOB, TO xew-Tabnnua o6bi4HO ABNSETCS Npeano-
YTUTENbHOIN CTPYKTYPOI AaHHbIX.

12.1.1. PeweHue TectoBoro sagauma 12.1

IIpaBuaLHbLII 0TBeT: (B). CMbICJ 3TOM0 TECTOBOINO 3a1aHUsl COCTOUT B TOM, YTOObI
nopasaieubcsl, JyMas O HEKOTOPbIX AEHCTBUTENLHO OOMBLLMX YUCIIAX, @ HE C LiENbIo
onpeaesieHus NpaBUJIbLHOrO OTBETAa KaK TakOBOro. J[omycTHM, YTO CyLLECTBYET
26 BapHaHTOB CHMBOJIOB — WIHOPHPYS 3HaKU NMpenUHAHUSA, CHMBOJIbI BEPXHEro
M HIKHEro peructpa u tak aanee. Toraa cyuiectByeT 26%° 25-6yKBEHHbIX CTPOKO-
BbIX 3HAYEHHH, KOTOpble UMEIOT NopsAAok NpuMepHO 103, (EcTb Takke CTPOKOBbIE
3HayeHus ¢ 24 GykBaMH UM MEHbLLE, HO OHU HE3HAYMTENbHBI 0 CPABHEHHUIO CO
CTPOKOBbIMHU 3HAYE€HHs ANMHOM 25 cuMBOIOB.) YKCI0 BONOC Ha roJioBe YeIoBeKa,
KaK npaBuio, coctaBnseT okosio 10°. [pouHaekcupoBaHHas BceMupHas nayTHHa
MMEET HECKOJIbKO MUNIHap10B BeO-CTpaHuUL, HO haKTHYECKOE YMCII0 Be6-CTpaHHL,
BEPOSTHO, COCTABNAET OKOJIO OHOIO TpuiioHa (10'2). O6wuit 00beM namMaTH HA
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3emiie B OUTax OLIEHUTb TPYAHO, HO, MO KpaiiHeit mepe B 2018 roay, oH HaBepHska
He npesbiiuan iforabait (10% Gaiit, unu npumepHo 102 6uT). Mexay Tem 4UCIO
aToOMOB B H3BeCTHO# BcesieHHOI oueHUBaeTcs npuMepHo B 10%,

12.2. MNpumeHeHus

[TpocTo nopa3uTenbHO, CKOJIBKO Pa3HbIX NPUIIOXKEHHUH CBOIATCS K MOBTOPHBIM
onepauusM NpoCMOTpa U, Ce]0BaTeNbHO, TPEOYIOT HaMUUUs Xell-TabauLbl.
Ewe B 1950-x rogax uccnenoBatenu, co3laBaBluie NepBble KOMIUIATOPBI,
HYXJAaJIUCb B mabnuye cumeonos, Noj KOTOpoi noapasymeBasiachb noaxoas-
as CTPYKTypa AaHHBIX AJIS OTCJAE)KUBAHUS HMEH NPOrpaMMHBIX NMEPEMEHHBIX
1 pyHkuui. Xew-tabauu bl OblaM cO34aHbl IMEHHO AJIS 3TOrO TUNA NPUIIOKEHHIA.
B kauecTBe 60siee COBpeMEHHOrO NpUMepa NpeAcTaBbTe, YTO 3aa4€i CETEBOro
MapLIpyTH3aTopa sBJseTCs 6J10KHpOBKa MakeTOB AaHHbIX C onpeaeneHHbIX | P-
ajipecoB, BO3MOXKHO, MPUHa/IeXallux cnamepaM. Beskui pas, koraa noctynaer
HOBBbI NaKeT JaHHbIX, MApLIPYTH3ATOP A0JDKEH NPOCMATPHUBaTh JaHHbIE, N1PO-
Bepsis, HaxoauTcs M IP-aapec ncrtoynuka B uepHoM cnucke. Ecim 3710 Tak, 1o
OH 0TOpachIBaET NakeT; B NPOTUBHOM CJly4yae OH NepeajpecyeT nakeT B MyHKT
ero Ha3HayeHUs. OnATb Xke, 3TH HEOAHOKPATHbIE MPOCMOTPbI JaHHBIX HAXOAATCS
B BEIEHUH XellU-Tabnuu.

12.2.1. NpumeHeHue: ycTpaHeHue ayonuposanums

Yempanenue 0ybnuposanus ABnseTCs KAHOHUUECKUM MPUMEHEHHEM XeLL-TabuLL.
[MpeanonoxuM, Bbl o6pabaTbiBaeTe OrpoMHbIH 00bEM AAHHBIX, MOCTYNAIOLMX
NOTOKOM Mo oaHOMY (parMeHTy 3a pa3. JlonycTuM, 4To:

O Bbl Jenaete oauH NPOXoA MO OrPOMHOMY (aiiy, XpaHslEeMyCcs Ha JHUCKE,
K MpUMeEpY, CO BCEMH TpaH3aKUUAMH KPYNHOH pO3HUYHON KOMNAHUH 3a Mo-
cneaHui roa.

O Bel ckaHMpyeTe BeG-CTpaHHLbI M 00pabaTbiBaeTe MUIIHApAbl BEO-CTPaHHULL.

O Bsl oTclIeXHBaeTe NakeThl JaHHbIX, NPOXOAALLME Yepe3 CETEBOH MapLIpyTH-
3aTOp € BBICOKOMH CKOPOCTBIO.

QO Bbl HaboaaeTe 3a MOCETHTENSIMH Balllero Bed-caiTa.
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B 3apaue ycTpaHeHus 1y6n1MpoBaHHUs Ballia OTBETCTBEHHOCTD 3aKJIIOYAETCS B TOM,
4TOGbI HTHOPUPOBATh AYO/IMKATLI M OTC/IEXUBATH TO/ILKO HECOBNAAAIOLLME 10 ITOMO
ko4uu. Hanpumep, Bac MoxkeT HHTepecOBaTh YHCII0 HecoBnaatowux IP-aapecos,
KOTOpble 00paulanuch K BalieMy BeO-caiiTy, B JONONHEHHE K CYMMapHOMY YHMCHy
nocetueHuii. Xew-rabnuubl 06ecrneyrBaloT NPOCTOE peLLIEHHE 3a1a4i YCTPaHEHHS
Ay6nupoBaHus.

YCTPAHEHME AYBJIUPOBAHUSA C XEILU-TABJIUUEN
IMpu nocTynneHu: HOBOro 06bekTa X ¢ KIoUOM k:

1. TpumeHHTH onepauuto [IPOCMOTPETb, It TOMO YTOOLI NPOBEPHUTH,
COJEPXKHT NI Xell-Tabnuua oObEKT C KIO4YOM K.

2. Ecnu Het, TO NPUMEHUTH Onepauuo BCcTABUTE, ANS TOro 4TOObI
MOMECTHUTH X B XeI-TabuiLy.

A T A e 0 TR A A A, VL PR A e

[Mocne 06paboTKK aHHbIX Xel-TabnuLa COAEP>KUT POBHO OAHH OOBEKT B pacyeTe
Ha K104, MPeACTaBJIeHHbIH B NOTOKE JaHHBIX'.

12.2.2. NpuMmeHeHune: 3apaa4a 0 CymMmMme AByX yucen

Haiu cneayrownii npumep 6onee akaaeM1ueH, HO OH HILTIOCTPUPYET, KaK NOBTOP-
Hble MPOCMOTPbI MOTYT MOSABIATLCS B HEOXKUAAHHbIX MecTax. [Ipumep kacaercs
3a/la4u 0 CyMMe aBYyX uucen (2-SUM)2

3AJAYA: CYMMA IBYX YHUCEJI

Bxoa: HCCOPTHPOBaHHbIﬁ MacCuB A U3 n LENbIX YKUCEN U LeSieBOe
LeJIoe Yucno f.

! B 60NbLIMHCTBE peaiH3auuii Xel-Taba 1L MOXKHO BLINOMHATL HTEPATHBHBIN 06X01 Xpa-
HHMBIX 0OBEKTOB B HEKOEM NMPOH3BOJIbHOM NMOPAZKE 32 IHHEHHOE BPEMA. 3TO MO3BOJISET
NpoaoMKHTL 00paboTKy 0OBEKTOB NOCIE yAaNEHHA XyONUKATOB.

2 CM. onKcaHHe 3aaud 0 cyMMe aByX uucen (2-SUM) no ccbuike https://coderbyte.com/
algorithm/two-sum-problem. — ITpumevu. nep.
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Ileas: onpeaennTh, CYLIECTBYIOT JIM 1Ba YKCAa X, ) B A, yI0BNETBO-
paouue x +y = ¢,

TR S R SRR i it R T T e

3ajaua 0 cyMMe ABYX YHMCEJl MOXET ObITh pelleHa NyTeM MOUCKa METOAOM MOJI-
Horo nepebopa (M «rpy6oii cuib») — METOAOM MOCJIEA0BATEILHOIO Nepebopa
BCEX BO3MOXHOCTEH 1151 X U y U NpoBepkH, paboTaeT 1M kakas-nu60 u3 Hux. [lo-
CKOJIbKY CYLLECTBYET 1 BAPUAHTOB JIs KX I0M0 U3 X U y, 3TOT aJINrOPUTM SBISAETCS
KBaJpaTHYHO-BpeMEHHBIM (O (1?)).

MBI MoXxeM 106HTbCs NyuLuero. [epBoe KoueBoe HabIOAEHHE COCTOUT B TOM,
YTO 7151 KaX<10r0 BapHaHTa x MOXeT paboTaTh TOJIbKO OAMH BapHaHT A ) (a UMEH-
HO, ¢ — x). Tak no4yeMy 6bl HE NOMCKATL UMEHHO 3TOT y'?

CYMMA JIBYX YUCEJI (ITONBITKA Ne 1)
Bxoa: MaccuB A U3 n UENbIX YUCE U LEJIEBOE LIEJIOE YUCTIO ¢.

Boixoa: «aa», ecim A[i] + A[j] = ¢ nns Hekotopeix i, j € {1,2, 3, ...,
n}, <HeT» — B MPOTHBHOM CJlyyae.

fori=1tondo
y=t—A[i]
if A conepxut y then  // nuHedHbi# nomnck
return «aa»

return «HeT™»

Jrto nomoxet? Llukn for UMeeT n uTepauui, a A/ NOUCKa LENOro YUca B HECO-
PTHPOBAHHOM MaccHuBe TpebyeTcs JIMHeliHOe BpeMsl, NO3TOMY, OX0Xe, 3TO eLle
ONMH KBaApaTUYHO-BPEMEHHOMN anroput™M. Ho nomMHuTe, COpTHpOBKA BASETCA

! CyluecTByIOT ABE HEMHOIO pa3Hble BEPCHH 3TO# 3aJa4H, B 3aBUCUMOCTH OT TOTO, 10JIK-

Hbl JIK X U y ObITb pa3HbIMK. Mbl JONYCTHM X = y; ApYyro# ciy4ail moXox (Kak Bbl CaMH
MOXeTe YOenuThCA ).
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6ecnjaTHbIM NMPpHMHTHBOM. Hoqemy Obl He 3aJeiicTBOBATh €€, AJid TOoro 4TOOBI
BC€ Onepaury nonucka MOoriu BOCnoJib30BaTbCss OTCOPTHPOBAHHbBIM MacCHUBOM?

CYMMA ABYX YUCEJI (PELLEHUE HA OCHOBE
OTCOPTUPOBAHHOI'O MACCHUBA)

Bxoa: MaccHB A U3 1 LEbIX YHCET U LIEJIEBOE LIEJIOE YHCIIO /.

Boixoa: «aa», ecnu A[i] + A[j] = ¢ ans HekoTophix i, j € {1,2, 3, ...,
n}, <KHeT» — B POTHBHOM Clyyae.

sort A // ncnonb3ya noanporpammy COpTUPOBKH
fori=1tondo
y=t—A[i
if A conepxut y then  // nBowuHbI# nouck
return «aa»

return «HeT»

TECTOBOE 3AJIAHHE 12.2
KakoBo BpeMsl BLINOIHEHHS TPOCBELLEHHON peann3alumuy anropuT™Ma

Ha OCHOBE OTCOPTHPOBAHHOIO MaccuBa AJIA 3a/laiyd O CyMMe JBYX
yucen?

a) O(n)

6) O(nlogn)
B) O(n")

r) ©(n?

(Pewuenue n nosicHeHue cM. B pasaene 12.2.4.)

AL N g B SR A R R e R 1 B M DI B T TR e BT I L R R

PelueHue 3agauu o CYMME€ BYX 4YHC€J1 HA OCHOBE€ OTCOPTHPOBAHHOIoO MacCuBa
3HAYUTEJIbHO J1y4LI€ N0 CPaBHEHHUIO C MOHUCKOM IMOJIHBIM nepe6op0M, W OHO Aae-
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MOHCTPHPYET 3JIEraHTHYIO CUJIY aJIFOPUTMHUYECKUX UHCTPYMEHTOB U3 nepeol
yacmu. Ho Mbl MoXxeM 100UThCs elile Gonbliero. OkoHYaTeIbHOE NOHUMaHHeE
OCHOBBIBAETCS HA TOM, YTO 3TOT AJITOPUTM HYXJAJICS B OTCOPTUPOBAHHOM MacCHBe
TOJIbKO B TOW Mepe, B Kakoil 3T0 Heobxoaumo s 6bicTporo noucka. [ockonbky
66nbLuas yacTb paboThl CBOAUTCS K MOBTOPHBIM MPOCMOTPaM, y BaC B MO3Iy JOJDK-
HO LLEJIKHYTh: OTCOPTUPOBAHHBIIf MACCUB ABIAETCS U3JIULLIHUM, H TO, K UEMY 3TOT
aNropuTM AedCTBUTENILHO B3bIBAET, TaK 3TO Xew-Tabauual

CYMMA JIBYX YHUCEJI (PELLIEHUE
HA OCHOBE XEII-TABJIUL bI)

Bxoa: MaccHB A U3 1 LeJIbIX YKUCEN U LieJIeBOE LIENIOE YHCIIO ¢.

Buixoa: «aa», ecnu A[i] + A[j] = t ans vekotopeix i, j € {1,2,3, ...,
n}, KHET» — B NPOTUBHOM Cllyyae.

H = nycras xew-rabauua
fori=1tondo
BcrtaButh A[i] B H
fori=1tondo
y=t—Alil
if H conepxuty then // ucnonb3ys onepauuiw «NpocMoTpeTb»
return «aa»

return «HET»

Hcxons u3 xopolueii peann3auuu Xew-tabauubl 1 HENaToJOrMYeCKUX AaHHBIX,
onepauuu Bctasuth U [IPOCMOTPETH, KaK NMPaBUIIO, BBINOJHAIOTCS C NOCTOAHHBIM
BpeMeHeM. B 3TOM ciiyuae pelueHue 3aauyl 0 CyMMe JABYX YMCEN Ha OCHOBE
xew-TabauL BINOJIHAETCS B uHelHoe BpeMs. [lockonbky N060# npaBuibHbINA
aJIrOpUTM JOJDKEH MPOCMAaTPUBATh KaX<10€ YUCIIO B A XOTs Obl OAMH pa3, 3TO Bpe-
Msi BbITOJIHEHHS SBJSAETCS HauJyULMM U3 BO3MOXHbBIX (BMJIOTh A0 MOCTOSHHbBIX
MHOXHTENEH).
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12.2.3. NpumeHeHne: NOUCK B OFPOMHBbIX
NPOCTPaHCTBaX COCTOSAHUNA

Xel-tabnuubl Bceueso npeaHasHauyeHbl AN yckopeHus noucka. OaHa us3 npu-
KJagHbIX obnacTeii, B KOTOPOH MOUCK BCTpEYaeTCs MOBCEMECTHO, — 3TO KOM-
NbIOTEPHbIE UTPbI, U, ECIIU FOBOPUTH 60see 06001IEHHO, 3a1a4H NIAHMPOBAHHUS.
[Toaymaiite, Hanpumep, 0 LIAXMaTHOI Nporpamme, pa3Be/bIBatoLLei NocneaCTBUS
pa3nuyHbIX X0A0B. MX nocnenoBaTenbHOCTb MOXHO paccMarpuBaTh Kak MyTH
B OFPOMHOM OPHEHTHPOBAHHOM rpade, rae BepLUMHbI COOTBETCTBYIOT COCTOS-
HUSM Urpbl (NO3MLUAM Beex GUryp v ToMy, yeit ceiiuac xoa), a pebpa — xoaam
(nepexoaaM M3 OLHOrO COCTOsIHUA B Apyroe). Pasmep aroro rpaga — acTpoHo-
Muyeckuii (6onee 10'® BeplINH), MO3TOMY HET HUKAKOH HaAeX bl 3aMKCaTh €ro
SBHO M TPUMEHUTB JIt000# U3 HALLMX anropMTMOB rpadoBoro noucka 13 riasbl 8.
Bonee croBopunBas anbTepHaTHBa — BbINOAHUTH ANTOPUTM rpadoBOro NMomc-
Ka, TaKoi Kak MOMCK B LUMPHUHY, HAUYMHAS C TEKYLLEro COCTOSHUSA, U pa3BelaTb
KpaTKOCPOUHbIE NOCAEACTBHUS pa3HbIX XOJO0B A0 AOCTHXEHUS OrpaHUYEHUS MO
BpeMeHH. [{ng Toro 4ToObl y3HaTh kak MOXHO OoJiblie, BaXHO U3beraTb pas-
BebIBaHUs BEpLUMHBI OoJiee OAHOro pasa, MO3TOMY alrOpUTM MOMCKA JOJDKEH
OTCJIeXHMBATh yXKe NnocelleHHble MM BeplUMHbI. Kak ¥ B HallueM npunoxeHuu 1jis
yCTpaHeHus AyOnHpoBaHus, 3Ta 3ala4a NPaKTHYECKHN CO3AaHa AJ1s Xel-TabnuLbl.
Korza anroput™ noucka 10CTUraeT BepLUMHbI, OH OTHICKUBAET €€ B Xelu-Tabyuue.
Ecnu BeplinHa yxe CyLLeCTBYET, TO aIFTOPUTM €€ NPONYCKAaeT U BO3BpallaeTcs
Ha3ajl; B NPOTHMBHOM CJlyyae OH BCTaBIIsAET BEPLUMHY B XelU-TabauLy ¥ npoao-
XaeT ee pa3BelbiBaHue' >,

! B HrpoBbIX MPHJIOXKEHHAX CaMblii NONYNAPHbIHA aNrOpHT™M rpad)oBOro NOMCKa Ha3bIBaeT-
CAl MOMUCKOM A* («A4 3Be3aa»). ANrOPUTM MOUCKA A* ABIAETCA LENECOPHEHTHPOBAHHBIM
06001eHrem anroput™ma JleikcTpbl (raea 9), KoTopblii 106aRNAET B ACHKCTPOBY OLEHKY
(ypasHeHue 9.1) pebpa (v, w) 3BPUCTHUYECKYIO OLEHKY CTOMMOCTH, HEOOXOAHMOi s
nepeMeLlieHHs U3 w B «LENEBYIO BEPILHHY ». HanpuMep, ecnu Bbl BbIYHCAAETE MapLL-
PYTbl ABHXKEHHSA U3 3a1aHHOrO MCXOHOrO MYHKTA 0 3aJaHHOro MyHKTa Ha3HAYeHHA ¢,
TO IBPUCTHYECKOH OLIEHKOH MOXET ObITh PACCTOAHHE MO NPAMOI H3 W B 1.

2 3agyMaitTech O COBPEMEHHbIX TEXHONIOTUAX H MOPa3MbILLIAITE, Fe eLe HCMOb3YIOTCA
xew-Tabnuubl. Ha 1o, 4TOGBI y BaC MOABMIIOCH HECKO/ILKO XOPOLIMX AOranokK, He yiaer
MHOIO BPEMEHH!
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12.2.4. PeweHue TectoBoro sapnauma 12.2

IIpaBuabHblii oTBeT: (6). [lepBblii Wwar MoxeT ObITh peann3oBaH 3a Bpems
O(nlogn) c noMoLbIo aTropuTMa MergeSort (ONUCaHHOTO B nepgou yacmu) nu6o
anroput™a HeapSort (paszaen 10.3.1)'. Kaxaas U3 n utepauuii LMKIa MoOXeT ObITh
peanu3oBaHa co BpeMeHeM O(log n) nocpeacTBOM ABOMYHOIO noucka. CloxuB
BCE BMECTE, MOJIy4YUM KOHEUHYIO MpaHHULly BpeMeHH BbinonHeHus O (n log n).

*12.3. Peanuzauyusa:
BbICOKOYpPOBHEBas uaes

B 3TOM pa3nene paccmarpuBatoTcsi HanboJiee BaXKHble BbICOKOYPOBHEBbIE HIEH
B peanu3auuy Xeww-Tabnauu;: xew-¢pyHKUHH (KOTOpble OTOOPKAIOT KJIOYHK B MO-
3ULIMM B MacCHBE), KOJLIU3UM (pa3Hble KJIOUH, KOTOpPble 0TOOPaKAOTCS B OHY U Ty
e Mo3HLUMI0) U Hauboiee pacnpocTpaHeHHbIe CTpaTerHk pa3peLleHUs KOMTU3HA.
Pa3nen 12.4 npeanaraer 6onee noapoOHble pekOMEHAALMHU MO peau3aluy Xell-
TabnUUbl.

12.3.1. [1Ba NpOCTbIX pewweHuns

Xeww-rabnuua XpaHHT MHOXECTBO S ktoueit (M acCOLMMPOBaHHbIX C HUMH aH-
HbIX), B3ATbIX U3 yHHBepcyMa U Bcex BO3MOXHbIX kimtouei. Hanpumep, U moxer
ObITb BceMH 22 BO3MOXHbIMHU | Pv4-aipecamMu, BceMH BO3MOXKHBIMH CTPOKOBbIMH
3HaYEeHUAMHU AJNHHOM He Gosiee 25 CUMBONIOB, BCEMH BO3MOXXHbIMHM COCTOSIHUSIMH
LIaXMaTHOM 1OCKH U Tak aaniee. MHOoxecTBO S MoxeT ObiTh IP-anpecamu, daktrue-
CKH NOCETUBIUMMH BEO-CTPaHULY B TEUEHHE NOCIEAHUX 24 yacoB, pakTHUECKUMHU
MMEHaMH BalUMX Apy3eil 1160 COCTOAHUAMH LIAXMaTHOM AOCKH, KOTOpbIE Ballia
nporpamma passejiana 3a nocjeH1e naTb CeKyHA. B 601bLIMHCTBE NPUMEHEHHH
xew-Tabnuy pasmep yHuBepcyMa U sBisieTcsl aCTPOHOMHUYECKHM, HO pa3Mep MoA-
MHOXECTBa S NOAAAETCS YNPABIEHHUIO.

! Bonee GbicTpas peanu3auus HeBo3MOxHa. [1o kpaiiHeit Mepe, C MOMOLLLIO YNIpaBNsieMoro
CPaBHEHHEM aIrOPHTMa COPTHPOBKH (CM. CHOCKY 2 Ha C. 141 B rnase 10).
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OJHUM KOHLENTYaIbHO NPOCTHIM CNOCOO0M peann3oBaTh onepauru [IPOCMOTPETS,
BCTABUTb U Y JANMTH ABIAETCA OTCIEXKUBaHHE OOBEKTOB B 6ONBLIOM MacCHBE, C OAi-
HO# 3alMCBI0 B MACCHBE ANS KaXKA0ro BO3MOXKHOro kntoya B U. Ecnn U sgnsercs
HeOOoMNbLIMM MHOXECTBOM Hanoaobue BceX TPEXCUMBOJIBHBIX CTPOKOBBIX 3Haue-
HUi (CKaXKeM, A1 TOrO 4TOObI OTCJIEXKHBATH a9PONOPThI MO MX TPeXOyKBEHHBIM
KOJaM), TO 3TO pellieHHe Ha OCHOBE MacCHBa SIBNSETCA XOPOLUNUM, PH 3TOM Bce
orepauuH B HEM BbIMOJIHAIOTCS 32 NOCTOSHHOE BpeMs. Bo MHOrHX MpUIOKEHHUSX,
B KOTOpbIX yHHBepcyM U upe3BblyaiiHO BeNMK, 3TO pelieHue Oyner abcypaHbim
1 HEBBIMOJHUMBIM; Mbl MOXXEM pPeaTMCTHYHO PaCCMaTPHUBAThL TOJILKO TE CTPYKTYphI
JlaHHbIX, KOTOpbIE TPeOYIOT NPOCTPAHCTBA, NponopuxoHanbHoro |S| (a He | U).

BTopbIM MpOCTbIM pelleHHeM SBASETCH XpaHeHHe 00BbEKTOB B CBA3HOM CIUCKE.
Xopolueit HOBOCTbIO ABNSETCA TO, YTO MPOCTPAHCTBO, UCMONb3yEMOE 3TUM
pelieHHeM, NponopuUHOHaIBHO |S|. T1noxas HOBOCTb 3aKJIIOYAETCH B TOM, YTO
BpeMs BbINOIHEHHS onepauuii [IPOCMOTPETbL M Y IANUTH TaKoke MacLUTabupyeTcs
NHHeHO BMecTe ¢ | S| — uTo ropasao Xyxe, 4eM MOCTOSAHHO-BpEMEHHbIE Orne-
palunH, NOAAEPHKUBAEMbIE PELLIEHUEM HAa OCHOBE MaccHBa. CMbICIT XeLI-TabnuLbl
COCTOMT B TOM, YTOObI 1OCTHYb HAWJTy4LIEro U3 060MX MUPOB — MPOCTPAHCTBA,
NpONOPLHOHANBLHOrO | S|, U MOCTOAHHO-BPEMEHHBIX onepauuii (tabn. 12.2).

Ta6bnuua 12.2. Xew-tabnmubl coveTaloT B cebe nyqwme BO3MOXHOCTU MAaCCUBOB
1 CBA3HbIX CMUCKOB C NPOCTPAHCTBOM, IMHEWHBLIM MO YACNY XPaHUMbIX 0O LEKTOB,
M NOCTOSIHHO-BPEMEHHbIMU onepauusamn, 3se3aoyka (*) ykasbiBaeT Ha TO, 4TO
rpaHuuUa BpeMeHu BbiNoNHEHUA cobnloaaeTcs Toraa n Tonbko Toraa, Koraa xew -
Tabnuua peanMaosaHa NPaBUNbLHO U AaHHbIE HE ABNSRIOTCA NAaTONOrMYeCKUMU

TunuuHoe BpeMs BbINONIHEHNA onepauun
CTpyKkTypa AaHHbiX | MpocTpaHcTeo

[TPOCMOTPETH
Maccus 0|U| o)
CBsA3HbIN CIMCOK 0S| 0S|
Xeuw-rabnuua CINY O(1)*
12.3.2. Xew-dpyHkuum

JIns [OCTHXKEHHUS HauNyulUMX pe3y/bTartoB B 000MX MHpax Xell-Tabnvua UMH-
THPYET NMPOCTOE pelleHHe Ha OCHOBE MacCHBa, HO C ANUHOI MaccuBa n, Npo-
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nopuoHanbHoii | S|, a He | U|'. Ha naHHbIii MOMEHT Bbl MOXETE AyMaTh 00 1 Kak
NpUMEPHO paBHOM 2|S|.

Xew-hynxyus BbIMOJHAET TPAHCIALMIO U3 TONO, YTO HAC AeHCTBUTELHO BOJIHY-
€T — MMEH HaluKWX Apy3ei, COCTOSHUI LaXMaTHOI JOCKU U Tak Jajiee — B N0-
3MUHUH B Xell-Tabnuue. @opManbHO xel-pyHKLUHS — 3TO 0TOOpaXkeHHe U3 MHO-
xecTBa U Bcex BO3MOXHBIX KJIIOUY€H B MHOXECTBO NO3ULLHIA B MaccuBe (puc. 12.2).
[Mo3uuuu B xew-rabauue o6bIYHO HyMepyroTcs ¢ 0, IO3TOMY MHOXECTBO MO3ULIMH
B MaccuBe paBHo {0, 1,2, .., n—1}.

h 0

1

— -

v .
n-1

Puc. 12.2. Xew-¢pyHKuus oTobpaxaeT kaxablii BO3MOXHbI KoY
13 yuusepcyma U B noamumio 8 {0, 1, 2, ..., n—1}. Mpu | U| > n asa pasHbix knoya
6yayT oTo6paxaTtbCa B 0AMHAKOBYIO NO3ULMUIO

XEII-OYHKIUH

Xew-¢pyHkuus h : U — {0, 1, 2, ..., n — 1} npucBauBaeT Kaxxablii
KoY U3 yHUBepcyMa U no3uLMU B MacCUBe JJIUHBI A.

By

' TNopoxaure! Pa3Be MHOXKECTBO S He MeHAETCA cO BpeMeHeM? J1a, 3TO Tak, HO COBCEM

HETPYAHO NEPHOANUYECKH H3MEHATH pa3Mep MacCHBa TakK, YTOObI €ro JJIMHA OCTaBanach
NpoNopLHOHANBLHOI TeKYILEMY pa3mepy S; CM. Takke pa3aen 12.4.2.
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Xew-¢yHkuus cooOLLaeT BaM, C 4ero Ha4uHaTb Nouck obbekra. Ecnu Bbl BbIOH-
paete xew-pyHKLUHIO A, rae h («Anuca») = 17 — B KaKOBOM CJly4ae Mbl TOBOPUM,
YTO CTPOKOBOE 3HaYeHHE «AJiMca» xewupyercs B 17, — Tono3uuus 17 maccusa
ABJISETCA MECTOM, C KOTOPOrO CJielyeT HAYHHATb UCKATb HoMep TeneoHa AJTUCHI.
AHanornuHbiM o6pa3oM no3uuus 17 sBnseTcs nepBbIM MECTOM, IAE CleAYeT No-
NbITaTbCs BCTABUTH HOMeEP TenedoHa AJIMChI B XelL-Tadauuy.

12.3.3. Konnu3aum HensoexHbl

B03MOXHO, Bbl 3aMETHIIM Cepbe3HYIO NMpOONEMY: a YTo, €CJIM ABA Pa3HbIX KO-
ya (Hanpumep, «Anuca» U «bob») xeLHpyIOTCS B OAHY M Ty k€ MO3ULIHIO (Ha-
npumep, 23)? Ecnu Bbl HuieTe HOMep TenedoHa AUChI, HO HaxoauTe HoMep boba
B [103ULIMM 23 MaccuBa, Kak Bbl y3HaeTe, MMEETCs JIM HOMep AJIUChI B Xell-Tabnuue?
Ecnun Bbl nbiTaetech BCTaBUTL HOMep TenedoHa AnMchl B NO3MLMIO 23, HO 3Ta
NO3ULIKA Y)KE 3aHATa, KyJa Bbl €€ oMecTUTe?

Korna xew-¢yHkuus 4 orobpaxkaer ABa pa3HbIX Kitouya k, U k, B OfHY U Ty Xke
no3uumio (To ectb koraa h(k,) = h(k,)), Takas CHTyalus Ha3bIBAETCA KOUIU3UEH,
¥ FOBOPAT, 4TO KJIFOYH KOHQIHUKTYIOT.

KOJUIU3UN
JlBa kntoua k, U k, u3 U KOHQAHKTYIOT B paMKax Xewl-pyHKLHH A,
ecnu h(k)) = h(k,).

Konnusumn BbI3bIBAIOT MyTaHHLY OTHOCHTENBHO TOrO, i€ 0OBbEKT HAXOAMTCS
B XelU-TabuLe, U Mbl XOTeH 6bl, HACKOJIbKO 3TO BO3MOXHO, CBECTH UX K MUHH-
myMy. [ToueMy Henb3s pa3paboTaTh CBEPXYMHYIO XeLl-(yHKLHIO 0e3 kakuX-11b0
Konnu3uii? MoroMy uTo xomnusuu neuszdedxcHsl. [IpUUMHON TOMY SABASAETCA Tak
Ha3bIBaeMblit npunyun conybeu u suwuxos (WIK NpUHUKMN J(MpUXIE), HHTYUTHB-
HO OYEBHAHDIH (akKT, YTO A KAKAOrO HaTypalbHOrO YMUCHA N, HE3aBUCHMMO OT
TOro, Kak Bbl 3acoBbIBaeTe n + | rony6eii B n sueek, Bceraa OyAeT cyLecTBOBaTb
syeiika no kpaiiHei Mepe ¢ AByMs rony6saMu. TakuM obpa3om, BCsakHid pa3, koraa
4KCII0 n NO3MLUMA MaccHBa (s4eek) MeHblle pa3mepa YHUBepcyMa U (rony6eit),
Kaxcaas xew-pyHkUMs (3akpernieHue ronybeii 3a sueiikaMu) — HE3aBMCUMO OT
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TOro, HaCKOJIbKO YMHOH OHa SIBIS€TCS — CTpaJaeT MMHUMYM OT OJHOW KOMJH-
3uM (cM. puc. 12.2). B 6onblLIMHCTBE NPUMEHEHUI xell-TabinL, B TOM YUCe
B pa3gene 12.2, | U| HaMHoro 6GosbLie, yeM n.

Konnusum ewe HensbexHee, yeM NMpeanonaraeT apryMeHT NpHHUMNa rony6ei
1 awmnkoB. [IpuunHOi TOMY napaodokc OHs podxcOeHus, NpeAMET CleayOLIEro
TECTOBOIO 3aJlaHu.

TECTOBOE 3AJAHHME 12.3

PaccMOTpUM n yesioBeK CO clly4aiHbIMU JHAMH POXAEHHS, PHUYEM
Kaxablit U3 366 aHeil roga paBHoBeposTeH. ([Tpeanonoxum, 4ro
BCE 1 YeJIOBEK POAUJIMCH B BACOKOCHBIH roa.) Hackosbko 60nbLunm
NOJXHO ObITH 1, Ipexcae YeM OyaeT cyuiecTBoBaTh S0 %o-Hblii 1IAHC,
4TO y ABYX YEJIOBEK MX AEHb poxKAeHUs OyaeT coBnaaarh?

a) 23
6) 57
B) 184
r) 367

(PewueHue n noscHeHue cMm. B pasaene 12.3.7.)

Kakoe oTHolueHHe nmapafiokc AHA poxAeHHs uMmeeT k xewupoBaHuio? [Npea-
craBbTe cebe xell-¢yHKLHIO, KOTOpas He3aBUCHMO, PABHOMEPHO W CJlyYaifHbIM
0o06pa3oM 3akpenseT 3a kKaxabiM KtoyoMm nosuunu B {0, 1, 2, ..., n — 1}. Dra
xel-pyHKUHs He ABISETCA NPaKTHYECKH XKHU3HECIOCOOHOH (CM. TeCTOBOE 3a-
Aauue 12.5), Ho Takue ciyyaiiHble QyHKUMH ABISAIOTCA 30JI0TbIM CTaHAAPTOM,
C KOTOpbIM Mbl CpaBHHBaeM NpakTHYeckue xel-QpyHKUMU (cM. pa3gen 12.3.6).
M3 napajokca nHs poxkeHHs BbITEKAEeT, UTO JaXe B Cllyyae 30JI0TOro CTaHaapra
Mbl, BEPOATHO, HAUHEM BCTpeYaTh KOJUTH3HH B Xell-TabunLe pa3mepa n, Kak Tojb-
Ko OyayT BCTaBieHbl 0ObEKTHI B KONHYECTBE MPOH3BEAEHHS MaslOil KOHCTAHTbI
Ha n. Hanpumep, npu n = 10 000 BctaBka 200 06bEKTOB MOXKET BbI3BaThb MO
KpaiiHeii Mepe OJlHy KOJUTM3HI0 — JaXke eclii He MeHee 98 % no3uumii MaccuBa
COBEpLIEHHO He ucrnonb3yercs!
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12.3.4. Pa3pelwueHue KoNNu3nin: cuensieHme

Korna konnu3uu sBastorcs Heu36exHbIM GaKToM XKU3HH, Xell-Tabuua HyxkaaeTcs
B KAKOM-TO MeTO/ie ISl X peLeHus. B 3TOM 1 crielyioleM pazaenax OnuchiBatoTes
JBa JOMHHUPYIOLWMX NMOAX0Ja: pa3zdenvroe cyennenue (MK NPOCTO CyenieHue)
U omxpeiman adpecayus. O6a noaxola NpUBOJAT K pealu3aluusM, B KOTOPbIX
BCTaBKH U POCMOTPbI 0OBIYHO BBIMOJHSAIOTCS B TOCTOSHHOM BPEMEHH MPH J0MY-
LLEHHH, YTO pa3Mep XeLl-Tabnauubl U Xell-QyHKUHUS BbIOpaHbl COOTBETCTBYOLLUM
00pa3oM, a AaHHbIE He ABNAIOTCS MATONIOrMYECKUMH (CM. Tabn. 12.1).

Kop3nHbl U cnuckm

CuenieHHe Nerko peain3oBarb U NpeaCTaBUTbL B yMe. KntoueBas uaest COCTOMT
B TOM, YTOObI /11 06pabOTKH CUTYaLHid, KOra MHOrOYHCJIeHHble 00bekThbl 0TOOpa-
XaKTCs B OAHY U Ty e MO3ULHI0 B MaccuBe (puc. 12.3), No yMOJYaHHIO UCTOJb-
30BaTh peLLIEHUE HA OCHOBE CBA3HOIO cnucka (pasaen 12.3.1). [1pu ucnonszoBaHu u
CLEMIEHUs NO3WL MY MacCHBA YaCTO Ha3bIBAIOTCA KOP3UHAMU, TAK KaK KKAasA U3
HUX MOXKET COAepxarh HECKOJIbko 0ObekToB. Toraa onepauuu [IPOCMOTPETD, BCTA-
BUTb MU YV IAMTb CBOJSATCS K OQHOMY OLEHUBAHHUIO Xell-QyHKLUHH (C UENbIO onpe-
JEUTb NPaBUIIbHYIO KOP3MHY) U COOTBETCTBYIOLIEH onepauny CBA3HOrO CMHUCKa.

0 «Kapon»

1 — null

2 «[13Hnen» > «bob6»
3 «Anuca»

Puc. 12.3. Xew-1abnuua c KONNU3UAMU, peliaeMasi C NOMOLLLIO CLeNNeHns,

C 4YeTbipPbMS KOP3UHaMN U YeTbipbMS 06 bekTamn. CTpoKoBbIE 3HaYeHUs «<606»

n «l3Hne n» KOHONUKTYIOT B TPETbEN KOP3nHE (KOp3uHa 2). NMokasaHbl TONbKO
KN0YU, a He aCCOUMMPOBaAHHBIE C HUMU AaHHbIE (HanpUMep, Homepa TenedoHOB)
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CUEIJVIEHHE

1. XpaHHUTb CBA3HbII CIMCOK B KaX0i KOp3UHE Xell-TabnuLbl.

2. Jng Toro 4yTo6bl [IPOCMOTPETL/BCTABUTBL/Y JAJIUTHL OOBEKT C KIIHO-
4OM k, BLINONHUTL onepaundu [POCMOTPETL/BCTABUTL/Y IAUTD

Ha CBSA3HOM CrHcKe B kop3uHe A [h(k)], rae h o6o3HauaeT xeLu-
(YHKLHIO U A — MacCUB Xel-TabIHLbI.

Pe3ynbTaTMBHOCTDb CLUENNIeHNnn

Mpu ycioBum, 4TO /A MOXKET GbITh OLLIEHEHA 3 MOCTOAHHOE BpeMs, onepauus Bcra-
BHTb TaKKE 3aHUMAET MOCTOSHHOE BpeMs — HOBBII 00BEKT MOXET ObITh BCTARJIEH
HenocpeaCTBEHHO B Hayano cnucka. Onepauuu [IPOCMOTPETh U Y IAJIUTb JOMKHbI
BBIMOJIHUTL MOMCK B CIIMCKe, XpaHslieMcs B A [A(k)], uTo 3aHUMaeT BpeMs, npo-
NOPLUHOHANILHOE AJIMHE CIMCKA. J{J1s AOCTHXEHHS MOCTOAHHO-BPEMEHHOIO MOUCKA
B XeLL-TabJIMLE CO CLEMIEHHEM CIUCKH KOP3UH JOJIKHbI OCTaBaThC KOPOTKUMH,
B HAeaNle — C JJIMHOM He 6oJiee Maloii KOHCTAHTBI.

JnuHbl (M BpeMst NPOCMOTPOB) CIIMCKOB YMEHbLLIAIOTCS, €CJTH XeLu-Tabnuua craHo-
BHUTCS CUIIBHO 3acesieHHOH. Hanpumep, ecnu B xew-rabnuue ¢ ANMHON MaccHBa n
xpaHsTcs 100n 06beKTOB, TO TUMYHASA KOP3HHA UMEET 1)1 npocerBaHus 100 oOb-
eKkToB. Bpems noucka Takoke MOXKET YXyALUHTHCS M3-3a HeyJauyHo noaobpaHHowH
xel-pyHKUHH, KOTOpas NPUBOAUT K GosblIOMY yKcay konnu3unii. Hanpumep,
B NpeJIe/IbHOM cJjlyyae, Koraa Bce 00beKTbl KOHGIMKTYIOT U 0Ka3bIBalOTCS B OHOM
KOP3HHE, MOMCK MOXET 3aHATh BpeMs, IMHeHHOE N0 pa3Mepy COBOKYMHOCTH JaH-
HbiX. Pazaen 12.4 noapo6HO onMcbiBaeT, kak yNpaBisTh pa3MEPOM XeLU-Taba1Lbl
1 BbIOMpaTb COOTBETCTBYIOLLYIO XeL-pyHKLHIO 415 JOCTHXEHUS MPaHHULL BpEMEHH
BbIMOJIHEHHU, YKa3aHHbIX B Tabm. 12.1.

12.3.5. Pa3peweHue konnuauni:
OTKpbITaa agpecaums

BTophiM nonyspHbIM METOAOM pa3peLleHus KOJUIM3HA ABAAETCS OTKpbiTas
anpecauus. OTKpbITYIO afipecalyo HAMHOTO NpOLLE Pealu30BaTh U NPeACTaBUTD
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B yMe, Koria xeLu-tabnuua A0MmKHa MOJAEp>KUBATh TOJbKO onepauud BcTABUTh
u [TPOCMOTPETH (HO He Y 1ANTb); Mbl COCPEAOTO4MMCS Ha 3TOM ciiyyae'.

B cnyuae oTkpbITOl aapecauny kax/as MO3ULKA B MACCHBE XPaHUT HE CITHCOK,
a0 unn 1 o6bekT. (Jng TOoro 4To6bl 3TO HMENO CMBICI, pa3Mep | S| COBOKYMHOCTH
JaHHbIX He MOXKET NPEBBILLIATL pa3Mep 1 Xew-Tabnuubl.) Konnusuum co3nator nps-
MOe 3aTpyJHEHHE IS onepauri BcTABUTb: Kyaa MOMECTHTb OOBEKT C KJIIOUOM K,
€CJIM apyroit 00beKT yxe XpaHUTCs B no3uuuu A [h(k)]?

3oHAaaXKHbIE NOCNEeA0BATEANbHOCTH

Hnest coCTOMT B TOM, 4TOObI CBA3ATb KaX<Ablil KOY k C 30HOAXNCHOU nocaedosa-
menvHocmbio (probe sequence) NO3ULKHA, a He TONLKO C OAHOM no3uuueil. [lepsoe
YUCJI0 NOCJIEA0BATENbHOCTH YKa3bIBAET Ha MO3ULIHUIO, KOTOPYIO HYKHO pacCMOTPETh
NepBoO#i; BTIOpOE — Ha CJIEAY IOLUYIO MO3HLHIO, KOTOPYIO HYXHO paCCMOTPETb, KOTAa
nepBas yxe 3aHATa; U Tak aajiee. OObeKT XpaHUTCS B NepBOii HE3aHATON NO3ULIUH
30HJKHOI N0c/ie]0BaTeIbHOCTH ero Kitouya (puc. 12.4).

OTKPBITAA AAPECALUA

1. BCTABHTB: C y4eTOM 00bEKTA C KJIFOYOM k MPOTHUCTATH 30HADKHYIO
NOCJIEA0BaTENILHOCTb, CBA3AHHYIO C k, COXpaHss 00BEKT B NepBoi
NycTOH HaWACHHOH MO3HULHMH.

2. TIPOCMOTPETh: C y4YeTOM KJIO4a k MEepeUCThIBATh 30HAKHYIO
NoCJIeA0BaTeIbHOCTb, CBA3AHHYIO C k, 10 T€X MOp Nnoka He Oyaer
BCTpEUYEH HYXHbIii 00beKT (B 3TOM cllyyae BEpHYTb €ro) Ju6o
BCTpeueHa nycras No3uLMs (B 3TOM Cllyyae COOOLUUTb «MyCTON,
nIM «nuliy»)?.

!B uenom psaae NpHMEHEHH# Xew-Tabnuu onepauns Y JAJIUTb He TpebyeTcA, BKIoUas
TPH NpUIOXKEHHS B pasaene 12.2.

2 EcaM Bbl CTOJIKHYJIMCB C My CTOH MO3HLHEI i, TO Bbl MOXETE ObITh YBEPEHbI, YTO HUKAKO
OOBEKT C KIIOYOM k He HaxoaMTCA B Xew-TabaHue. Takoi 0ObekT XpaHHaca Obl JIM60
B MO3HLIUH i, THG0 B Goee paHHEH NO3HUMK B 30HAKHOI MOC/IEA0BaTeIbHOCTH KIoYa K.



214 FnaBa 12. Xew-T1abnuubl u GunLTpbl Bnyma

A ckopon

— null

— null

— null

«J13Hnen»

— null

«bob6»

— null

Puc. 12.4. Bcragka B xew-t1abnmuy ¢ KONM3nsamMn, peliaemas C NOMOLLbIO
OTKPLITON agpecaumn. MNepebii 3aNEMEHT 30HAAXHOW NOCNen0BaTeNbHOCTH
Ansa Knoya «[1aHmen» KOHPAUKTYET C KNIoYoM «Anuca», a BTOpon —

C KNIOYOM «B06», HO TPETUN INEMEHT ABNSETCS HE3aHATOW NO3uLMen

JInHelHOe 30HAUPOBaHNE

Jns onpeneneHus 30HAAXHOI NOC/IE10BATENIbLHOCTH CYLLECTBYET HECKOJIbKO CIO-
co00B MCNOIb30BaHUA OAHOH UM HeckoNbkuX xewl-¢yHkuuid. CaMblil pocToii
NpeACTaB/EH JUHEUHbIM 30HOUPOBAHUEM. DTOT METO] MCMOJb3YET OAHY XeLll-
$yHKUHIO A M onpeleNseT Nociea0BaTe/IbHOCTb 30HAUPOBAHUA ANA KJto4a k kak
h(k), 3ateM kak A (k) + 1, 3aTeM Kak A (k) + 2 U Tak aanee (UMKJIMYECKH Nepexoas
B HayaJlo Mo AOCTHXKEHUH MmocieaHeil no3uumun). To ecTb AaHHas xew-QyHKLUHS
yKa3bIBaeT Ha CTAPTOBYHO NO3HLMIO U1 BCTABKH UJIH POCMOTPA, U OrnepaLus cka-
HUPYET BNpaBo J10 TeX Mop, MOKa He HalAeT HyXHbIH 00bEKT WM MYCTYIO NO3ULHIO.

ABolHOe xewnpoBaHme

Bonee cnoxHbli METOA MPEACTARIEH OBOUHbIM XeUUPOSaHUeM, UCTIONb3Y OLLHM
aBe xell-¢pyHkuun'. Nepsas coobLuaeT BaM nepByro NO3ULMIO 30HAAXHOI Nocie-

! CylecTByeT HECKOJILKO «J€LIEBBIX H CEPAMTLIX» CNOCOOOB ONMpEeAE/HTL ABE Xell-

¢yHKUMH K3 01HOM Xew-YHKUNH h. HanpuMep, €CIH KJKOYaMH ABIAIOTCS HEOTPHLA-
TENbHbIE UENbIE YHCIA, NPEACTABICHHbIE B JBOMYHON CHCTEME, TO ONPEenenuTs A, U h,
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JI0BaTeNbHOCTH M BTOpasi YKa3bIBaeT HA CMELLEHHE 1JIS MOCIeAYOLNX MO3HLHHA.
Hanpumep, ecnu h,(k) = 17 u h,(k) = 23, TO NnepBbIM MECTOM, Fi€ CEAYET HCKATh
00BEKT C KITIOYOM k, siBNSeTCS MO3uLMUs 17; B ciiyyae Heycnexa — no3uuus 40;
B CJlyuyae Heycnexa — no3uuus 63; eciiv 3T0 HEBO3MOKHO — no3uuus 86; U Tak
nanee. Jlns qpyroro kno4a k' 30HaaXHas Nocjea0BaTelbHOCTb MOXKET BbINIAAETH
coBepLUeHHO HHaue. HanpuMep, ecim A, (k') = 42 u h,(k") = 27, To 30HAAXKHAA NO-
cieloBaTeNnbHOCTL OyaeT 42, nocye kotopoii uaer 69, nocne koropoit uaer 96,
nocie koropo#t uaet 123 u tak aanee.

Pe3ynbTaTUBHOCTb OTKPbITOM aapecaunm

[1pu Mcnonb30BaHUM CLENIEHH BpeMs BbINONHEHHUs onepauuu IIPOCMOTPETD
onpefenseTcs AJIMHON CMCKOB KOP3UH; MPH UCMONL30BAaHUH OTKPLITOH aapeca-
LMK OHO ONpeleNseTcs TUMUYHbIM YUCJIOM 30HAMPOBaHHi, HEOOXOAUMBIX AJIA
OTbICKaHHMs NYCTOi Auelikk M60 Hckomoro o6bekTa. [ToHATL pe3yIbTaTUBHOCTD
XeLl-TabuLbl C OTKPLITOM aapecaumneil ClNoXHee, YeM CO CLEMJIEHHEM, HO HHTY-
MTHBHO J0JI)KHO ObITb SICHO, YTO Pe3yJbTaTUBHOCTb CTPAJAET, MO MEPE TOMO Kak
xelu-Tabavua CTaHOBUTCSA Bce 6osiee MONHOW — €C/IM OYEHb Mo MYCThIX fue-
€K, TO 30HJAXHOi MoCea0BaTENBHOCTH 00bIYHO TpebyeTcs NpPOAOIKHTENLHOE
BpeMs Ha TO, YTOObl OTbICKaTh Aueiki, — NUOO Koraa HeyaauHo noAaoOpaHHas
xel-(yHKLHSA NPUBOAUT K OONLLLOMY YHUCITY KOJUTM3HH (CM. Tak)Ke TECTOBOE 3a-
nanue 12.4). C npueMaeMbiM pa3MepOM XeLl-TabiuLbl U xell-¢y HKLMEH OTKpbITas
ajipecauusl JOCTUraeT rpaHUl, BpEMEHH BbINOJHEHHS, YKa3aHHbIX B Tabn. 12.1
s onepauuii BcTaBUTh ¥ [IPOCMOTPETb; JONOJIHUTEbHBIE CBEEHHS CM. B pa3-
nene 12.4.

12.3.6. Y10 aenaeT xew-@PyHKLUUIO XOpoLuen?

He3aBHcHMO OT TOro, kakyro CTpaTeruio pa3pellieH!s KOTM3Uii Mbl HCMONB3YeEM,
pe3y/IbTaTUBHOCTb XELU-TabNHMLL CHUXAETCS BMECTE C YMCIOM KOHGnHKTOB. Kak
BbIOpaTh Xell-(yHKLHMIO TaK, YTOObI He ObINO CIMLIKOM MHOTO KOJUTH3HIA?

13 h, npukpenss HoByto uMdpy (0 b0 1) B KOHEW 3aAaHHOrO Kioya k: h (k) = h(2k)
H hy(k)=h(2k+ 1).



216 Fnasa 12. Xew-Tabnuubl n GUnbTPLl Bnyma

MNnoxue xew-PpyHKUUU

CyluecTByeT HECMETHOE YMCJIO pa3jiIMuHbIX CNOCOOOB onpeleseHUs Xell-
¢dyHKuHMH, U ee BbIOOP UMeeT 3HaueHHe. HanpuMep, 4TO MPOMCXOOUT C pe3ylib-
TaTUBHOCTbIO XelI-TabnuLbl NP caMOM TyneiilieM BbiGope Xell-QyHKUHU U3
BO3MOXHbBIX?

TECTOBOE 3AJAHHME 12.4

PaccMoTpuM Xew-Tabauuy AaMHON 7 > 1, M NycTh A paBHO Xell-
byHKuuM, rae h (k) =0, ans kaxaoro kitoya k € U. [NMpeanonoxum,
4yTo Habop AaHHbIX S BCTaBleH B Xel-Tabnuuy, rae | S| < n. Kakoso
TUNUYHOE BpeMs BbIMOMHEHUs Nocieayoux onepauuii [rocMo-
TPETb?

a) ©(1)co cuennenneM, ®(1) c oTkpbITOIf afpecalueil.

6) ®(1) co cuenneHuem, O(|S|) c oTKpbITOI agpecauueii.
B) O(|S]|) cocuenneHuem, @ (1) c oTkpbITOIi anpecauuei.
r) ©(|S]) co cuennenuem, O (|S|) c oTKpbITOI agpecauueii.

(PewueHue u noscHeHue cMm. B pasaene 12.3.7.)

Maronornuyeckne COBOKYNHOCTH AAHHbIX
M «axunnecoBa NATa» xew-PyHKuum

Hukro u3 Hac Hukoraa He OyaeT peann3oBbIBaTh Ly paukyro Xell-GpyHKUHUIO U3
TecTOBOro 3asaHus 12.4. Bmecrto 3atoro mMbl 6yaeM ynopHo paboraTh Ajs TOro,
4TOObl CIPOEKTHPOBATL YMHYIO XeLl-(yHKLHIO, KOTOpas rapaHTUPOBaHHO NpH-
BOAMT K MAJIOMY YHCJy KOJUTM3HH, a eLle Jiyylle OThbICKaTb NoA0OHYI0 (yHKLHIO
B TaKoii kHHUre, kak 3Ta. K coxaneHuto, s He MOry noka3sartb BaM nofo6Hyo gyHk-
uuto. YeM s onpaBaatoch? Kaowcoan xew-@ynkyus, kakou 6bl moko8ol OHa Hu
bbLra, UMeem c8010 «axwinecogy namy» B BUJe OrPOMHOMN COBOKYMHOCTH JaHHbIX,
B CJlyyae KOTOpoi Bce 00BbEKThbI KOHQIMKTYIOT, M pe3yJIbTaTUBHOCTh XeLU-Taba1Lbl
yXYALLAeTcs, Kak B TECTOBOM 3a1aHuM 12.4.
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MATOJIOTMYECKHE COBOKYITHOCTHU JAHHbBIX

s kaxnoil xew-¢yukuuu i U — {0, 1, 2, ..., n — 1} cywiecTByeT
MHOXeCTBO S Kitoueii pasmepa |U|/n, Takux uto h(k,) = h(k,) ans
Kaxxaoro k,, k, € S'.

B03M0XHO, 3T0 NOKaXKeTCs HEBEPOSTHBIM, HO IAHHOE YTBEPXKACHHE ABIAETCS BCErO
Auwb 0606LIEHMEM HaLLIEro apryMeHTa Ha OCHOBE NpUHLUNA rojy0eii U A1UKOB
u3 pasaena 12.3.3. 3agaaum npousBoJibHO YMHYIO xell-pyHkuuto h. Ecnu h uae-
anbHO paszfenser kioun B U Mex Ay n NO3UUMAMH, TO Kaxaas no3uuus Oyaer
uUMeTb poBHO | U|/n Ha3HaueHHbIX €ii iultoueii; B NPOTMBHOM Clly4ae OAHOM U TOi
e no3uuuu OyayT Ha3Ha4eHbl elle 6onbuie, yeM | U|/n knrodeid. (Hanpumep, eciin
|U| =200 u n =25, T0 h 10MKHA HA3HAYMTh HEe MeHee BOCBbMHU pa3HbIX KJouei
OJHOIi U TO# X e no3uuuu.) B nobom cnyuae, cywecrsyer nosuuus i € {0, 1, 2, ...,
n— 1}, kotopoii h Ha3HauyaeT He MeHee | U|/n HecoBnagarowux kmoyeid. Ecnu Bce
KJIOYM B COBOKYMHOCTH [JaHHBIX S 0Ka3bIBAlOTCSA Ha3HAYE€HHbIMH 3TOH MO3ULHUH i,
TO BC€ 00BEKTbI B COBOKYMHOCTH AAHHBIX KOHQIUKTYIOT.

[puBeaeHHbIi Bbile HAOOpP AaHHLIX S ABIAETCA MATONOrMYECKMM B TOM, UTO
ObL1 CKOHCTPYMPOBAH C €AWHCTBEHHOMW LieNIbl0 — HapyLIWTb BbIOPaHHYIO Xell-
¢dyHkuuio. [NoueMy Hac aomkeH 3a00THTb Takoi HCKYCCTBEHHbIH Habop AaHHBIX?
OcHOBHasi NpHMYKHA 3aKJIOYAaETCs B TOM, YTO OH OObACHAET 3BE3104KH B HaLLKX
rpaHvLax BPEMEHH BbIMOJHEHUS ANs Xell-TabnuyHbIXx onepauuii B Tabn. 12.1
1 12.2. B otnnure ot 601bLUMHCTBA AINTOPUTMOB U CTPYKTYP JaHHBIX, KOTOpbIE
Mbl BCTPEYaIM 10 CHX NOP, HET HUKAKOH HAeX Abl HA rapPaHTHIO BPEMEHH BbINOJI-
HEeHHs, koTopas cobmonaercs abcomoTHO 6e3 kakhx-1M60 AONYIUEHNH O BXOAHBIX
AaHHbIX. Jlyuliee, Ha YTO Mbl MOXKEM HAIEATbCS, — 3TO FapaHTHs, KOTOpast NMpH-
MEHHMMa KO BCEM HEMaTolorM4eCKMM COBOKYMHOCTAM JaHHbIX, TO €CTh Habopam
JlaHHbIX, ONPEAENIEHHBIM HE3aBUCUMO OT BbIOpaHHO#M XeLu-(QyHKLUHK?.

' B GonbLIMHCTBE NPUMEHEHH T Xelw-Tabau | U] HAMHOIO GOJIbLLE, YeM 1, M B ITOM Clly4ae
Habop naHHbIX pa3Mepa | U|/n aBnseTcs orpoMHbIM!

2 MOXHO TakXe pacCMOTPETh PaHIOMH3UPOBAHHBIE PeLIEHHs B yXe alrOpUTMa QuickSort
B IJ1aB€ 5 nepeoii yacmu. ITOT NOAXO/, Ha3bIBAEMbIH YHHBEPCAIbHLIM XEIIMPOBAHHEM,
rapaHTUPYET, YTO AN KaXKA0H COBOKYMHOCTH AaHHBIX Cy4aiiHblii BbIOOp Xell-GpyHKLUHH
M3 MaI0ro kjacca QyHKuUHA 0ObIYHO NPUBOAKMT BCEro K HECKOJIbKMM KOJLTH3HAM. [lono-
HUTENBHBIE CBEAECHHA H NPUMEPBI CM. B 60HYCHBbIX BUAeo Ha www.algorithmsilluminated.org.
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Xopolueii HOBOCTbIO SBJSETCS TO, YTO B C/lyyae C XOPOLIO NPOAYMaHHOH Xell-
(dyHkuHeil 00bIYHO HET HE0OXOAUMOCTH 6ECOKOUTHCS O NaTONOrHYeCKUX Habopax
JlaHHbIX Ha npakTuke. OHaKO NPHIIOKEHHUS, CBA3aHHbIE C cUcTeMaMu Oe3omnac-
HOCTH, NPEACTaBAOT COO0M BaXKHOE UCKIIIOUEHHE U3 ITOIO NpaBuia’'.

CnyuaiiHbie xew-(pyHKuun

[Maronoruyeckne HaGOpbI JaHHBIX MOKA3bIBAIOT, YTO HU OHA Xelu-PYHKLUS He
rapaHTHpyeT HalH4He MaJloro Yucnia KOJUIM3Ui 4715 KaXaoro Habopa JaHHBIX.
Jly4liee, Ha YTO Mbl MOXEM HaJEATLCS, — 3TO Xelu-QyHKLHs, KOTOpas UMeET He-
CKOJILKO KOJUTH3HIA 1711 BCEX «HEMaToJ0rH4ecKuX» HabopoB JaHHbIX?,

OKcTpeMabHbIM MOAXOAOM K JeKoppensuuu Bbibopa xel-pyHkuun U HabopoB
JIaHHBIX ABNAETCS BEIOOp cnyyaliHOi GyHKUHH, TO ecTb QyHKLUUH A, TAe ANs Kax-
Joro kmo4a k € U 3HaueHue h (k) BbIOUpaeTcss HE3aBUCHMO M paBHOMEPHO CJy-
YaitHbIM 00pa3oM U3 no3uuuii Mmaccusa {0, 1,2, ..., n—1}. ®yHkuus h BoibupaeTcs
pa3 ¥ HaBceraa Npy NepBOHa4YaIbHOM CO3JaHUH Xel-Tabnuubl. UHTYUTHBHO MBI
0XKHJaeM, YTO Takas ciyqaiHas QyHKUHs, KaK NPaBUIIO, pacnpenenseT 00beKTbl
HabopoB JaHHbIX S MPUMEPHO PaBHOMEPHO MO 1 MO3ULUAM, MPH YCJOBHH, UTO
S onpenensieTcs He3aBUCHMO OT A. J[o Tex nop noka n NpUMepHO paBHO | S|, oHa
NPHBOAMT K YNPABSEMOMY YMCITY KOJUTM3HH.

TECTOBOE 3AJIAHHME 12.5
[MoyeMy Heuenecoobpa3HO UCMONBL3OBATL COBEPLUEHHO CllyYaiiHblii
BbIOOp xelw-pyHkunuu? (Beibepute Bece noaxoasiuue BApUaHTHIL.)

a) HacaMoM aene 3To npaKTHYHO.

6) BbiGop He sBAsSeTCS AETEPMUHUPOBAHHbBIM.

! MHTEpecHOE TeMaTHYECKOE MCCIEN0BaHHE ONKCaHO B cTathe Ckomma A. Kpocou
u []sna C. Yomaxa «Denial of Service via Algorithmic Complexity Attacks» («Otka3
B 00CJTy’>KMBAHWH MOCPEICTBOM aTaK alrOPUTMHUECKOI CII0XKHOCTHY ) (Proceedings of the
12th USENIX Security Symposium, 2003). Kpocou 1 Yonnax nokasaiH, kak NOCTaBHTb
Ha KOJIEHH CUCTEMY CETEBOrO BTOPXKEHHA Ha OCHOBE XELI-TaGHL C MOMOLUBIO YMHOM
KOHCTPYKLUMH MAaTOJIOrH4€CKOi COBOKYMHOCTH AaHHBIX.

2 Tynas Xel-¢pyHKUHS B TECTOBOM 3a1aHHH 12.4 NPUBOIMT K Y>KaCHOM pe3yIbTaTHBHOCTH
U1 KaXK10H COBOKYMHOCTH JaHHbIX, NaT0JIOrHY€CKON HJIH HHOA.
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B) Ee xpaHeHue 3aliMeT CIHLIKOM MHOIO MecTa.
r) Ee oueHHBaHHe 3aiiMET CJIMLLIKOM MHOIO BPEMEHHU.

(Pewenne v nosicHeHue cM. B pasaene 12.3.7.)

Xopouwmne xew-PpyHKunm

Xopouuas xew-¢pyHKUNHS — 3T0 QyHKUHSA, KOTOpas MoJb3yeTcs MPEUMYyLLECTBAMH
cnyyaiiHoi GyHKUHH, He CTpajas HH OT OHOTO U3 ee HeJOCTaTKOB.

KEJAEMASA XEWL-OYHKLUUA
1. JleweBas npu ee OLCHUBaHUU, B uaease 3a Bpems O(1).
2. Tlpocras npu ee coxpaHeHUH, B uaeae ¢ npocrpaictsom O(1).

3. Umurupyet cnyudaiiHyro ¢yHKUHUIO, pacnpeaenss Henaronaoru-
yeckue Habopbl JaHHBIX NPUOIU3UTENILHO PaBHOMEPHO MO MO-
3ULMAM XeLU-TaOMHLbI.

Kak BbirnaauT xopowas xew-QyHkuma?

Xot# noapo6Hoe onKrcaHne COBPeMEHHBIX Xell-(y HKLIMi BbIXOUT 332 paMKH 3TOH
KHHUIH, BO3MOXHO, Bbl H3rOJIOAATMCH B OTHOLUEHHWH 4ero-To 6oJiee KOHKPETHOIO,
4YeM OMUCaAHHbIE BbILLE NMOXKENAHUS.

Hanpumep, paccMOTpUM KIOUH, KOTOPbIE ABASIOTCS LENbIMU YncnaMu Mexay 0
¥ HEKOTOPBIM KpYMHbIM uucioM M'. EcTecTBeHHOMH NepBoii NOMbITKOI co31aTh
xew-pyHKUMIO Oy €T MoslyyeHne 3Ha4eHUs KIoYa Mo MOAYJIO YKCia 1 KOP3HH:

h(k) =k mod n,

rae k mod » sBnseTcs pe3y/ibTaTOM MHOMOKpPaTHOIO BbIYUTAHUA 1 U3 k, 10 TEX NMOP
noka uTorom He Gyaer uenoe yucnao mexay O un — 1.
! 1na TOro uToObl NPHMEHUTH 3Ty HAEIO K HEUHCIIOBBIM JaHHBIM, TAKHM KaK CTPOKOBbIE

3HaYEHHA, HEOOXOAMMO CHauyana npeobpa3oBaTh AaHHbIE B Leable YHcna. Hanpumep,
B Java MeToa hashCode peanH3yeT Takoe Npeodpa3oBaHHe.
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Xopoleit HOBOCTBIO SABJSETCS TO, YTO 3Ta GyHKLUMUS eLleBa NpU ee OLUEHUBAHUU
1 He TpedyeT xpaHeHus (KpoMe 3anoMuHaHus n)'. [110xas HOBOCTb 3aK/OYaeTCs
B TOM, YTO MHOTHE peaibHble MHOXECTBA KJIIOUeii HEpaBHOMEPHO pacnpeaeeHbl
B CBOMX HauMeHee 3HauuMbIx 6utax. Hanpumep, ecau n = 1000, 1 Bce krouu
MMEIOT OIMHaKOBbIe nocieaHue Tpu uudpbl (ocHoBaHue 10) — BO3MOXHO, OKJIa-
Ibl B KOMNAaHUM, Bce U3 KOTOpbIX kpaTHbl 1000, nnu ueHbl aBToMoOuneH, Bce U3
KOTOPbIX OKaHYMBAIOTCA Ha «999», — Toraa Bce KOUM XELUPYIOTCS B OAHY U Ty
e no3uuuio. Mcnonb3oBaHue TONMBKO CaMblX 3HAYMMbIX OMTOB MOXXET BbI3BaThb
aHajioruuHble npobnemMbl — noaymaiite, HanpuMep, 0 MeXyHapOAHBIX H peruo-
HallbHbIX KoAax TejeGOHHbIX HOMEPOB.

Crnenytolas uaest COCTOMT B TOM, YTOObI 3aLKpoBaTh KJH04 Nepe NpUMeHeHHeM
onepauuu B3SATHS OCTaTKa MOCe AeNieHHU:

h(k) = (ak + b) mod n,

rae au b — 370 uenble yucna B {1, 2, ..., n — 1}. OTa QyHKUKS ONATH Xe AeLleBa
NpH ee BLIYUCIEHNH U TPOCTA MPH €€ XpaHEeHUH (MPOCTO 3aMOMHUTL a, b u n). [lns
NpaBHIbHO BbIOpaHHBIX a, b ¥ n 3Ta QyHKLMS, BEPOATHO, JOCTATOYHO MPUTOAHA 11
MCMONb30BaHKs B MPOTOTHIE U3 CEPHH «AELIEBO U cepanToy». OHAKO Xke B cyuae
KPUTHYECKH BaXKHOrO MCXOHOTO KO/Ja Hepe ko HeoOX0AMMO HCMob30BaTh 6oee
cnoxcHble xel-(yHKU1H, KoTopble 00CYXKaaloTca aanee B pa3aesne 12.4.3.

B 3akmoueHne ynomsHeM ABe Haubosee BaxKHbIE BELLU, KOTOPblE HY>KHO 3HATb
0 NMPOEKTUPOBAHUH XeLl-yHKLHHU:

KJIOYEBBIE MOMEHTbI
1. DkcnepTbl M306penyu xell-GyHKLUHH, KOTOpble AelleBbl MPU MX

OLleHUBAHHUHU M POCTbI B UX XPaHEHUHU U KOTOpbIE BeayT cebs kak
ciyuyaiiHble pyHKUMH AN BCEX MPaKTUYECKUX LeTeid.

2. CnpoeKTHpOBaTh Takylo Xell-GyHKUHUIO Ype3BbIYaliHO TPYAHO;
Bbl I0/DKHbI OCTaBUTB 3Ty 3aJa4y IKCNEPTaM, €CJIH 3TO, KOHEUHO,
BO3MOXHO.

' EcTb ropa3ao 6onee 6bICTpble COCOObI BLIMHCIHTB k mod 1, 4eM MOBTOPHOE BLIYUTAHHUE!
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12.3.7. PeweHusa TecToBbiX 3agaHum 12.3-12.5

Pewenne TecroBoro 3aganuma 12.3

IIpaBuaLHbBIH 0TBeT: (a). XOTUTE BEPbTE, XOTHTE HET, HO BaM NOTpebyeTcs BCEro
23 yenoBeka B KOMHaTe, NMPEeX /e YeM BEPOATHOCTb NPUCYTCTBHS B Heil IBYX ue-
JIOBEK C OMHAKOBbIM HEM PoXIeHUs OyaeT paBHa UX OTCYTCTBHIO'. Bbl MoXeTe
cenath (MM MOCMOTPETb) COOTBETCTBYIOLLMI pacueT BEPOATHOCTH UM YOe ANTbCS
B 3TOM C MOMOLLbIO HEKOTOPbIX NPOCTbIX CUMYJISLIMA.

[Mpu Hanuuum 367 mopeii Oyaer cywectBoBath 100 %-Hblii WaHC, YTO ABa Yeno-
BeKa UMEIOT OAMHAKOBBIN JeHb poxcAeHUs (Mo NpuHUMny rony6ei u awukos). Ho
¢ 57 noabMH BEPOATHOCTb COCTABIISET yxe NpUMepHO 99 %. A co 1847 99,99...%
¢ 60NIbLIMM YUCIIOM JEBATOK B MEpHOAE.

BonbLIMHCTBO NoEel HAXOAAT OTBET NPOTHBOPEUMBLIM, BOT MOYEMY 3TOT NIPUMED
Ha3bIBAETCA MapaJOKCOM «IHs poXaeHHA»?. B Gosiee 0OLeM ciydae, Ha nJiaHeTe
C k IHAMM B KaXKI0M NOAy BEPOATHOCTb MOBTOPSIOLMXCS AHEH POXAEHHUS N0CTH-
raet 50 % ¢ O (Vk) noxbmu’.

PeweHnne TecroBoro 3agavma 12.4

IIpaBuabHbBIH 0TBeT: (T). ECIM KOHONUKTBI pELLAIOTCS C MOMOLUBIO CLIETUIEHHUS,
TO XeL-QYHKLHUA 4 XeLUUpYeT Kaxblii 00bEKT B OIMHAKOBYIO KOP3HHY: KOP3UHY 0.
Xew-tabnuua npeBpaliaeTcs B NPOCTOE peLleHHe Ha OCHOBE CBA3HBIX CMMCKOB
¢ BpemeHeM O (| S|), Heo6xoauMbIM AN onepaunu [TPOCMOTPET®.

B cnyuae oTkpbiTOl anpecaunu OyneM cuUMTaThb, YTO XelU-Tabnuua UCMONb3YeT
NUHeliHoe 30HAMpoBaHue. (Cutyauus 6ynet oAMHaKOBO J1st Gonee CNoXKHBIX CTpa-

' XopouwHii TPrOK 419 HE3aHYAHbIX BEYEPHHOK, CKaKeM, C 35 YHaCTHHKaMH Wi OKOJIO TOrO.

2 Ha3BaHHe «Mnapaaokc» He COBCEM HEMpaBMIBLHOE; 31€Ch HET HUKAKOro JIOTHYECKOro
NpOTHBOPEYHS, NPOCTO €lle OHA WIUTIOCTPALMs TOro, Kak Mo3r 60JbIIMHCTBA oaek
He npeaHa3HayeH UMETh XOpollee HHTYHTHBHOE MOHUMaHHE BEPOATHOCTH.

3 [IpHuYMHA COCTOMT B TOM, YTO 1 YeJIOBEK 00ECMEUMBAIOT He TOJLKO 7 BO3MOXHOCTEI

n
U1 MOBTOPAIOLUKXCSA [HEH POXKAEHHSA, HO H [2) = n?/2 pa3HbIX BO3MOXHOCTEH (M0 oA-

HOW anA Kaxkaoi nmapsel Jtoaei). JIBa yenoBeka WMEIOT OOHH W TOT XK€ AE€Hb POXKACHHS
C BEPOATHOCTBIO 1/k, M Bbl 0XkMAAEMO HaUYHETE BCTpeUYaTh KOUTM3HHU, KAK TOJILKO YHCI0
BO3MOXHOCTE KOMIM3Hii OyAeT NpUMEpHO PaBHO k (Npu n = @(\/; ).
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TEerui, Takux kak JBoiiHOe XewmnpoBaHue.) CuacTnuBbIi nepBblii 00bekT | S| Oyaer
3akpernuieH 3a no3uuuei 0 Maccusa, creayroluii 00bekT — 3a no3uuuei 1 1 Tak
nanee. Onepauus [TIPOCMOTPETH 3BOJIIOLLMOHUPYET B JIMHEHHbIH NOMCK MO NepBbIM
| S| no3uUKAM HEOTCOPTUPOBAHHOTO MacCUBa, KOTOpbIi TpebyeT BpemeHu O (| S|).

PeweHune TeCcToBoro 3aganma 12.5

IIpaBuabHbIEe 0TBeTHI: (B), (r). CinyyaiiHoe oToOpaxxeHue ($pyHkuus) us U
B {0, 1,2, ..., n— 1} npakTU4yecku npeacrasaseT coboii NpocMOTpoBYyIO TabnuLy
bl | Ul ¢ log, n 6uraMu Ha aneMeHT Tabnuubl. [1pu 6onbLuom yHuBepcyMe (kak
B 60/IbIUIMHCTBE MPUMEHEHHIA) O 3aMUCcH Takoi QyHKLMH MO0 ee OLlEHUBAHUH He
MOXET ObITb M peuH.

MbI MorH Obl NONBITaTLCA ONpeAeaHTh Xell-QYHKLHIO CUTYaTUBHO MO Mepe
HeoOXOAUMOCTH ee 3HaTh, 3aKperniss ciyyaiiHoe 3HaueHue 3a A (k) npu nepBoM
nosiBieHuH Kitoya k. Ho toraa oueHuBaHue /4 (k) TpebyeTt cHayana npoBepUTh, ObL
JI KJIIOY YK€ onpezeneH. DTo CBOAUTCS K MPOCMOTPY k B xell-Tabiuue, 4To Kak
pa3 U sABISETCSA 3a4a4eil, KOTOPYIO Mbl JO/DKHbBI PELLUTD!

*12.4. lononHUTenbHbIE AeTanu peann3auum

DTOT pa3nen npeaHasHaueH AJs yuTaTeneil, KOTopble XOTAT peajln30BaTh CBOIO
coOCTBEHHYIO Xel-Tabnuuy ¢ Hyns. B npoekTHpoBaHUU Xell-TabjuL HET 4y-
JOJeHCTBEHHOrO CPEACTBA, MO3TOMY Sl MOTY MPEATIOKUTb TOJILKO BbICOKOYpPOB-
HeBoe pykoBoAcTBO. Haubonee BakHbIMU ypokaMu sBnsioTcs: (i) ynpasieHue
3arpy3koit xew-tabnuusl; (ii) KCNoib30BaHHE XOPOLLO MPOTECTHPOBAHHOH CO-
BpeMeHHol xew-¢pyHKuuH; (iii) TecTUpoBaHHE HECKOJILKHUX KOHKYpPHPYOLIHX
peanu3auuii ¢ Lesblo onpeaeaeH!s Nyylleil U3 HUX )i Ballero KOHKpETHOro
NPUIIOXKEHUS.

12.4.1. 3arpy3ka npoTuB pe3ynbTaTUBHOCTH

Pe3ynbTaTHBHOCTD XeL-Tab ML bl CHUXKAETCS M0 Mepe YBEIHUEHHS €€ MOMYJISLUNH:
B CJlyyae CLeMIeHHs! CTMCKH KOpP3UH CTaHOBATCS JJIMHHEE; B Clly4Yae OTKPBITOi
ajpecalli CTAHOBUTCS CI0XKHee HaliTH MyCTYIo s4eiiky.
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3arpy3ka xew-tabnuubl

MBI H3MepsieM NonynsLMIo Xell-TabluLbl NOCPEJCTBOM €€ 3a2py3Ku:

9HCJI0 XPaHHUMBIX 00BEKTOB

3arpy3ka xew-Tabauunl = (12.1)

JJIHHa n MaCCHBa

Hanpumep, B xelu-tabnuue co cuenjeHreM 3arpyska npeacraiser coboii cpea-
HIOIO MOMYJALMIO B ONHOM M3 KOP3WUH Tab/HLBbI.

TECTOBOE 3A IAHHME 12.6

Kakas xew-TabnuuHas crpaterus Bo3MoxHa Ans 3arpy3ok 6onbuue 1?
a) Y cuennenue, U oTkpbiTas aapecauus.

6) Hu cuennenue, HM OTKpLITas aapecaLus.

B) Tonbko cuensieHue.

r) Tonbko oTkpbiTasi aapecauus.

(PewueHue 1 nosicHeHue cM. B pa3aene 12.4.5.)

Naeann3anpoBaHHasa pe3ynbTaTUBHOCTb CO CUENJIEHUEM

B xew-Tabauue co cuenneHuem Bpems BbINOJIHEHUS onepauuy [TIPOCMOTPETb UK
Y nanutb mMaclutabupyercs BMeCTe ¢ AJMHOM CMHUCKOB KOP3UH. B cueHapuu ans
Jy4uiero ciyyas xew-pyHkUUs pacnpeaenseT oobekTbl Mo KOp3UHaM paBHOMED-
Ho. C 3arpy3koi a 3TOT Hacau3UpPOBAHHbIH CLLEHApHIA NPUBOAMT K f a'| obbekTam
B pacueTe Ha kop3uHy'. Toraa onepauuu [POCMOTPETL WM Y JAUTE 3aHUMAIOT
Tomko O(a]) BPEMEHH, KaK M MOCTOAHHO-BPEMEHHbIE ONepaLuH, Npu YCIOBUH
uyto a = O(1)% IMockoabKy Xopoluue Xelu-pyHKUNHY pacnpeaensoT 60/bLUIMHCTBO

' dopma 3anucu[ x| 0603HauaeT PyHKUHIO «ceiling», KOTOpas OKPYIIIAET CBOI apryMeHT
BBEPX 10 GiKxaiilliero ueaoro yucna.

2 Msl NOTPyAWIHCH HAMKCATD 0([ a]) BMecTo O(a) TOJIbKO Ans 06paboTKH Ciyyas, koraa
o HaxoauTcs 6au3ko k 0. Bpems BbimonHEeHHA Kakaoii onepaunu Bceraa paBHo Q(1),
HE3aBHCHMO OT TOIO, HACKOJIbKO MaJla ot — €CJIW HET HUYEro JpYroro, CylecTBYeT OJHO
OLlEHHBaHHE Xell-(py HKLIHH, KOTOPOE O/DKHO YUHTBIBaTLCA. B kauecTBe anbTepHaTHBbI
BMECTO 0(]’ a]) Mbl MOITH 6b1 HanucaTs O(1 + a).
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HabopOB AaHHBIX MO KOP3MHAM NPUMEPHO PaBHOMEPHO, 3Ta pe3yJIbTaTUBHOCTb 1A
Jy4qiiero ciydas npUbIMKEHHO MOAKPENJISETCS NPaKTHYECKHMH peaiu3aunsamMu
xel-TabaML Ha OCHOBeE cLenieHus (C XxopoLueii xel-¢yHKLKHel U HenaTtonoruye-
CKHUMH JJaHHBIMH)',

Maeanu3npoBaHHas pe3ysibTaTUBHOCTb
C OTKPbLITOM appecaynen

B xeu-tabnuue ¢ oTKpbITOH agpecauueil BpeMs BbINONHEHUs onepauuu [1po-
CMOTPETb WM BCTABUTH MacliTabUpyeTcs BMECTE C YUCJIOM 30HAMPOBAHMIA,
HEeoOXOAMMBIX U1 OTbICKaHHS NycToit a4eiiku (160 uckoMoro obnekra). Koraa
3arpy3ka xeu-TabJMLbl paBHa @, 4acCTb O €€ 1Yeek 3anoNHEHa, a OCTaBLLUAACH YacTb
|1 — a sBnsgeTca nycToil. B cueHapum aist yuyllero ciiyyas Kaka0e 30HIWpOBaHHE
He B3aMMOAEHCTBYET C COAEPXXUMbIM Xell-Tabnuubl U UMeeT (1 — a)-i WwaHe
HaiiTH nycTylo aueiiky. B 3TOM HaeaM3MpOBaHHOM CLIEHAPUH 0XHAAEMOE YHCIIO
TpedyeMbiX 30HAMpoBaHK#i paBHO 1/(1 —a)2 Ecau a otaeneHo ot 1 — k npuMepy,
70 npoueHTaMH, — HAEANH3UPOBaHHOE BpeMs BbIMOJIHEHHS BCEX onepauuii co-
ctaBuT O(1). 3Ta ONTUMaNbHas pe3yabTaTUBHOCTb MPUOIMKEHHO MOAKPEIISETCS
NPaKTHYECKMMH Xell-Tabn1uam, pean30BaHHbIMH C IBOHHBIM XELLIMPOBaHUEM HITH

! TlpuBeneM MaTEMaTHYECKYIO apryMEHTALHIO AN YHTaTesNel, KOTOpPble MOMHAT OC-
HOBHBIE MOJIOXKEHHA U3 TEOPHH BEPOATHOCTEH. Xopollas Xeul-¢pyHKUHA HMHUTHPYET
ciyydaitHyio QYHKLHIO, MOITOMY MoiiieM Jaiee H NPEeAnonokHM, YTo Xell-GyHKuUHUS h
HE3aBHCHMO 3aKpEMnJIsSeT KaKIbIi KoY 3a OHOMH U3 7 KOP3UH PAaBHOMEPHO CJTy4aiHbIM
o6pa3oM. (CM. pasaen 12.6.1 ¢ nanbHeAIIMM 06CYKAEHHEM 3TOMO IBPUCTHYECKOTO
nonyiueHus.) [peanosioxkum, 4To KITI04YH BCEX 0OBEKTOB HE COBMAAAIOT M YTO KoY Kk
oToOpaxkaeTcs B NO3HLHIO | Yepe3 h. B paMkax Haluero aomylUeHHs AN Kax10ro BTOporo
Koua k', npeacTaBNeHHOro B Xell-Tab/uue, BEpOSTHOCTb TOrO, YTO A TaKkxke 0TOOpasuT
k' B no3uumio i, paBHa 1/n. B obLueii CNOXXHOCTH CBblllE | S| KIOY€H B COBOKYMHOCTH
JaHHBIX S, TO €CTb OKHAAEMOE YKCJIO KITIOYEH, KOTOPbIE AENAT MEXK Ty Co00i KOP3HHYy X,
paBHO | S|/n, TO €CTb YHCITy, KOTOPOE TaKXKe Ha3blBa€TCs 3arpy3koil a. (TeXHHYECKH
3TO CJIEAYyeT M3 IMHEHHOCTH MaTeMaTH4YeCKOro 0XKHIAHHA H «CXEMbI JEKOMMO3HLIUHY,
ONMCaHHOI B pasaene 5.5 nepgou yacmu.) [103TOMy 0XkMaaEMOE BPEMS BbIMOJHEHHS
onepauuu [IPOCMOTPETH 06beKT ¢ Kto4oM k pasHo O ([a]).

2 370 NOX0Xe Ha IKCMEPUMEHT C MoaAGPacbIBAHMEM MOHETBI: €CJIH MOHETA MMEET BEPOAT-
HOCTb p MPH3EMJIMTLCA «OPJIOM», TO KAaKOBO CPEIHEE YHCJIO NoAOpachiBaHH i, HEOOX0-
JUMBIX NS TOro, 4roObl YBUAETH BALLMX NEpBbIX «opaoB»? ([ng Hac p = | — a.) Kak
onHvcaHo B pa3aee 6.2 nepeoii yacmu — AK60 OTHILIMTE B «BUKHNEAHN» «reOMeTpH-
YeCKyI0 C/Ty4aiiHy 0 BETMYHHY » — OTBET paBeH 1/p.
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JpYTUMH U30LLPEHHBIMH 30HJKHBIMU NOCIE0BaTENbHOCTAMU. B cnyyae nuHeii-
HOrO 30HAWPOBaHHS 00BEKTHI UMEIOT TEHAEHLUIO COOMPAThCs B pacnoNOXKEHHbIE
noJpsAA A4YeiKu, 4TO MPUBOJMUT K 3aMeUIEHHIO BpeMeHH paboThl: rpy6o roBops,
1/(1 — a)?, naxe B Maeanu3upoBaHHOM ciyyae'. DTO MO-NpeXHEMY COCTARNSET
Bpems O (1) npu ycloBHH, UTO o 3HauUMTENbHO MeHbLue 100 %o.

Ta6nuua 12.3. UneannuanmpoBaHHan pesdyibTaTMBHOCTb xelw-Tabnuubl
KaK QYHKUMS OT ee 3arpy3kun a U ee cTpaTermm paspeLueHns KONInM3um?

Crparerus paspeweHus Uaeanu3npoBaHHOE BPEMS BbINONHEHNN
KONNN3NA onepauuun [IPOCMOTPETH
Cuennenue 0 (fa])
J1BoiiHOe xelwnpoBaHue o/l -a)
Jluneiinoe 30HaMpoBaHHe o/l -a)?)

12.4.2. YnpaBneHue 3arpy3kon
Bawewn xew-tadbnuubl

BcraBku v ynaneuus usMeHsot yucauress B (12.1), U ans Toro 4to6bl MATH B HOTY,
peanu3auus xew-Tabauubl 10DkHa OOHOBNATH 3HaMeHare b, XOpOLLUM 3MNUPHU-
4eCKHM MPaBUJIOM SABISETCS NEPUOANYECKOE H3MEHEHHE pa3Mepa XeL-TabIMuHOro
MaccuBa C LieJiblo, 4ToOb! 3arpy3ka Tabnuubl octaBanach Huxe 70 % (MM, Bo3-
MOXHO, 1a)Ke MEHbLLE, B 3aBUCUMOCTH OT NPUMEHEHHS U CTPaTEruu pa3peLLeHus
Konnu3uit). Toraa, npy HATMYKK NPaBUIbHO BbIOPaHHOI Xelu-(yHKLHH U HenaTo-
JIOrM4ecKUX AaHHbIX, Bce HauboJiee pacnpoCcTpaHeHHbIE CTpaTerun paspeLleHus
KOJUIM3UiA, KaK NpaBUJIO, MPUBOASAT K MOCTOAHHO-BPEMEHHbIM Xell-TablIHYHbIM
onepauusM.

! DToT BecbMa HEOUEBHIHDIH pe3yJIbTaT ObL1 BriepBble noiyyeH JJoHanbaoM 3. KHyToM,
POIOHaYaIbHHKOM aHa/In3a aJiIrOPMTMOB. DTO MPOM3BEJIO Ha HETO O0JBLLOE BrieYaTJIEHHE:
«1 Bnepsbie chopMyanHpoBa CedyOWHI BbIBOA B 1962 roay. C TeX nop aHaiu3 anro-
PHMTMOB CTan OAHOM M3 MaBHBIX TeM B Moeii kH3HH» ([JoHanba 3. KHyT. «MckyccTBO
NporpaMMHpOBaHHUA, T. 3 (2-e u3a.), ALaHCoH-Yacau, 1998, c. 536).

2 [lononHUTENbHBIE CBENEHHA O TOM, KaK pe3y/bTaTHBHOCTb pasHbIX CTpareruii paspe-
LUEHUSA KOJIJIH3HIA 3aBHCHT OT 3arpy3kH Xew-TabuLbl, CM. B G0HYCHBIX BHAEOPOJMKaX
Ha BeO-caiite www.algorithmsilluminated.org.
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Cawmblii npocToit cnoco6 peann3oBaTh U3MEHEHHE pasMepa MacCHBa — OTCIEXH-
BaThb 3arpy3Ky Tabauubl U NpH AOCTHXEHUU €10 70 % yaBauBaTbh YKCJIO 1 KOP3UH.
Bce 06bekThl 3aTEM NOBTOPHO XELIUPYIOTCSA B HOBYIO, Oosiee KPYyMHYIO Xell-
tabnauuy (koropas Tenepb UMeeT 3arpy3ky 35 %). [1pu HeobxoauMOCTH, ecliu
NOC/NeA0BaTeNbHOCTb YAaNeHHUi 3HAYUTENIbHO MOHWXKAET 3arpy3Ky, TO MacCHUB
MOXET ObITb COOTBETCTBEHHO YMEHbLIEH B pa3sMepe C LeNbi0 CIKOHOMUTB MpO-
CTPaHCTBO (BCE OCTalIbHbIE 00bEKTbI MOBTOPHO XELUMPYIOTCS B MEHbLLYIO TabnuLy).
Takue U3MeHeHUs pa3Mepa MOTyT 3aHUMaTh MHOTO BpEMEHH, HO B OOJIbLIMHCTBE
NpUIOKEHUH OHU MPOUCXOAAT HEHACTO.

12.4.3. BbiOop cBOoei xew-PyHKUUN

[TpoekTpoBaHKe xopolunx xew-dyHKLUUHA npeacTaBnseT cob0i CIOKHOE U TeM-
Hoe UCKyccTBO. OueHb JIerko MpeaiioXHTh BHELUHE pa3yMHO BbIMsAAsLIHE
xeul-QyHKLHH, KOTOpble B UTOre OKa3bIBalOTCA C HEOONbLIMMH U3bSHAMU, UTO
NPUBOANT K HU3KOH pe3ynbTaTMBHOCTH Xew-Tabnuubl. [lo 3ToH npuunHe s He
COBETYIO CO3/1aBaTh CBOU COOCTBEHHbIE Xell-pyHKUHHU ¢ Hynd. K cuacTblo, psaa
YMHbIX NPOrpaMMHUCTOB pa3paboTaly LUKPOKHUI CHEKTP XOPOLIO MPOTECTUPO-
BaHHbIX M OOLLENOCTYNHbIX Xell-QYHKLHIi, KOTOpbIE Bbl MOXETE UCMOJb30BaTh
B cBOeii pabore.

K kakoit xew-¢yHkunn npuberHyts? 3agaiiTe 3TOT BONpPOC AECATH MPOrpam-
MHCTaM, H Bbl MOJYYHTE MUHUMYM OAMHHAALATb pa3HbIX O0TBETOB. [10CKONBKY
pa3Hbie xeul-QyHKLUHH OKa3biBalOTCs B Gosiee 61aronpusTHOM NOJOXKEHUHU Ha
pa3HbIX pacrnpeieneHusX NaHHbIX, CIEAYET BbIMONHATb COMOCTaBIEHHE pe-
3yJIbTATUBHOCTH HECKOJIbKUX COBPEMEHHBIX Xell-GyHKLHUA B CBOEM KOHKPET-
HOM MPHIJIOXKEHUU U cpelie BbINOAHEHHUsS. Ha MOMEHT HanMcaHus 3TOH KHHUIH
(8 2018 roay) xeuw-¢pyHKLHUHU, KOTOPbIE ABJAIOTCA XOpOLLUE OTNPABHOMH TOUKOH
ANs AanbHeHLlero u3y4eHus, BKIOYaloT FarmHash, MurmurHash3, SpookyHash
M MDS. Bce oHM ABAAIOTCA Hekpunmozpaguueckumu xew-QyHKUUAMH U He
npeaHa3HaueHbl AJis 3aLUMThI OT BpaxkAeOHbIX aTak, nofo6HbIX aTakam Kpocou
u Yonnaxa (cM. cHocky | Ha c. 218)'. Kpunmozpaguueckue xeu-pyHKUNH
CJIOXKHEE U MeJIEHHEE OLIEHUBAIOTCS, YEM UX HEKpUnTorpaguyeckue aHanorH,

! Xew-¢yHKuusa MDS H3HaualbHO Oblia pa3paboTaHa kak kpunTorpaduueckas xell-

GyHKLHS, HO OHa GoJblle He CuUTaeTCa 6e30MacHoi.
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HO 3aTO OHHM 3aLUMLIAIOT OT TakUX aTtak'. Xopouuei oTnpaBHOM TOYKOM ABNAET-
cs xew-QyHKUHUsA SHA-1 U ee Gosiee COBpEMEHHbIE POACTBEHHHKH, TaKHe Kak
SHA-256.

12.4.4. BuibGop cTpaTerumn
pa3peLweHns KONTN3nun

Yro nyulue ucnonb3oBaTh 11 pa3peLleHUs KOMIU3UHA: CLENIEHHE UITH OTKPBITYIO
azpecauuio? Yro nyuuie UCNoNb30BaTh B Cly4ae OTKPbITOH afpecauuu: JHUHEH-
HOE 30HAMpOBaHHE, 1BOHHOE XeLUPOBaHUE UK 4To-TO eule? Kak o6b1uHO, koraa
s NpeACTaBJIAI0 BaM HECKOJbKO peLleHH 3a1auH, OTBETOM OyeT «CMOTps no 06-
crostenscTBaM». Hanpumep, cuennexue 3aHumaet 6obLue MECTA, YEM OTKpbITast
aapecaums (0711 XpaHeHUs ykasaresieil B CBA3HbIX CIIUCKAX), MO3TOMY MOCIEAHSSA
MOXeT ObITb NpeANOUTHTENIbHEE, KOr1a NPOCTPAHCTBO SBJSAETCS NEPBOOYEPEIHOM
npo6nemMoii. Peanu3auus ynaneHuii BbIMOJHAETCS CIOXHEE C OTKpBITOH aape-
cauuei, 4eM CO CLENJIEHHEM, MO3TOMY BTOPOE MOXKET ObITb NPEANOYTHTENbHEE
B MPUIOKEHUAX C OONbILUM YUCIIOM YAATEHHIA.

CpaBHUBaThL JIHHEHOE 30HAMPOBaHHKE ¢ 6oiee COXKHBIMHM pealu3aursiMHi Ha Oc-
HOBE OTKPBITOH agpecaunu, TAKUMH KaK ABOHHOE XeLIMPOBAHHE, TAKXKE HEMPOCTO.
JluHeiiHOE 30HAMPOBAHWE NMPUBOAUT K GOJbLUWM CKOMJIEHUAM PacroiokeHHbIX
noaps 06 bEKTOB B Xel-TabnuLe H, Cie10BaTelbHO, K 60JIbLIEMY YUCITy 30HAMPO-
BaHUii, yeM B 60Jiee U30OLIPEHHbIX MOAX0AAX; OJAHAKO 3Ta CTOUMOCTb MOXET ObITh
KOMIEHCHPOBaHa ero ApY>KeCTBEHHbIM B3aMMOJAEHCTBUEM C Hepapxued namsTu
B cpele BbinonHeHus. Kak v npu Bbibope xelu-gyHKUWH, B Clly4ae KPUTHUECKH
BOXHOMO MCXO/IHOMO KOJIa HUYTO HE MOXKET 3aMEHUTb NPOrpaMMHPOBaHHE HECKOJIb-
KMX KOHKYPHPYIOLLMX peanu3aumnii 1 HabmoaeH e 3a TeM, Kakoe M3 HUX Jiyulle
BCEro MOAXOAMT JJ1s1 BALLErO MPUIIOXKEHHS.

! Bce xew-¢yHKUHH, naxe KpUnTorpagpu4eckue, HMEIOT Maranornieckie COBOKYMHO-

CTH AaHHbIX (pa3aen 12.3.6). Kpuntorpapuyeckue xeul-¢gyHKUMH 06/1a0al0T 0COObIM
CBOICTBOM, KOTOPOE COCTOHMT B TOM, YTO PEKOHCTPYHPOBATh MAaTOJIOrHYECKUit HaGop
JaHHbIX BbIYUCITHTENBHO HEBBIMOIHHMO, B TOM XK€ CMBICJIE, YTO haKTOpH3aLHA GONbLIMX
LENbIX YUCEN H BIIOM KPHNTOCHCTEMBI C MYOIIMUHBIM K1IOYOM RSA BBIYMCIIUTENBHO
HEBBIMNOIHHMBI.
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12.4.5. PeweHue tectosoro 3apnaHma 12.6

IIpaBuabHbli oTBeT: (B). [TockosbKy xell-TaGauubl ¢ OTKPbITOH aapecauuei
XpaHAT He 6oJiee oqHOro o6bekTa B pacyeTe Ha NO3ULMIO B MACCHUBE, Y HUX HU-
Koraa He MoXeT ObITb 3arpy3ku 6osblie 1. Kak Tosibko 3arpy3ka crana paBHoii 1,
BCTaBUTb 00JIbLle 0OBEKTOB YKE H € NONyUHTCS.

B xew-Tabnuuy co cuenneHHeM MOXeT ObITb BCTARIEHO MPOU3BOJLHOE YMCIIO
00BEKTOB, XOTS €€ pe3yJIbTaTUBHOCTb CHHXKAETCS MO Mepe BCTaBKH Oobluero
yucna oobekToB. Hanpumep, ecniv 3arpyska pasHa 100, To cpeHss AJIMHa cniucka
KOp3HHbI ToXe paBHa 100.

12.5. ®unbTpbl BNyma: ocHoBbI

Dunemper Bayma aBnsoTcs 6IM3KUMH poACTBEHHHKaMU Xelu-Tabnuy'. OHU oueHb
KOMIMAKTHbI, HO B3aMeH NepHOANYECKH enatoT olunbku. B naHHOM pa3zaene naercs
On1caHHe Toro, 4eM xopoluu GpunsTpbl biryma v kak OHH peau3ytoTcs, B TO BpeMs
Kak pazaen 12.6 nznaraer kpuByIO KOMIIPOMHCCa MeX Iy 00bEMOM HCNONB3YEMOro
(uABTPOM NPOCTpaHCTBA U €r0 YaCTOTOH OLIKMOOK.

12.5.1. NoanepxuBaemMbie onepauum

[MpuuunHa cyuiectBoBaHus GunbTpoB biyma no cyuiecTBy Takas ke, Kak U y XeLl-
Tabnuubl: cBepXObICTpPblE ONepallHy BCTaBKH U NPOCMOTPa, 61aroAaps KOTOpbIM
Bbl MOXKeTe ObICTPO BCIOMHHTB, YTO Bbl BUAEH, @ 4TO HeT. [loueMy Hac aomkHa
6ecnokouTb Apyras CTpPYKTypa JaHHbIX C TEM Xe MHOXeCTBOM onepauuii? [Toromy
uto ¢pubTpbl BiiyMa npeanouTuTenbHee xel-TadauL B NPHIOKEHUAX, B KOTOPbIX
MPOCTPaHCTBO LIEHUTCS Ha BEC 30J10Ta, U Cily4aiiHas oLnbKa He SRIsSeTCs NoMexoid
IS CAENKH.

! Ha3BaHbl B 4eCTb HX H300peTaTens, cM. padoty «Space/Time Trade-offs in Hash
Coding with Allowable Errors» («KoMnpoMHcchl MpoCTpaHCTBa/BPEMEHH B Xell-
KOAMPOBAHHH C A0OMYCTHMbIMH OWHOKaMWy) bepmona X. bayma (Communications
of the ACM, 1970).
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Kak u xew-tabnuupl ¢ oTkpbiTOl anpecauueii, GbunsTpsl Biyma ropasno npoiue
peain30BaTh U NPeACTABUTb B YME, KOria OHH MOJAEPXKUBAIOT TOJNbKO ONepauny
BcTaButh U [TPOCMOTPETH (M 6€3 onepauuu Y 1AnuTh). Mbl cOCpeaoToOuUMCS Ha
3TOM cllyuae.

OUIIbTPbI BJIYMA: NOAAEP)XUBAEMBIE ONMEPALIMH
[1POCMOTPETH: MO KJIKOUY k BEpHY Tb «1a», €CJIU k ObL11 paHee BCTaBlleH
B ounbTp ByMa, U «HeT» — B MPOTHBHOM Clly4ae.

BcTABUTE: 106aBUTH HOBbIH K10 & B punibTp Bayma.

®unbtpbl biyma aBnsiOTCS 04eHb MPOCTPAHCTBEHHO-3(PEKTUBHBIMU; B TUMHY-
HOM cllyyae OHM MOTYT NoTpeboBaTh Bcero 8§ OMT Ha BCTaBKy. DTO AOBOJbHO He-
BEPOATHO, Tak Kak 8 6GMT COBEpLUEHHO HEAOCTATOUHO, AJIS TOMO YTOObI 3aMOMHHUTD
naxe 32-OMTHBIH KoY MM yka3aTelb Ha o6bekT! [0 3Toi npuuMHe onepauus
[TrocMOTPETL B puAbTpe Bayma Bo3BpallaeT TONbKO OTBET «Aa» / «HETY, Toraa
Kak B xell-TabiMue AaHHas onepauus BO3BpallaeT ykazaTelb HA UCKOMbIH 00b-
eKT (ecnu oH HaiiaeH). UMeHHO no3ToMy onepauus BCTABUTH Tenepb NpUHUMAET
TONbKO KJIIOY, @ He (yKa3are/ib Ha) OOBbeKT.

B oranuue ot Bcex Apyrux M3yueHHbIX HAMH CTPYKTYPp AaHHbIX ¢uabTpel bayma
moryT owunbarbes. CyluecTByeT ABa BMJa OLIMOOK: JIOXKHbIE OTPULIAHUS, KOrja
onepauus [NPOCMOTPETb BO3BpALUAET «JI0XKbY, [JaXe €CJU 3anpallMBaeMbli ko4
ObLn y)ke BCTaRNEH paHee, U JIOKHbIE YTBEPXKACHHUS (MM cpabaTbiBaHus), Koraa
onepauus [TPOCMOTPETh BO3BpALLAET KUCTUHY», XOTA 3aMpalliiBaeMblii KIOY eLle
He ObL1 BCTam/eH B npouiioM. B pa3aene 12.5.3 Mbl yBUaANM, uTO 6a30Bble GHIb-
Tpbl BiiyMa HMKOra He CTPAJaloT OT JIOXKHbIX OTPULIAHUIH, HO OHU MOTYT UMETb
«(aHTOMHbIE 3NIEMEHTBI» B BUAE JIOXKHBIX yTBepKAeHHUH. B pa3aene 12.6 nokasaHo,
YTO YaCTOTOM NOXHbBIX YTBEPXKAEHUI MOXKHO YNpaBisTh, COOTBETCTBYHOLLMM 00-
pa3oM HaCTpauBas UCMOAb30BAHKHE NPOCTpaHCTBa. TUNHYHAA peanu3aums ¢punsTpa
Bnyma moxeT umeTs yactoty owmbok okoo 1 % imbo 0,1 %.

BpeMena BoinonHeHus onepauuii BCTABUTL U [IPOCMOTPETS SBNSAIOTCSA TAKUMH XKe
ObICTPBbIMH, Kak U B Xell-Tabnuue. M naxe nyulue, 3T onepaurn 2apaHmupoeaHHo
BbIMONHAIOTCA B NOCTOAHHOM BpEMEHHU, HE3aBUCUMO OT peain3aumuu ¢punsrpa biy-
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Ma ¥ Habopa naHHbIX'. O1HaKO peann3auns U Habop JaHHbIX BIUSAIOT HAa YaCTOTY
ownbok ¢punbTpa.

[Moasenem UToru NpeuMyLLEeCTB U HeaOCTaTKOB QUALTPOB biyma Hag xeuw-
Tabnuuamu:

OUJIbTP BJ1YMA MMPOTUB XELI-TABJIMLbI
1. ILmockl: 6onee npocTpaHCTBEHHO-3P(EKTHBHBII.

2. ILmocsr: rapaHTUpOBAHHO MOCTOAHHO-BPEMEHHbBIE ONnEpalUn aJis
KaXX0i COBOKYIMHOCTH NaHHbIX.

3. MuHycbI: HE MOXKET XpaHUTb YKa3aTe/d Ha OObEKThI.

4. MuHycol: Gosiee ClOXHbIe yAaneHUss B CPaBHEHUH C Xell-
Tabnuuei co cuenieHneM.

5. MuHychbl: HeHyleBas BEPOATHOCTb JI0XKHOTO yTBEPXKACHHUS.

[MepeueHb nokasareneit ais 6a30Bbix GUILTPOB BiiyMa BbIMISAAUT CliefyOLIMM
obpazom.

Ta6nuua 12.4. 6aszosble GUNLTPLI Bayma: noaaepxusBaembie onepaunmn u Bpems
MX BbiNONHEeHUR. 3HaK knHxana (1) ykasbisaeT Ha To, 4To onepauus [IPOCMOTPETH
UMeeT YNpaBisieMylo, HO HEHYNEBYIO BEPORTHOCTb NOXHbIX YTBEPXAEHUNA

Onepauus Bpemsn BbinonHEeHUR

ITPOCMOTPETb ot

BcTABHTH o)

OunbTpsbl biiyma crieayeT Mcnonb3oBaTh BMECTO Xel-TabJML B MPUIIOKEHUSX,
B KOTOpPbIX UMEIOT 3HAYEHHUE UX NMPEUMYLIECTBA, @ UX HEJOCTATKU HE ABIAIOTCA
nomexoi aJis caesiKH.

! TlpH ycnoBHH, 4TO OLIEHHBaHHS Xell-QyHKLUHH 3aHUMAIOT MOCTOSHHOE BPEMA H uYTO

YHCJI0 OUT ABNAETCA NOCTOAHHBIM B pacueTe Ha BCTaBJICHHBIM KJIIOY.
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KOr 1A UCNOJIb30OBATbh ®UJILTP BJIIYMA

Ecnu npunoxeHuto Tpedyetcs ObICTpbIi MOMCK ¢ AUHAMHYECKH 3BO-
NOUMOHUPYIOLLMM MHOXECTBOM OOBEKTOB, MPOCTPAHCTBO LIEHUTCS
Ha BeC 30/10Ta M NPUEMJIEMO MaJioe YUCJIO JIOKHBIX YTBEPXKAEHHI,

T0 OunbTp biiyMa 06bIYHO ABNISETCA NPEANOUTHTENLHON CTPYKTY PO
AaHHbIX.

12.5.2. NpumeHeHus

Janee uayT Tpu NpUMEHEHUS C MOBTOPHLIMU NPOCMOTpPaMH, Il IKOHOMHS Mpo-
CTPaHCTBA MOXeET ObITb Ba)XKHO#, a IOKHbIE YTBEPXKIAEHHUS HE SBISAIOTCSA MOMEXOH
NS CAENKH.

Cneanuyekepsl. Eue B 1970-x rogax ¢unstpbl bnyMa ucnonb3oBanuce ans
peanu3auuu cpeAcTB npoBepku opdorpaduu — cnenndekepos. Ha srane
npeno6bpaboTku KaXKaoe CNOBO B CloBape BcTaBasercs B punstp bayma. Opdo-
rpaduueckas npoBepka JOKYMEHTa CBOAUTCA K OAHOH onepauuu [TPOCMOTPETh
Ha CI0BO B JOKYMEHTE, nomeuas nobble CJI0Ba, A1 KOTOPbIX JaHHas Onepauus
BO3BpALLAET «HETY.

B 3TOM npunoxxeHUH NOXHOE YTBEPKAEHUE COOTBETCTBYET HEAOMYCTUMOMY
CNIOBY, KOTOpOE CreJlyeKkep HempeAHaMePEHHO NpUHUMaeT. Takue oMOkH He
Jlenajy cnesutuekepbl naeanbHbIMU. OaHako B Hayase 1970-x roaoB npocTpaHCTBO
LIEHHJIOCb Ha BEC 30J10Ta, 03TOMY B TO BpeMs Mcnonb3oBaHue ¢unsTpoB bayma
6b1110 GecnpourpbILHO cTpareruei.

3anpewenHsble napoan. Ctapoe npujioxeHue, KOTOPOE OCTAETCH aKTyallbHbIM
110 Cero Hs, OTCNIeXKUBAET 3aMpeLleHHbIE NapoJi — NapoJH, KOTOpPble CIULLKOM
pacnpocTpaHeHbl TM00 HX CIULLKOM JIerko yraaars. M3HauanbHo Bee 3anpelueHHble
naponu BcrasysitoTes B GunbTp Biiyma; nononHutenbHble 3anpelueHHble Napoiu
MOryT ObITb BCTaBlEHbI MO3Ke, Mo Mepe HeobxoaumocTu. Koraa nonb3oBarens
nbiTaeTcs YCTAHOBUTb NMO0 cOPOCUTBL CBOI Maposib, TO CHCTEMa MLLUET Npej-
NoxxeHHbIH naponb B punbrpe biyMa. Eciu nouck Bo3BpallaeT «aa», TO MoJib-
30BaTeNO Npeanaraercs NOBTOPUTh MOMbITKY € APYTMM naposieM. 31ech JIoKHOoe
YTBEPXAEHUE TPAHCIUPYETCs B NPOUHBIH Napoib, KOTOPbIi CUCTEMA OTKIIOHSET.
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[Tpu ycnoBuu, 4TO 4acToTa OLUMOOK HE CMILKOM BelMKa, ckaxkeM He Oonee 1 %
60 0,1 %, 3To He UMeeT 6oNbLLLIOIO 3HauUeHUs. Bpems OT BpeMeHH HEKOTOPbIM
noNb30BaTeNIsM NOTpedyeTcs ofHA AOMOJHUTENbHAs MONbITKAa HalTH Napob,
MPUEMJIEMbIH 1715 CHCTEMBI.

HHTepHeT-MapIpyTH3aTOPbI. P cCHOrcuMbaTenbHbIX CEroAHALIHUX NMpUMe-
HeHu#t punbTpoB biyma MMeloT MecTo B yOU HHTEpHETA, Fe MaKeTbl JaHHbIX
NPOXOAAT Yepe3 MapLUPYTH3aTOPbl C MOTOKOBO# CkopocThbio. CyLIecTByeT MHOrO
MPHUYMH, MOYEMY MapLIPYTH3aTOp MOr Obl 3aXOTETh GBICTPO BCMIOMHUTb TO, YTO
OH BUAeN B npolujoM. Hanpumep, MapLipyTH3aTOp MOXET 3aXOTETb HalTH UC-
TokoBbli [P-aapec nakera B cnucke 3abnokupoBaHHbix [P-agpecoB, oTcneauTb
coepXXUMoe KaLlua, IJs TOro 4rodbl U36exaThb MapasuTHLIX MPOCMOTPOB KILIA,
MJIM BECTH CTaTHUCTHKY, MOMOTaioLLy0 B MAEHTH(PUKALMN CETEBOI araku «0Tka3
B 06cnyxuBaHuu». CKOPOCTb MOCTYNJIEHUS NMaKeTOB TPeOyeT cBepXObICTPhIX
NpPOCMOTPOB, a OTpPaHHYEHHAs NaMATh MapLUPyTH3aTopa JeflaeT NPOCTPaHCTBO
Ha BeC 30J10Ta. DTH NPUMEHEHHs HAXOAATCS B MPAMOM BeAeHUH ¢puibTpa biyma.

12.5.3. Peanu3auusa

3arisHyB BHYTpb ¢unbTpa biyma, MOXKHO YBHIETb 3JIETaHTHYIO peanu3auMmio.
CTpyKTypa JaHHBIX NOAJEPHKUBAET n-OUTOBYIO CTPOKY MJIHM, paBHbIM 00pa3oM,
MaccuB A JIMHbI 1, B KOTOPOM KaXKAabli 351eMeHT paBeH 0 uiu 1. (Bce anemMeHTbI
MHULUMANU3UPYIOTCA HyNeM.) JlaHHas CTPYKTypa Takxke UCNONb3yeT m Xell-
&yHKuuii hy, h,, ..., h,,, TpHU 3TOM Kaxcaas oToOpakaeT yHHBepCYM U BceX BO3MOX-
HbIX Koueii B MHOXecTBO {0, 1, 2, ..., n — 1} no3uuuii B Maccuse. [lapameTp m
NPONOpLUHOHAJIEH YUCITY OUT, UcTonb3yeMbIx GuibTpoM biiyMa uist BcTaBk, H, kak
npaBuIo, SBASETCA Malloi KOHCTAHTOM (HanpuMmep, 5)'.

! B pasgenax 12.3.6 u 12.4.3 conepxarcs ykasaHus no Beicopy oaHOi# xel-¢yHkuuH. CHo-
CKa Ha C. 214 onMChIBAET AelleBbIii H CEPAMTHIN CNOCO6 MONTyueHHs ABYX Xell-(yHKLHH
M3 OZIHOIA; Ta XK€ HeA MOXKET ObITh HCMOJIb30BAHA A1 MONYUYEHHA m Xell-GyHKUHH U3
OOHOM. AJIbTEPHATUBHbIH MOAX0A, 00YCJIOB/IEHHBIH ABOHHBIM XEIUIMPOBAHHEM, 3aKITHO-
yaeTcs B MCMOJB30BaHHHU ABYX Xell-pYHKUMIA & W h' nna onpeneneHus hy, h,, ..., h, no
dopmyane h (k) = (h(k) + (i — 1) x h'(k)) mod n.
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Bcesiknid pas, koraa kitou Bctasnsietcst B GuabTp biyma, kakaas u3 m xew-QyHkuui
CTaBHT ¢1ar, yCTaHaBJIMBas COOTBETCTBYIOLINI OUT MaccuBa 4 paBHBIM 1.

OUJIBTP BJIYMA: BCTABUTbD (ITO KJIIOYY k)
fori=1tomdo

Alh(k)] =1

Hanpumep, ecin m = 3 u h,(k) = 23, hy(k) = 17 u hy(k) = 5, BcTaBka k npuBo-
JIUT K TOMY, uTO 5-H, 17-# H 23-i OMTHI MaccHBa YCTaHARIUBAIOTCA PaBHbIMHU |
(puc. 12.5).

[TT1-T]

CITTTTTITTI-TTTT]

Puc. 12.5. Bcraska HoBoro kiioya k B dunetp Bnyma yctaHasnusaeT 6UThI
8 no3uumu h,(k), ..., h, (k) paBHbiMK 1

B onepauuu IMPocMOTPETh GuIBTp BilyMa OTbICKMBaET OTNEYaToK, KOTOPbIit MOT
Obl ocTaTbCs MU BCTaBKE k.
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OUJILTP BJIYMA: NIPOCMOTPETD (110 KJIKOYY £)
fori=1tomdo
if A[h;(k)] = 0 then
return «HeT»

return «aa»

s

Tenepb Mbl MOXKeM yBUAETb, NOueMy GHIILTPLI BiiyMa He MOryT cTpangath OT 10X-
HbIX oTpuuaHuii. Koraa kitou k BcTaBisieTCs, COOTBETCTBYIOLLME m OUT ycTaHaB-
JIMBaIOTCS paBHbIMU 1. 3a BpeMst xu3HH punbTpa biiyma 6UTBI MOTYT MEHSITH CBOE
3HauyeHue ¢ 0 Ha 1, HO He Hao6opoT. TeM caMbIM 3TH m GUT ocTatoTcs | HaBceraa.
Kaxcpast nocnenyrouias onepauust [TPOCMOTPETb k rapaHTHPOBAaHHO BO3BpalLaeT
NpaBUIbHBIN OTBET «Ja».

MBI Takxke MOXXeM YBHETb, Kak BO3HHKAIOT JIOKHble yTBepXkaAeHus. [peanono-
XXMM, UTO m = 3 ¥ yeThIpe KJtoua k,, k,, k;, k, UMEIOT ClleiyIoLLMe XeLu-3HaueHHs:

Koy 3Hauenue h, 3Hauvenue h, 3Hauenue h,
k, 23 17 5
k, 5 48 12
k, 37 8 17
k, 32 23 2

[Tpeanonoxum, uTo Mel BCTaBnseM k,, k,, k,u k, B unstp Bniyma (puc. 12.6). Ot
TPH BCTaBKH B OOLLEH CIIOXKHOCTH MPUBOISAT K TOMY, UTO J€BATb OMT yCTaHaBJIHU-
BalOTCA paBHbIMU |, BKJOYas Tpu OuTa B oTnevarke kntoya k, (5, 17 u 23). Ha
3ToM 3tane ¢uisTp biyma Gonblie He MOXET pa3nnyarhb, OblT UM HET BCTAaBEH
KJoY k,. Jlaxke ecnu k, He Oblal BCTaB/IEH B QUIILTP, NOUCK BEPHET «a», 4TO AB-
JISIeTCS JIOKHBIM YTBEPXKAEHUEM.

HHTYUTHBHO MOXKHO NPEANOJI0XKHTb, YTO C YBEJIMUEHHEM pa3Mepa n ¢punsrpa biy-
Ma YMCJIO HAIOXKEHUH MeX< Iy OTIeYaTKaMH pasHbIX KJHOYeH 10DKHO yMEHbLLATHCH,
4TO, B CBOKO OUY€pe/lb, MPUBOAUT K MEHbLIEMY YHUCIY JIOKHbIX YTBEpXAeHHid. Ho
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nepBoouepeiHas Lenb GunbsTpa biyMa — akoHOMUTL NnpocTpaHcTBO. CylecTByeT
JI 30JI0Tas CEpPeiMHa, Te U 1, U YaCTOTa JIOKHBIX YTBEpXKAEHHH OJHOBPEMEHHO
manbl? OTBET He OYeBUAEH U TpebyeT HEKOTOPOro MaTeMaTHYeCKOro aHanu3a,
NpeANpHUHATOro B CliefyioLleM Janee paszene’.

k4
hy(k,)

ha(k‘l)/’/ h

e ’ ) k

k1 x.';:‘.f’.z_({‘.'?..__ ?
iy il
hy(k,)

k2

Puc. 12.6. loxHbie yTBepxaeHus: dpunsTp Bnyma MoxeT cogepxaTb 0Tnevarok
Knio4a k,, Aaxe ecnm k, HAKOrAa He BCTaBNANCH

*12.6. ®unbrp Bnyma:
3BPUCTUYECKMIA aHaANU3

Llenb 3Toro paszaena — MOHATH KOJIMUYECTBEHHBIH KOMIPOMHCC Mexay notpede-
HHEM MPOCTPAHCTBA U YaCTOTOM NOXKHBIX yTBepxAeHUH punbTpa biyma. MHbIMKU

! BHumaHue, cnoiutep! OteeT — na. Hanpumep, HCnoib30BaHUe 8 GUT B pacueTe Ha KoY
00BbIYHO MPHUBOIMT K JIOXKHOMY YTBEPXKAEHHIO C BEPOATHOCTBIO MPUMEPHO 2 % (NMpH
YCJI0BMH XOPOLLO NPOAYMAHHbIX Xell-¢pyHKUHI A H HENATOMIOrHYE€CKOH COBOKY MHOCTH
JaHHbIX).
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CJI0BaMH, HACKOJIbKO ObICTPO YMEHBLLAETCS YaCTOTA JIOKHBIX YTBEpxk A HUM PUJIb-
Tpa bayma kak GyHKUHMs OT AIMHBI €ro MaccuBa?

Eciu ¢uneTp Biyma ucnonb3yet GUTOBBI MacCHB JUIMHOM 1 M XpaHUT MHOXe-
CTBO S KJIIOU€ (OTMEYaTKH 3TOr0 MHOXECTBA), TO XpaHHIMLLE B GUTaX B pacyeTe
Ha KJIOY COCTaB/IsAeT

b=—
||
Hac uHTepecyet cnyuaii, koraa b MeHblie, YeM Yuco OUT, HEOOXOAUMBIX AJist

SBHOIO XpaHEHH$ KJII0Ya MM YKasaTess Ha 00beKT (KOTOpbIi, kak npaBuio, > 32).
Hanpumep, b MoxeT ObiTb paBHO 8 uiu 16.

12.6.1. IBpucTuyeckue aonywieHus

CBsi3b MeX Y XpaHHIIMLLEM KTloueil b U 4acTOTOMN NOXKHBIX yTBEpXAEHHH He TaK
Nerko yranath, U ee BblpaboTka TpebyeT HEKOTOPbIX BEPOSTHOCTHBIX PacyeToB.
Jns TOro YToObl UX MOHATH, BAM HYXHO BCIOMHUTb U3 TEOPHU BEPOSTHOCTEMH
TOMbKO BOT 3TO:

Beposmiocn, BO3HMKHOBCHHUS ABYX HE3aBUCHUMbIX CoObITHIA paBHa
MPOU3BEACHUIO UX BepOﬂTHOCTeﬁ.

Hanpumep, BeposATHOCTb TOr0, UTO 1Ba HE3aBUCUMBIX GpPOCKa MPaBHIILHOIO Lie-
CTUrpaHHOro KyOHka JaayT «4», 3a KOTOPbIM NOCJIEAYyeT HEYETHOE YUCIIO0, paBHA
1/6 x 3/6 = 1/12'.

Jnst ynpoLieHus BbIYUCIIEHHS Mbl ClIEIaeM [1Ba HEONPaBJAHHbIX AONYLUEHUS — Te
e CaMble, KOTOpbIE Mbl UCIOJIL30BAJIM MPU NPOXOXAEHUH IBPUCTUUECKOrO aHaIU3a
pe3ybTaTUBHOCTH xew-tabnuy (pasaen 12.4.1).

' JIoMONHHUTENbHYIO 06LLYI0 HHHOPMAUHIO O TEOPHH BEPOATHOCTEN CM. B MPHIIOKE-
HUH b nepeoii yacmu nn60 B BUKU-CNPaBOYHHUKE MO AUCKPETHOMH BEPOATHOCTH (https://
en.wikibooks.org/wiki/High_School_Mathematics_Extensions/Discrete_Probability).
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HEOBOCHOBAHHBIE JONMYWEHUA

1. Jins kaxnaoro kmoya k € U B COBOKYNHOCTH JaHHbIX M XeLl-
¢dyHkuunu h, dunsTpa bayma h, (k) aBnsercs paBHOMEpPHO pacrnpe-
JIeNIEHHbIM, MPUYEM KaXKaas U3 1 No3uLHii B MacCHBE ABJSETCS
PaBHOBEPOSATHOM.

2. Bce h,(k), oxBarbiBatoLue Bee KiouH k € U u xew-dpyHkuuH h,,
hy, ..., h,,, SBIAIOTCS HE3aBUCUMBIMH CITy4aiiHbIMU BENHYHHAMH.

[lepBoe nonylueH1e rOBOPHUT, YTO A KAXAOrO Kitoua k, Kk 10H Xelu-QyHKUHH A,
1 kaxcaoit nosuuuu g € {0, 1, 2, ..., n — 1} B MaccuBe BEpPOATHOCTb TOTO, YTO
h,(k) = q paBHa B TO4HOCTH 1/n. U3 BTOPOro 10NyLUEHHS BLITEKAET, YTO BEPOSATHOCTD
TOrO, uTO A(k)) = g, @ Takxe h(k,) = r, paBHa NPOM3BEAEHUIO MHAMBUAYATbHbIX
BEPOATHOCTEH, Takke paccunTbiBaeMas kak 1/n?.

O6a nonyuueHus Ob1iu Obl NPaBOMEPHBI, €CJIH Obl Mbl CTyyaiiHO BEIOUpaNH KaXaYI0
13 xew-pyHkuuit unsrpa Biyma He3aBUCHMO OT MHOXECTBA BCEX BO3MOXHbIX
xeul-pyHkuuii, kak B paszaene 12.3.6. [TonHocTblo ciyyaiiHble Xew-QyHKUHH
Hepeanu3yembl (HAaMOMHUM TECTOBOE 3adaHue 12.5), no3ToMy Ha MpaKkTHKE UC-
nonb3yercs QUKCUPOBaHHas, «cayyaiHO-noao0Has» GyHKUHS. ITO 03HAYAET, YTO
B JEACTBUTENbHOCTH HAWU 38 pucmuyeckue OONyujeHus A8AI0MCA L0HCHIMU.
C ¢uKcHpOBaHHBIMH Xell-PYHKUMAMH Kaxaoe 3HaueHue A (k) sBnsieTcst NONHO-
CTbIO IETEPMUHUPOBaHHbBIM, 6€3 kakoi-1Mb0 cnyyaitHoCTH. UMEHHO NO3TOMY Mbl
Ha3blBa€M JaHHBIH aHaINU3 IBPUCTHUYECKUM.

OB 3BPUCTUYECKOM AHAJIU3E

Kakas nonb3a oT MaTeMaTU4eCKoro aHanM3a, OCHOBaAHHOM O Ha NOXHbIX Npea-
nocobinkax? B naeane BbiBoa AaHHOMO aHanM3a 0CTaeTCA BaNMAHLIM B NPaKTU-
4eCKMX CUTyaumsx, Aaxe eC/m 3BPUCTUYECKNEe A0NYLLEHWS HE YA0BNETBOPEHb.
Ona duneTpoB Bnyma Hapexna 3akNo4vaeTcs B TOM, YTO NPWU YCNOBUU, HTO
OaHHble He IBNAI0TCA NaTONOrNYeCKUMU N UCNONb3YINTCA A0BPOTHLIE «CNy-
4aiHO-NoA06HbIex» xeww -QYHKUMK, 4aCToTa NIOXHbIX yTBEPXAEeHUI BeaeT cebn
TaK, kak ecam 6l xeww-yHKUUM Bl NONHOCTLIO CAYHaHBIMK.
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Bbl BCeraa A0NXHbLI C NOA03PEHNEM OTHOCUTBLCS K 3BPUCTMHYECKOMY aHa-
M3y 1 o6s3aTensHO NPOBEPATL ero BbIBOALI HA KOHKPETHON peanvaauuu.
K cyacTblo, aMNMpuYeckue UCCneaoBaHus NOKa3biBaloT, YTO YaCTOTa NOXHbIX
yTBepxaeHnin punbTpos BnymMaHa npakTuke Conocrasnma C npeackadaHmem
Halero 3BpUCTUYECKOro aHann3a.

12.6.2. lons ycTaHOBNEHHbIX OUT (paBHbIX 1)

HauHeM ¢ NnpeaABapHUTEJIbHOIO pacuyeTa.

ST B R SR YR, TR T it W RN L

TECTOBOE 3AIAHHE 12.7

[MpeanonoxuM, uro Habop AaHHbIX S BcTaBaseTcs B punsTp biyma,
KOTOpbIii Mcnosb3yeT m xew-(yHKLUHA 1 OUTOBBIA MacCHB JUTMHBI .
B pamkax HaluMX 3BPUCTHYECKHX JONYLIEHHH KakoBa BEPOSTHOCTb
TOrO, 4TO NepBbIit OUT MaccuBa paBeH 1?

a) (I/n)"l

6) (1-1/n)S

B) (1— 1/n)"S!

r) 1= - 1/ny%

(PeweHue u nosgcHeHue cM. B pasaesne 12.6.5.)

e

B nepBoM 6ute ¢pusbTpa bayma HeT HUUero ocobeHHoro. [1o CHMMETpHH OTBETOM
Ha TeCTOBOe 3aJaHue 12.7 Takxke sABJISETCS BEPOATHOCTb TOrO, YTO 7-H, UK 23-ii,
MiHM 42-if GUT YCTaHOBNEH paBHbIM 1.

12.6.3. BepoATHOCTb JIOXHOro yrBepXxaeHus

Pewenne tecToBoro 3ananus 12.7 saensetca 3anyTaHHbIM. Jlns TOro 4tobbl €ro
TNPUBECTH B NOPAL0K, Mbl MOXKEM HCTOB30BAThL TOT QAKT, YTO e* ABNAETCA XOpoluei
annpokcumauueit 1 + x npu x 6auskom k 0, rae e = 2,18... aBngeTcs OCHOBaHHEM
HaTypaibHOro jiorapudma. IToT pakT oyeBUaeH U3 rpaduka AByX PyHKUHIA:
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exp(x)

Jnst Hac peneBaHTHBIM 3HaUYEHHEM X ABseTcs x = —1/n, KoTOpoe sABnseTcs 6nu3-
KUM K 0 (MTHOpUpYS HEUHTEPECHBIH cllyyaii kpoweuHoro »n). Takum 0O6pa3oM, Mbl
MOXXEM MCNOJb30BaTh KOJIHYECTBO

1 — (eS8 kauecTse 3amenbl wist 1 — (1 — 1/ny™sl.

MbI MOXEM Aanbliie yNpOCTHTb JIEBYIO CTOPOHY A0

1 _e—m|s|/n — 1— e-m/b

—— ’
OLCHKXA BEPOSTHOCTH, YTO AaHHLIA ORT pasen 1

rae b = n/| S| 0603HayaeT 4ucno GUT B pacyeTe Ha BCTaBKY.

Bce 310 3aMeuaTenbHO, HO YTO HAaCUET YacTOThI JIOKHbIX YTBepx AeHHii? JlokHoe
YTBEPXAEHHUE ClydyaeTcs AJs KkoYa k He B S, koraa Bce m 6ut h,(k), ..., h,(k) B ero
OTIe4aTke YCTaHOBJIEHbI paBHbIMHU 1 kioyamu B S'. [TockonbKy BEpOATHOCTD TOIO,
4TO AaHHbI OUT paBeH |, NpubaKKeHHO paBHA | — e ™, BEpOATHOCTb TOrO, YTO
BCE m 3TUX OUT YCTAaHOB/NEHbI paBHbIMU 1, NpUOINkKEHHO paBHA

.

(l_e-m/b)m (12.2)

OLCHKR T8CTUTH JJOXROMO YTBCPRACHHA

! B uensx ynpoieHHs Mbl HCXOHM M3 TOTO, YTO KaXKaas U3 m Xell-(yHKUHiA XeluupyeT k

B APYTYHO MO3HUHIO (KaK 3TO 06bIYHO GbIBAET).
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MbI MOXXeM NpoBepUTh paboTOCNOCOOHOCTb ITOM OLIEHKH, pa3BelaB 3HaYeHuUs b.
Mo Mepe Toro kak ¢punbTp Bnyma Bbipactaer 10 ckonib YroHO 60nbLUKMX 3HaYe-
Huii (C b — o) U cTaHOBHUTCA BCe GoJiee MyCThbIM, JaHHas oueHka (12.2) cTpeMuT-
cs k 0, Kak Mbl M HazieeMcsl (IOTOMY UTO e~* CTpeMUTC K 1 Mo Mepe Toro, Kak x
ctpemurcs k 0). U Hao00poT, Npu 04YeHb MaioM 3HauUeHUH b OLIEHKa BEPOSATHOCTH
JIOXHOIO YTBEpPXKAeHH ABNseTcs 00MbLLOoi (k npumMepy, = 63,2 % npu b=m=1)".

12.6.4. KynbMMHaALUMNOHHbIA MOMEHT

MBbI MOXXEM KCTOJIL30BATh Hallly TOYHYIO OLEHKY (popmyna 12.2) yacToTbl 10XK-
HbIX YTBEpPXXAEHHH, A5 TONO YTOOBI MOHATH KOMIMPOMUCC MEXAY MPOCTPAHCTBOM
¥ TOYHOCTbI0. B 0MosiHeHHe k NpOCTPaHCTBY B pacyeTe Ha ko b oueHka B (12.2)
3aBMCHT OT m, Yhcia Xell-¢QyHKUHH, KOTopble Hcnob3yloTes dunsTpom biyma.
3HaueHHe m HAXOAUTCS MO MONHBIM KOHTPOJIEM NPOEKTHPOBLLKKA ¢uibTpa Biryma,
TaK noueMy 6bl He HACTPOUTb €ro TaK, YTOObl OHO MMHUMH3HPOBAJIO OLIEHOYHYIO
yacToTy ol60k? To ecTh, ocTariss b GUKCHPOBaHHbIM, Mbl MOXKEM 10100paThL m
ans MuHuMu3auui (12.2). C noMolubio AuddepeHLnanbHOro HCUMCIEHH MOXHO
noao6parb Hauyuliee m, NpUpaBHAB Npou3BoAHYHO (12.2) no m Hynto U Haiias
peLueHue st m. Bbl MOXkeTe BBIMONHUTD 3TH BBIYMCIIEHUS B yEAMHEHUHN 1OMALLIHEH
00CTaHOBKH ¢ TeM pe3yJibTaToM, uTo (In 2) x =0,693 X b ABns€TCS ONTUMAILHBIM
BapUaAHTOM 111 m. DTO HE LIEJIOE YUCII0, NOITOMY OKPYIJIMTE €ro BBEPX UM BHHU3,
JU15 TOrO 4TOObI MOMYUYHUTh HeaIbHOE YHCIIO Xell-pyHKuuid. Hanpumep, npu b =8
4ucIo Xew-GpyHKUHUA m NoMmKHO 6bITb MO0 5, 1M6O 6.

Tenepb Mbl MOXKeEM KOHKPETH3MPOBaTh OLiEHKY olnbku B (12.2) ¢ yuyacTuem on-
TUMaJIbHOTO 4yKcna m = (In 2) X b U MONYUYUTb OLEEHKY

(] _ e—ln 2)(ln 2)xb = (1/2)(]}1 2) x b.

! B n0MONHEHHE K HalUKM ABYM 3BPHCTHYECKHM AONYLIECHHUAM 3TOT aHAJIU3 oOMaHbIBaN

IBaXAbL. Bo-nepsbix, e™' He cOBCeM paBHO 1 — 1/, HO OHO 6nH3KO. BO-BTOpBIX, AaXe
C HalIMMH 3BPUCTHYECKUMH 0Ny LIEHHAMH 3HaYEHHA IBYX pa3HbIX OMT ¢puiibTpa biiyma
He ABNAKOTCA HE3aBUCHMBbIMH — 3HaHHE TOTO, YTO O JHH OMT paBeH 1, aenaer uyThb 6osice
BEPOATHBIM TO, YTO APYroii GMT paBeH 0, — HO OHH OnM3kH. O6a obMaHa ABNAIOTCA
OMM3KMMH aNMpOKCHMAaLMAMH PeabHOCTH (C YYETOM 3BPHCTHYECKHX AOMYILEHHU),
a TO, YTO OHH MPHBOAAT K NPaBHJbHOMY 3aKJ/IIOYEHHIO, MOXKHO MEPENPOBEPHTD Kak
MaTeMaTH4YeCKH, TaK H IMITHPHYECKH.
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3TO UMEHHO TO, YEro Mbl XOTEJIH C CaMOro Hayana. Y Hac ecTb GopMyna, KotTopas
BbIAET 0XKMAAEMYIO YACTOTY JIOKHBIX YTBEPXKAEHHUH kak GyHKLUKO 0ObeMa Npo-
CTpaHCTBa, KOTOPOE MbI FOTOBBI HCMOJIL30BaTh'. JlaHHas GopMyia yMeHbLIaeTcs
9KCNOHEHYUAanbHO BMECTE C MPOCTPAHCTBOM b B pacyeTe Ha KJIKOY, K UMEHHO
No3TOMY CYLUECTBYET 30J10Tasi cepeluHa, rae U pasmep ¢punstpa bayma, u ero
4acTOTa JIOXKHBIX YTBEPX A€HHIi Masbl ofHOBpeMeHHO. Hanpumep, npu XpaHeHHH
TOJIbKO 8 6UT Ha KoY (b = 8) 3Ta oLleHKa cocTaBseT 4yTh 6onee 2 %. Uro, ecnu
B34Tb b = 16 (cM. 3agauy 12.3)?

12.6.5. PeweHue TectoBoro 3agavuma 12.7

IIpaBuabHbI# 0TBeT: (I). Mbl MOXKEM BU3yalW3MpOBaTb BCTAaBKy KJloueld u3 S
B ¢unbTp BiyMa kak 6pocaHne IpOTHKOB B HTPe AapTC B MULLEHD C 11 CEKTOPAMH,
npHYeM KaXKablif JPOTHK MONANAET B KX/ bli CEKTOp paBHOBEpOATHO. [Tockonbky
¢unbTp Biyma ucnonb3yet m xew-¢yHKUKHA, Kaxaas BCTaBka COOTBETCTBYET
METaHUIO M JPOTHUKOB, B 0OLIElH CNOXHOCTH m|S| NpOTHKOB B LEeNOM. J[poTHK,
nonasLKii B i-ii CEKTOP, COOTBETCTBYET YCTaHOBKeE i-ro 6ura ¢unsrpa biyma
paBHbIM 1.

[To nepBOMy 3BpHUCTHUYECKOMY AOMYLUEHHIO AN KaxablXx k € Su i€ {l, 2,
..., M} BEPOATHOCTb TOrO, YTO APOTHK MOMAAET B MEPBbIi CEKTOP (TO €CTb YTO
h,(k) = 0), paBHa 1/n. CnenoBatenbHO, APOTHK npomaxueaemcs 1o nepBomMy
cekTopy (To ecTb h;(k) He paBHO 0) c ocTaBuielicst BepossiTHocTbio 1 — 1/n. Tlo
BTOPOMY 3BPHCTHYECKOMY JOMYLUEHUIO pa3Hble APOTUKH ABISIOTCA HE3aBUCH-
MbiMH. CrnieqoBaTeNnbHO, BEPOATHOCTb TOTO, YTO KAXCOblt APOTHK NMPOMAaXHET-
Csl MO MEpPBOMY CEKTOpY — TO eCTb h,(k) # 0 ans kasxcoeix k€ Smnie {1, 2,
..., m} — paBHa (1 — 1/n)™. C octasuueiics 1 — (1 — 1/n)"™ BeposATHOCTBIO, 4TO
HekHii IpOTHK NonajaeT B NEPBbIi ceKTOp (TO ecTb NepBbli OUT GpunbTpa biyma
YCTaHOBNEH paBHbIM 1).

! PaBHbIM 06pa3oM, €C/IH y Bac €CTb LieJIeBas 4acTOTa e JIOKHBIX YTBEPXKIAEHHIA, TO Bbl
JO/KHBI B3STh MPOCTPAHCTBO B pacyere Ha K04 paBHbIM He MeHee b = 1,44 log, 1/e.
Kak 1 o)xuaanoch, ueM MeHbLIE LIEJIEBAs YaCTOTa e OHOOK, TeM 6onblLIe NOTPEOGHOCTH
B MPOCTPAHCTBE.
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BbIBO/1bl

Ecnu paweMy npunoxeHHto TpedyroTcst ObICTpbIe TPOCMOTPbI Ha 3BO-
JIIOUMOHHUPYIOLLIEM MHOXECTBE 00bEKTOB, TO Xxell-Tabn1ua 00bI4HO
ABNISETCS NPEANOYTUTENbHOMH CTPYKTYPOi JaHHBIX.

Xew-TabaunLbl NOAAEPKUBAIOT OniepaLiuk BCTABHTS U [IPOCMOTPETS,
M B HEKOTOPBIX Cllyyasx onepauuto Y 1aauTh. C XopoLio peaan3oBaH-
HOM xelu-TabauLel U HeNaToJOrMyeCKMMHU AaHHBIMU BCE ONepaLuu
00bIYHO BbINMOAHSAIOTCS 32 BpeMst O(1).

Xetu-Tabanua Mcnonb3yeT Xel-Gy HKLUMIO [T TPAHCIALUK KITHoue
00'BEKTOB B MO3ULIMK B MacCHBe.

JBa kntoua k,, k, KOHGAMKTYIOT B paMKkax XeLu-QyHKUUU h, eciu
h(k,) = h(k,). Konnusun HensbexHsl, U xel-Tabaule Heobxoaum
METOJ MX pa3pellieHHs, TaKoi KaK CLeNJeHHe UM OTKpbITas aape-
cauus.

Xopotuas xel-(yHKUNS AeLleBa NPH e OLEHNUBAHUH, MPOCTa NpH
XpaHEHUU U UMUTHpYeT ciyyaiiHyio QyHKLHIO, pacnipeaenss He-
Narojoruyecke COBOKYNHOCTH AAHHbIX MPUMEPHO MOPOBHY MO
MO3ULIMAM XeLl-TabJIMYHOro MaccHBa.

Dkcneptbl 0nyO0aMKOBaIM Leblii psa XOpoLInX Xelu-QyHKL Ui, KO-
TOpbI€ Bbl MOXKETE UCMOIB30BaTh B CBOEH pabore.

Pa3Mep xew-tabauibl A0DKEH MEPUOANYECKH M3MEHSTHCS, C TeM
4100BI €€ 3arpy3ka ocTaBajach Manoii (Hanpumep, Meree 70 %).

B ciyuae kpuTHU€ECKH BaXCHOrO MCXOAHOIO KOJa HUUYTO HE MOXET 3a-
MEHHTb anpoOHUpOBaHKE HECKONbKMX KOHKY PUPYIOLIMX peann3alnid
XeL-TabJuLL.

®unbTpel bayma taioke noaaepkuBaroT onepauuu Betasuts U [1po-
CMOTPETh B NMOCTOSHHOM BPEMEHH, U OHU MPEANOUTHUTEIbHEE Xell-
TabauL B MPUIOKEHHUSX, B KOTOPbIX MPOCTPAHCTBO LIEHUTCS Ha
BEC 30/10Ta, a NepUOANYECKOE JIOXKHOE YTBEPXAEHUE HE ABISETCS
MOMeXOii /1 cAeNKH.
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3aAauum Ha 3aKpenneHue marepuvwana

3anaya 12.1. YTo 13 nepeyrCIEHHONO HMXKE HE SABNSAETCS CBOWCTBOM, KOTOPOE Bbl
0XXHMAeTe OT XOPOLLUO CMPOEKTUPOBAHHOM xell-pyHKUMU?

a) Xew-QyHKUMS JOMKHA pacnpeaensTh KoKAbli Habop JaHHbIX NPUMEPHO
PaBHOMEPHO MO BCEMY AMANA30HY.

6) Xew-dyHKuus O0MKHA ObITh MPOCTA NPH €€ BHIYUCIEHUH (32 TOCTOSHHOE
BpeMs UJIM GJIM3KO K HEMY).

B) Xelu-QyHKUMS AODKHA ObITb JIETKOH B XpaHEHWH (B MOCTOAHHOM Mpo-
CTpaHCTBE UK 6JIM3KO C HUM).

r) Xew-¢yHKuUUs A0DKHA pacnpeaensTb 60bIIMHCTBO COBOKYTHOCTEH faH-
HbIX IPUMEPHO PAaBHOMEPHO MO BCEMY [Hana3oHy.

3apaua 12.2. Xopouas xew-¢pyHKUHS UMUTUPYET 30JI0TOM CTaHAAPT CiyyaiHoH
(dyHKUHH UT8 BceX NPAKTHYECKUX Lienei, N03TOMY HHTEPECHO UCCIIEA0BATH KOJI-
JIM3UM ¢ MOMOLIbIO ciydaiiHO#M ¢yHkuuu. Ecau MecTononokeHus ABYX pasHbIX
Kmoueid k,, k, € U BbIOMpalOTCs HE3aBUCHMO U PaBHOMEPHO CJTy4aitHbIM 00pa3oM
B 71 MO3MLMAX B MaccHBe (MpUYEM BCE BO3MOXHOCTH SBNSAIOTCS pABHOBEPOSTHLIMH),
TO KaKoBa BEPOSTHOCTb TOIO, YTO k, U k, OYAYT KOHPIMKTOBATD?

a) 0

6) 1/n

B) 2/n(n—1)

r) 1/m?
3anaua 12.3. Mbl HHTEpNPETUPOBAIM HALL 3BPUCTHUECKUI aHATU3 HunbTpoB by-
Ma B pa3zene 12.6, orpaHU4UB ero Ha cjiyyae ¢ 8§ 6MTaMH NPOCTPAHCTBA B pacyeTe
Ha KJIto4, BcTaBnseMslii B punbtp. [1peanosioxkuM, 4To Mbl FOTOBBI HCTIONb30BaTh
BABoe Oonblue MecTa (16 6UT Ha BcTaBky). YUTo, COrMacHo HaleMy 3BpUCTHUYECKOMY
aHanu3y, Bbl MOXKETE CKa3aTh O COOTBETCTBYIOLLEH YaCTOTE JIOXKHbIX YTBEPXKAEHHUIA,

UCXO0as U3 A0MNYLUEHHUS, YTO YUCITIO m XeLl-TabnuL 3aAaH0 ONTUMATbHO? (Bb|6epm‘e
CaMO€ CHJIbBHOE€ UCTHHHOE )’TBep)KIleHHC.)

a) YacroTa noxHbIX yTBEepXAeHHUi OyaeT MeHblue 1 %.

6) Yacrora noXHbIX yTBEpXAeHHi Oyaer meHbuie 0,1 %.
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B) Yacrora NoXHbIX yTBepxAeHHit Oyaet menbiue 0,01 %.

r) Yacrora noxHbix yTBepXkAeHHi 6yaet MeHbuie 0,001 %.

3apa4ya no nporpaMMMUpOBaHUIO

3anaua 12.4. Peanusyiite Ha npeano4YMTaeMOM BaMH si3blke MPOrPaAMMHPOBAHHUA
xeww-TabauyHoOe peuleHne 3a1a4m o cymMme ABYX uucen (2-SUM) pasaena 12.2.2.
Hanpumep, Bbl MOXeTe CreHep1MpoBaTh CMUCOK S U3 MUJIIMOHA CITyHaiiHbIX LEIbIX
yncen mexxay —10" u 10" 1 noacuntaTh yMcno uenei ¢ mexcay —10 000 u 10 000,
ZUIS KOTOPBIX CYLLECTBYIOT HEcOBNaaatoLue x, y € S,raex +y =t.

Bb1 MOXXeTe NPUMEHHTH CYLLECTBYIOLIME peann3aumnu xew-tabnuu 1nbo peanunso-
BaTb CBOM COOCTBEHHbIE C HyNs. B mocneaHeM ciyyae cpaBHHMTE Ballly pe3yJibTaTHB-
HOCTb B paMKaXx pa3HbIX CTpaTeruii paspelieHus KoJIU3ui, TaKUX KaK CLEMJIeHHe
¥ nuHelHoe 30HAUpoBaHue. (ObpaTuTech k caiity www.algorithmsilluminated.org
[751 NOJTy4€HHUs TECTOBBIX CJIy4aeB U COBOKYMHOCTEH AaHHbBIX 1151 3a/au.)



IIpunoowcenue B.

Kpamxuii 0630p
acuMnmomuieckou
¢opmul 3anucu

B 3ToM npunoxeHuu paccMarprBaeTcs acMMNTOTHYECKas opma 3anucH, B 0Co-
6eHHOCTH 0603HaYeHne O-6onbwoe. Ecnu Bbl BCTpeyaeTe Takoi matepuan
BMEpPBbIE, TO, BO3MOXKHO, 3aXOTHTE AOMNOJHUTbL 3TO NMpHJIMKEHHE Gonee noapoo-
HbIM OMHCAHUEM, HanpUMep, MaBoii 2 nepsou yacmu NM6O COOTBETCTBYIOLUIUMH
BHE0pOJIMKaMu ¢ BeG-caiita www.algorithmsilluminated.org'. Ecau Bbl BcTpeuanu
€0 paHblue, TO He 00543aTeNIbHO YUTATL JAHHOE NMPUIIOKEHHE OT KOPKH 10 KOPKH —
OCBEXHTE B MaMATH T€ MOMEHTbI, KOTOpblE€ TOTO TPeOyIOT.

B.1. Cyrmb

Acumnrotuyeckas ¢popMa 3anuck onpeaenseT 3010TyI0 CepeuHy noapoOHOCTH
paccyxaeHuii 06 anropuTMax M CTpykTypax AaHHbiXx. OHa 10OCTaTouHo rpy6a,
4TOObI NOJARNATH BCE AETAH, KOTOPbIE Bbl XOTHTE NPOUTHOPUPOBAThL, — AETANH,
KOTOpbI€ 3aBUCAT OT BbIOOpA annapaTHo# apXMTEKTYpbl, BbIOOpa sA3blka porpamMu-
poBaHHusl, BbIbOpa koMnunsTopa U Tak aanee. C Apyroii CTOpoHbl, OHa A0CTATOYHO
TOYHA, YTOObI BHIMONHATH MOJIE3HblE CPAaBHEHUS! MEXAY Pa3sHbIMHU aIrOPUTMHUYE-
CKMMH BbICOKOYPOBHEBbIMH MOAX0JaMH K PELLEHHIO 33]a44, B 0OCOOEHHOCTH Ha
60JbLIMX BXOAHbIX JaHHbIX (TpeOyIoLIMX AIrOPUTMHUYECKOH H300peTaTeIbHOCTH).

' CM. Takxe https://ru.wikipedia.org/wiki/BoiuncnurencHan_cnoxHocTs. — 1 pumey. nep.
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Xopolilee CeMHUCIIOBHOE pe3toMe aCHMITOTHYECKO#H (HOPMbI 3aNHCH BIMISANT Tak:

CUCTEMA ACUMIITOTUYECKHMX OBO3HAYEHU
B CEMH CJIOBAX

YCTPaHMTh NOCTOAHHBIC MHOXMTCIH H “UICHBI HM3IIHX MOPAIKOB .

P s 6o NAHHEX

B SRR SR B N AR AR 0 N T I

BaxkHeH UM NOHATHEM aCUMNTOTHYECKOrO 0003HaUeHHs ABseTcs 0003HaueHne
O-60nbL10e. UHTYMTHBHO MOXHO NMPeANOIOKUTh, YTO HeuTo paBHoe O (f(n)) ans
dyHKUHMH f(n) 03HAYAeT, YTO f(1) — 3TO TO, C 4EM Bbl OCTAETECH MOCIIE YCTpaHe-
HHUS TMOCTOSHHBbIX MHOXHUTENEH M YNeHOB HU3LIKX nopsakoB. Hanpumep, ecau
g(n)=6nlog,n+6n,tog(n)=0(nlogn)'. O6o3HayeHne O-GonbLIOE pacnpe/e-
JIleT aITOPUTMBI M0 TpyMNHaM COMIaCHO MX aCHMNTOTHYECKUM BpeMeHaM paboTbl
B Xy/ILUEM CJly4ae, TaKUM Kak JIHHeHHo-BpeMeHHble (O (1)) Ui lorapupMUUeCKu-
BpemeHHble O (n log n) anropuTMbI U ONEpPaLIHH.

B.2. O6o3HayeHue O-60onbLIOE

O603HaueHre O-60sbL10e OTHOCUTCS K QyHKUUAM T'(n), onpeaeneHHbIM Ha Mo-
JIOKUTENbHBIX LeblX uucnax n = 1, 2, ... Jing Hac T(n) noutu Bcerna 6yaer o6o-
3HayaTh rpaHHLly BpeMeHH paboTbl B XyAlIEM Cilyyae ailrOpMTMa HJIM onepauuH
Ha CTPYKType AaHHbIX Kak yHKLHH OT pa3mMepa n BXOAHbIX JaHHbIX.

OBO3HAYEHHE 0-BOJIBLIOE (PYCCKAS BEPCHUA)
T(n) = O(f(n)) Toraa u ToNbKO TOrAa, Koraa 7'(n) B KOHEUHOM UTOre
orpaHH4eHa CBepXy NMOCTOSAHHbIM KpaTHbIM GYHKLMH f(n).

SR e P S i e AR R T R s s

! Tlpu HrHOPHPOBAHHH MOCTOSAHHBIX MHOXHTEIEH HAM He HY>KHO yKa3blBaTh OCHOBaHHE
Jorapudma. (Pa3Hbie norapupmMuuecKHe GpyHKUHH OTIHYAIOTCA TOJIbKO Ha MOCTOAHHbIH
MHOXHTEIb.)



B.2. O603HauyeHne O-6onbluoe 247

Bor COOTBETCTBYHOLLIEC MATEMATUUECKOE OMNPEACTICHUE 0603HaueHus O-60JbLuOE,
onpeacNeHue, KOTopoe Bbl JOJDKHbI HCI0JIb30BaAThL B ¢opmaanb|x 0Ka3aTeibCTBaxX.

OBO3HAYEHHUE O-BOJIBLLIOE (MATEMATHYECKAS BEPCHUSA)
T(n) = O(f(n)) Toraa ¥ TOJLKO TOrAa, KOrAa CYLUECTBYIOT MOJOXKH-
Te/lbHbl€ KOHCTaHTBI C U N, TaKKe YTO

T(n) <c %Xf(n) (B.1)

A1 BCEX N 2 N,

KoHcraHTa ¢ KBaHTUQULHPYET TEPMHUH «MTOCTOSHHOE KpaTHOE», KOHCTAHTA N,
KBaHTU(HULMPYET CJIOBOCOYETAHUE «B KOHEUHOM cueTe». Hanpumep, Ha puc. B.1
KOHCTaHTa ¢ COOTBETCTBYET 3, a 11, COOTBETCTBYET TOUKE NepeceueHus GpyHKUHH

T(n)uc x f(n).

Puc. B.1. PucyHok, unnioctpupyiowmia, korga T(n) = O(f(n)). KoHCcTaHTa
KBaHTMPUUMPYET TEPMUH «NOCTOSAHHOE KpaTHoE» PYyHKLMK f(n), a KOHCTaHTa n,
KBaHTUOUUNPYET CNOBOCOYETAHNE «B KOHEYHOM UTOre»

NPEAOCTEPEXXEHUE

Koraa Mbl roBOpPUM, 4TO C U N, ABNAIOTCA KOHCTaHTaMKn, Mbl UMEEM B BUAY,
4TO OHM He MoryT 3asuceTsb or n. Hanpumep, Ha puc. B.1 ¢ u n, 6binn Puk-
CUpOBaHHbLIMU YUCnamu (Hanpumep, 3 unun 1000), a 3aTem Mbl paccMmoTpenu
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HepaBseHCTBO (B.1), N0 Mepe Toro kak n pacTteT ckonb yrogHo 6onblinm (Ha
rpaduke B HanpasneHWn Bnpaso Ao 6eckoHeyHOCTH). Ecnm Bbl koraa-HUbyab
o6HapyxwuTe, 4TO B NpeanonaraeMom aokasarenbcrse O-6onblioe rosopure
«B3SATb N, = r» WM «B3KTb C = |0g, N», TO BaM HYXHO Ha4YaTb 3aHOBO C Bbibopa
C U n,, KOTOpble ABNSIOTCA HE3aBUCUMbIMU OT N.

B.3. NMpumepsl

Mb1 yTBEpKAaeM, uto ecni T (n) ABISETCS MHOMOUJIEHOM C HEKOTOPOH CTENEHbIO ,
1o T(n) = O(#*). CnenoBatesibHo, 0603HaueHHe O-60J1b1LO0E AEHCTBUTENLHO YCTpa-
HSIET MOCTOSHHbIE MHOXHTEJH U YJIEHbl HU3LINX NOPSAAKOB.

YrBepxaenue B.1. [Ipeononooxcum, umo

Tn)=an,+..+tan+a,

rae k> 0 —3To HeoTpULaTENLHOE LIENOE YKCIIO0, a, — BELECTBEHHbIE Ynca (no-
NIOXHUTENbHbIE WK oTpHLaTenbHble). Toraa 7(n) = O(n*).

Hoxazamenbcmeo.: 10Ka3aresbcTBO (PopManbHOIO yTBEpPKAEHHUS O-60Mb1LIOE CBO-
JIUTCS K PEKOHCTPYMPOBaHHIO COOTBETCTBYIOLLMX 3HAUYEHUH A1 KOHCTAHT € U ny—
3[1€Cb, YTOObI OBLIO JIErKO MPOCIEANUTD, Mbl BbITALLIWM 3HAYE€HHS AJ1S 3THUX KOHCTAHT
U3 LWIANLI: 1, = | ¥ ¢, paBHble CyMMe abCOJIOTHBIX 3HaUeH Uil K03PULIMEHTOB!:

c=laf+..+la|+]a.

O6a 311 yncaa He 3aBUCAT OT n. Tenepb Ham HYXKHO NMOKa3aTh, YTO 3TH BAPHAHTHI
KOHCTAHT y/10BJIETBOPSAIOT OMPEAENEHHUIO, UMes B BUY, uTo T'(n) <c x n* ans Bcex
n>n,=1.

Ins Toro ytoObl NepenpoBEepUTh 3TO HEPABEHCTBO, 3aJaAMM MOJIOKHUTENILHOE
uenoe 4ucio n > n, = 1. HaM HysxHa nocneaoBaTe/IbHOCTb BEPXHUX IPaHHULL HA
T (n), KyNbMHHALKEN KOTOPBIX CTAHET BEPXHSis rpaHuLa ¢ - #*. CHayana npuMeHnM
onpeaenexue T'(n):

T(ny=ap'+..+tan+a,

' HanoMHHM, 4TO abcontomHoe 3Havenue | x| BELIECTBEHHOTO YHC/A X PaBHAETCA X, KOraa

x> 0,4 —x, koraa x < 0. B yacTHOCTH, | x| Bceraa HeOTpULATEIBLHO.
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Ecnu B3saTh abcontoTHOE 3HaUeHHE Kaxcaoro koadpuLKreHTa a; B 1paBoii YacTH, TO
BbIpaxK€HHE CTAHOBHUTCS TOJbKO Gonbuie. (|a| MOXET ObITh TOJNBKO GoJble, YeEM
a,, ¥ IOCKONbKY ' ABASETCA MONOXKHUTENbHBIM, |a/n’ MOXeET ObITh ToNbkO Oonblie,
4yeM ar'.) ITO 03HauaeT, YTo

T(n)<|an*+ ... +|a,|n+|q,l

Tenepsb, koraa Ko3pPUUHEHTbI HEOTPHLIATENLHBI, Mbl MOXEM HCIO/b30BaTh aHa-
JIOTHYHBIH METOJ, YTOObI IPEBPATHTh pa3Hble CTENEHH 71 B 00LLYIO cTeneHs A. [To-
CKONIbKY n > 1, n* Gonblue TOLKO 1’ aas kaxaoro i € {0, 1, 2, ..., k}. [TockonbKy
|a;| aBnseTcs HeoTpULATENLHOI, | g, |n* Gonblue TONMBKO |g,|n'. DTO 03HaYaeT, uTo

T(n)<|a, |n*+ ... + |a1|n‘+|ao|n*=g|ak|+ e + |a |+ a, l),"k_

v
=C

3T0 HepaBeHCTBO cobutoaaeTcs AN Kaxaoro n > ny = 1, To €CTb HUMEHHO TO, 4YTO
Mbl XOTENH J0Ka3aTh. Y. m. 0.

MBI Taloke MoXkeM UCHONb30BATh OnpeaesieHre 0603HaueHus O-60bLUoe, U1 TOro
4TOObI A0KA3aTh, YTO OfHA QYHKLHUS He ABnseTcs O-60nbluuM Apyroi GpyHKLHUH.

Yr1Bepxaenue B.2. Ecau T(n) = 2'™, mo T(n) ne sensemcs O(2").

L oxaszamenbcmeo: 4ToObl A0Ka3aTh, YTO OAHA QyHKLUMA He aBnserca O-6onbluoe
ZpYroii, Kak MpaBHIIo, NOJb3YIOTCA J0Ka3aTenbCTBOM OT obparHoro. Utak, no-
NyCTHM NPOTHBONOJIOKHYIO GOPMYITHPOBKY B YTBEPXKAEHHUH, uTO T(1) HA CaMOM
nene paBHsietca ((2"). [1o onpeaenenuto o6o3HaueHuss O-00JbLIOE CYLIECTBYIOT
MOJIOKMTENbHbIE KOHCTAHTBI C U Ny, TaK YTO

210}156. X 2n

NS BCEX 1 2 Ny, Tak kak 2" ABNS€TCA MOJIOKUTENbHBIM YUCJIOM, Mbl MOXKEM Bbl-
YE€PKHYTb €ro ¢ obeux CTOPOH 3TOro HEPABEHCTBA, NMOJIyYHUB

29"SC

7S BceX n > n,. Ho 3TO HepaBeHCTBO SABHO JIOKHOE: NpaBasi CTOPOHA ABNSETCS
(bUKCHPOBaHHO KOHCTaHTOIA (HE3aBUCHMOIA OT 1), B TO BpeMsl Kak JieBasi CTOPOHa
yXOIHUT B 6ECKOHEYHOCTb, 10 MEPE TONO Kak 1 CTAHOBUTCS GONbLINM. 3TO MoKa3bl-
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BAET, YTO Halle AoNYyLIEHHE O TOM, 4To T(n) = O(2") He MOXeET ObITb MPaBUJIbHbLIM,
M Mbl MOXKEM 3aKJIOYUTh, 4TO 2'* He aBnserca O2"). Y. m. 0.

B.4. O603HayeHus Omera-6onbLwioe
u Teta-6onbwioe

O06o03HaueHne O-60Jbl10€ HA CErOAHALIHUN AeHb ABNseTCS Haubonee BaKHOIA
M NOBCEMECTHOMN KOHUENUHUeH A 00Cy X AeHUS aCUMNTOTUYECKONO BPEMEHH Bbl-
NOJIHEHUs AMOPUTMOB U ONepauuii Ha CTpyKTypax aaHHbIX. C napoii ero 61u3kux
POACTBEHHUKOB, 0603HaueHUsAMU OMera-6onbiuoe U TeTa-60nbLLIOE, TAKXKE CTOUT
no3HakoMuThcs. Eciin O-601bLioe ABISETCS aHAJIOMOM BbIpaXXEHUsS «MEHbLLE WY
paBHO (X)», To OMera-6obiioe U TeTa-60/bLIOE COOTBETCTBEHHO aHAJIOMUYHbI
BbIpaXX€HUSM «OO0JbLLIE WK PABHO (=)» U «PaBHO (=)».

®opmanbHoe onpeaeneHre 06o3HaueHus Omera-6oblioe coBnagaer ¢ 0603Ha-
yeHueMm O-6onbuioe. Ha pycckoM si3bike Mbl FOBOPHM, 4TO oaHa (yHkuus T(n)
apnsercs Omera-6osibLuoe Apyroi pyHKUUH f(n) Toraa ¥ ToJIbKo Toraa, koraa 7'(n)
B KOHEYHOM MTOre OrpaHMYMBAETCA CHU3Y MOCTOSHHLIM KpaTHbIM f(n). B 3TOM
cayyae Mbl nuweM T'(n) = Q(f(n)). Kak u paHblue, Mbl HCTIOJIb3YEM JIBE KOHCTaH-
Tbl C U N, AN KBAHTH(PHUKALMH TEPMHUHA «MOCTOSHHOE KPAaTHOE» M BbIPAXKEHHS
«B KOHEYHOM UTOre).

OBO3HAYEHHUE OMErIA-BOJILLIOE

T(n) = Q(f(n)) Toraa 1 TOJLKO TOra, KOraa CyLIECTBYIOT NMOJIOKH-
TeJbHblE KOHCTAHTBI ¢ U Ny, TaK YTO

T(n)2cx f(n)

JUIS BCEX 1 2 h,,.

0O603Hauenue Teta-6onbLioe, MM npocto Tera, aHaOTMYHO BblPaXEHHIO «paB-
Haetcsa». [oBopa, uto T(n) = O(f(n)), uMeeTcs B BUAY, uTo T(n) = Q(f (n))
u T (n)= O(f(n)). PaBHbIM 06pa3om, T'(n) B KOHEUHOM UTOIe 3aXaTa MeX Ay ABYMS
pa3HbIMM NOCTOAHHBIMH KpaTHbIMU f(n).



B.4. 0O603Ha4eHns OMera-6onbluoe n TeTa-6onblioe 251

OBO3HAYEHMUE TETA-BOJIBLUOE
T(n) = O(f(n)) Toraa U TONLKO TOrAa, KOrja CyLIECTBYIOT MOJIOKHU-
Te/bHbIE KOHCTAHTBI C,, €, H Ny, TaK YTO

¢, X fn) <T(n) <c,* f(n)

IS BCEX 1 2> n,.

NPEAOCTEPEXXEHME

MockoNbKY NPOEKTUPOBLUMKU anropuTMoB 0C060 COCPeaoTOYeHbl Ha FrapaH-
TUSIX BDEMEHU BbINONHEHUS (TO €CTb BEPXHUX FPaHnLax), OHW, Kak Npasuno,
ncnonb3yloT 0603Ha4YeHne O-6onblioe, aaxe koraa o6o3HaveHne Teta-60b-
woe 6b110 66l 6onee ToOYHbLIM; HaNnpUMep, 3asBNSAS O BPEMEHU BbINONHEHUS
anroputma kak O (n), Aaxe ecnv NOHATHO, 4TO OHO paBHO O (n).

Crenyiollee qajee TeCTOBOE 3aJaHue NPOBePSET Balle NOHUMaHHe 0003Ha4YeHuU
O-60nb110e, OMera-6onbluoe ¥ Teta-60mbl0E.

TECTOBOE 3AJJAHME B.1

[Myctsb T'(n) = 1/2n* + 3n. Kakue u3 cneaytowmx yTBep>KAeHU i B Is-
10TCSt HICTMHHBIMU? (BbiGepuTe Bce noaxoaslue BapHaHTh. )

a) T(n)=0(n)

6) T(n)=Q(n)

B) T(n)=0(n)

) T(n)=0(n)

(PelueHHre ¥ NOSCHEHHE CM. HUXKE.)

LB R s W A

IIpaBuabHbie oTBeTHI: (6), (B), (I). Bce Tpy nocneaHnx oTBeTa sABAAIOTCA Npa-
BUJIbHBIMHU, W, HA0 HAAEATbCA, MHTYUTUBHO MOHATHO, nouemy. 7 (n) sBaseTcs
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KBapaTU4YHOI PyHKUHeH. JINHEHHbIH uneH 3n He UMeeT 3HauUeHUs A1 00NbLUKX A,
NO3TOMY ClleyeT OXUAaThb, uto T(n) = @ (n?) (oTBeT (B)). I3 3TOrO aBTOMATHUYECKH
BbITeKaeT, 4to T'(n) = Q(n?) u, cnegosatensHo, Takxe T(n) = Q(n) (oteeT (6)).
Cxoxum obpazom, u3 T'(n) = @ (n?) BbiTekaer, uto T'(n) = O (n?) U, clie A0BaTENLHO,
takoke T(n) = O (n*) (otBeT (r)). JloKa3aTeNbCTBO ITHX YTBEPXKA€HHH HOpPMaIbHO
CBOAUTCA K AEMOHCTPALUK COOTBETCTBYIOLUUX KOHCTAHT, Y1OBJIETBOPAIOLLINX
onpeaenenuto. Hanpumep, B3B8 n, = 1 U ¢ = 1/2, Mbl foka3biBaeM (6). B3sB n, = 1
U ¢ = 4, Mbl 0Ka3biBaeM (). O6beIMHUB 3TH KOHCTaHThI (M, = 1, ¢, = 1/2, ¢, = 4),
Mbl JOKa3biBaeM (B). JlokazaTeNbCTBO OT NPOTHBHOIO B Ayxe yTBepxAeHUs B.2
NOKa3bIBAET, YTO (@) He ABJAETCA NPaBUJIbHBIM OTBETOM.



Pewenus
OMOEIbHBLIX 3004y

3agaua 7.1. YcnoBus (a) U (B) YAOBJIETBOPSAIOTCA HEKOTOPbIMH pa3pexeHHbIMU
rpadaMu (TakuMH Kak 3Be3[Hbli rpad) U HEKOTOPLIMH MIOTHBIMU rpadamu
(TakMMH KakK NONHbIH rpad ¢ OAHUM HaK/EEHHbIM AONOJHUTENLHBIM pebpom).
YcnoBue (6) BLINONHAETCS TOJIbKO pa3pexeHHbIMHU rpadamMi, a ycyioBue (I') TObKO
MJIOTHBIMU rpadamu.

3apaya 7.2: (B). CneayeT NpoCMOTPETb CTPOKY, COOTBETCTBYIOLLYIO V B MATPHLIE
CMEXHOCTH.

3apaua 8.1. Bce yeTbipe yTBepxkaeHUs cobnonatoTcs: (a) anroputMoM UCC U3
pasaena 8.3; (6) anroputMoM Augmented-BFS U3 pa3zena 8.2; (B) anroputMom
Kosaraju u3 pa3gena 8.6; (r) no anroputMmy TopoSort U3 pa3zgena 8.5.

3apaya 8.2: (B). TpebGyetcss BpeMs Q (n?), NOTOMY UYTO B XyALLUEM cllyyae npa-
BHJIbHBIA airOPUTM JOJDKEH 3aMISHYTh B KaXAbIA U3 n? 3JIEMEHTOB MaTpPHLbl
CMEXHOCTH MHHUMYM OIMH pa3. Bpems O(n?) nOCTHXHUMO, HaNpUMep, NyTeM
KOHCTPYWPOBaHHs MpPEeACTaBIEHUS BXOAHOIO rpada B BUJE CIUCKOB CMEXHOCTH
C OIHUM MPOXO/OM 10 MATPHLIE CMEXHOCTH (3a Bpems O(n?)), a 3aTeM BbINOTHEHHS
anropuTMa DFS ¢ HOBBIM MpecTaBlieHHeM 3a BpeMs O(m + n) = O(n?).

3agauya 8.7: (B). BeluucneHue «BoJIEOHOr0 yNnopsAOYHMBAHUAY NMPHU NEPBOM
npoxoje anroputrMa Kosaraju tpebyer noucka B rnyouHy. (CM. 1oka3aTesibCTBO
Teopembl 8.10.) Ha BTopom npoxoae, ¢ yueTom BoeOHOro ynopsao4dBaHus
BEPLLHH, 1000 3K3eMMISp anropuT™a GenericSearch (Bkiatouas BFS) ycneluHo
00OHapyXHT CHJIbHO CBA3HYHO KOMITIOHEHTY B 00paTHOM TOMONOTHYECKOM NOPSIKE.
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3agaua 8.8: (a), (6). Moaudukauus B (a) He U3MEHSET NMOPAIOK, B KOTOPOM aJI-
FOPUTM paccMaTpUBaeT BepLIMHbI BO BTOPOM NPOXOJE, U MO3TOMY OH OCTaeTcs
npaBuibHBIM. Moaudukauus B (6) coorBeTcTBYeT paboTe anropurma Kosaraju
Ha pa3BOpOTE BXOJAHOro rpaga B o6paTHyto cTopoHy. [ockonbky rpad u ero pas-
BOPOT B 0OpaTHYIO CTOPOHY MMEIOT TOYHO TAKHE XK€ CUJIbHO CBA3HbIE KOMMOHEH-
Tbl (TECTOBOE 3a1aHKe 8.6), aropUT™ OCTaeTCs MpaBUIbHBIM. MoaudHKkauuH B (B)
¥ (T) 9KBMBAJIEHTHBI, KaK M B IPUBEJEHHOM BbILIE apryMeHTe (a), U He NPUBOJAT
K NpaBHJIbHOMY anroputMy. C Lenblo pacCMOTPEHHS KOHTPNpPUMEpPa BEPHUTECH
K Haluemy npumepy (4 B 0cO6EHHOCTH K 00Cy>keHHUIO Ha ¢. 91).

3apaua 9.2: (6). [Be cyMMbl HeCOBNAJAIOLLUX CTeNeHel ABOWKH He MOryT ObITh
oauHakoBbIMHU. ([TpeacraBbTe, YTO YKCna 3anucaHbl B ABOUYHOM dopMare.) st (a)
U (B) CYLLECTBYIOT KOHTPNpUMEpbI C TpeMs BepLUIMHAMH H TpeMs pebpamu.

3agaua 9.3: (B), (6). YTBepxaeHue (r) cobaogaeTcs, NOTOMY 4TO Koraa P umeer
TOJIbKO OAHO peOpo, KKAbIH MyTh YBEJUYHUBAETCS B AJIMHY MO kpaidHel mMepe Ha
CTOJbKO e, CKOJIbKO P. DTO Takxke Moka3bIBaeT, uTo (0) sBnseTcs JOXKHbIM. [1pu-
Mep, noao6HbIi npuMepy B pazaene 9.3.1, noka3blBaeT, UTo (a) ABASETCS JIOXKHBIM,
Y M3 3TOrO ClIeAyeT, YTO (B) ABISETCA UCTUHHBIM.

3apauya 9.7. B ctpokax 4 u 6 anroput™a Dijkstra (c. 115) cneayer 3aMeHUTb
len(v) + 1/, 1va max{len(v), [} v len(v*) + [, .Ha max{len(v*), /. .} cooTBeT-
CTBEHHO.

Viw*

3apaua 10.1: (6), (B). CMbIC] CYLIECTBOBAHHUS KY4H 3aKJIIOYAETCA B MOJAEPHKKE
O bICTPBIX BbIYMCIIEHHI I MUHUMYMa, MPU 3TOM aJITOPUTM HeapSort (pa3aen 10.3.1)
ABNAETCS KAHOHNYECKUM NPUIIOKEHUEM. B3saTHe Koya kaXkaoro oobekTa ¢ npo-
THBOTOJIOKHBIM 3HAKOM NPEBPALLAET Ky4y B CTPYKTYpPY AaHHbIX, KOTOpas Moj-
Jlep>XMBAET ObICTPbIE BBIYUCIEHHS MAKCUMYMOB. Kyun 06bI4HO He Noanep>XHBAIOT
ObIcTpble OnepaLy MPOCMOTPA, €CJIH TOJILKO Bbl HE ULLETEe 00BEKT C MUHUMAJTb-
HbIM KJIIOUOM.

3agaya 10.4: (a). C nomoLibI0 0AHOM Ky4YeBOH onepaLuuyd MOXHO U3BJIEYb TOJIbKO
00beKT ¢ HaMMEHbLINUM KIIIO4OM. BbI30B onepaunn U3BNEYS MUHUMYM MATH pa3
noApsA BO3BpalLaeT 0ObEKT B Kyue C NAThIM HAUMEHbLUMM KIto4oM. J1nist u3Bneye-
HUst 06beKTa C MEAMAHHBIM WJIM MaKCUMAaJIbHBIM KJIIOYOM NMOTpebyeTcs NHHelHOoe
YKCJI0 Ky4Y€eBbIX ONepaLuid.
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3apayda 10.5. B ctpoke 14 peann3auuu anroputma Dijkstra Ha ocHoBe KyuH (c. 150)
cnenyer 3aMeHuTs len (w*) +/,. Ha max{len(w*), /.. }.

3anaya 11.1: (a). YTBepxaeHue (a) cobonaercs, MOTOMy 4TO Ha i-M ypOBHe
OuHapHOro nepesa CyLIeCTBYET He OoJiee i y3/10B U, Clle10BaTeNIbHO, He OoJee
1+2+4+-+2'<2""y35108B Ha ypoBHsX OT 0 10 { BMeCTe B3ATbIX. JINs pa3MellieHus
n y310B TpeGyetcs 2! > n, rue A — 310 BbicOTa AepeBa, no3ToMy h = Q(log n).
YTBepxaeHue (6) cobntonaetcs ans cbanaHcupoBaHHbIX OMHAPHBIX 1€PEBbEB
MOMCKa, HO OOBLIYHO SBAETCS JIOKHbIM AN HecOanaHCUPOBaHHbIX OUHAPHBIX
JiepeBbeB Noucka (CM. CHocky 2 Ha c. 172 B mase 11).

YTBepxaeHHe (B) ABISETCS JIOKHBIM, MOCKOJbKY CBOWCTBA KyUH U iepeBa NoMc-
Ka HeconocTaBuMbl (cM. c. 1174). YTBepxaeHue (r) ABNSETCS JIOKHbIM, TaK KaK
OTCOPTUPOBAHHbI MacCHB NMpeAnoYTUTEIbHEE COATaHCUPOBAaHHOrO GUHAPHOIO
JlepeBa NOMCKa, KOrAa MHOXXECTBO XPaHUMbIX 0ObEKTOB CTaTH4HO, 6€3 BCTaBOK
v ynanenwuii (cMm. c. 171).

3apaya 12.1: (a). [laTonornyeckue COBOKYNMHOCTH JaHHbIX MOKa3bIBALOT, YTO CBO#-
CTBO (@) HEBO3MOXHO M NO3TOMY He MOXeT ObITb OkuAaeMbIM (cM. paszaen 12.3.6).
OcrafibHble TPU CBOCTBA YAOBJETBOPAIOTCS COBPEMEHHbIMU Xell-(GYHKLHIMHU.

3anauya 12.2: (6). CywecTByeT # BO3MOXHOCTEN A/ MECTONOJIOXKEHHH k, U 1 BO3-
MOXHOCTEH N8 MECTOMNONOXEHMIA k,, B 06LLel CNOXHOCTH n* ucxoaoB. M3 Hux
k, 1 k, KOHQIUKTYIOT POBHO B 1 U3 HUX — HUCXOJ, B KOTOPOM 000MM Ha3HauyaeTcs
nepBas MO3MLMSA, UCXO, B KOTOPOM 0OOMM Ha3HaYaeTCs BTOpas MO3MLMSA, U TaK
nanee. [TockonbKy kaxablii HCX01 paBHOBEPOSATEH (C BEPOATHOCTLIO 1/n? KK /bIiA),
BEPOATHOCTb KOJUIM3UM paBHa n X 1/n? = 1/n.
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